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Exercise I. Page 2. 



1. Reduce the following angles to 
circular measure, expressing the 
results as fractions of 7ti 60°, 45°, 
150°, 195°, 11° 15', 123° 45', 37° 30'. 

150° = l}«^ = f;r. 
195°=H4^=if^. 
ll°15'=^;r=A;r. 



180' 
123} 
180 



123°45'=^;r = H^. 



37° 30'= ^^ = A^. 



2. How many degrees are there 
in J ;r radians ? f ^ radians ? 1 7t 
radians? ||;r radians? ^^^^r radians? 

|;r=120° |;r=112°30'. 

};r=135° i| ;r = 168° 45'. 

A^=84°. 

3. What decimal part of a radian 
isl°? r? 

3.1416 






r= 



180 180 

0.0174533 

60 



-= 0.0174533 radian. 



= 0.00029080 radian. 



4. How many seconds in a radian ? 

1 radian = 57° 17' 45" 

= 206,265 seconds. 

5. Express in radians one of the 
interior angles of a regular octagon ; 
dodecagon. 

The sum of all the interior angles 
of a regular octagon is 8 x 180° 
— 360° =8;r — 2^ = 6;r. Hence 
each interior angle 
6_^_.35 
8 "" 4 



= -^ = -r radians. 



The sum of all the interior angles 
of a regular dodecagon is 12 x 180° 
— 360° = 12 ;r — 2 ;r = 10 ;r. Hence 
each interior angle 

10 ;r 6 7t ^. 
= — = — radians. 

6. On a circle of 50 ft. radius an 
arc of 10 ft. is laid off. How many 
degrees does it subtend at the centre? 

It subtends iJ = J radian, or 

67° 17' 46" 

^* ^* ^^ = 11° 27' 33". 
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7. The earth's equatorial radius 
is approximately 3963 miles. If two 
points on the equator are 1000 miles 
apart, what is their difference in 
longitude ? 

Their difference in longitude is 
iJJf radian, or \U^, x 57° 17' 46" 
= 14° 27' 28". 

8. If the difference in longitude 
of two points on the equator is 1°, 
what is the distance between them 
in miles ? 

By Ex. 3, 1° = 0.0174533 radian. 
Hence 1° on the earth's equator is 
equal to 0.0174533 x 3963 miles 
= 69.167 miles. 

9. What is the radius of a circle 
if an arc of 1 ft. subtends an angle 
of 1° at the centre ? 

Since 1° of arc = 1 ft., 1 radian, 
57° 17' 45", = 57^ ft. = 57 ft. 3.55 
in. = the radius. 

10. In how many hours is a point 
on the equator carried by the earth's 



rotation on its axis through a dis- 
tance equal to the earth's radius ? 

The earth turns through 360® 
= 2it radians in 24 hours. Hence 

24 
it turns through 1 radian in -r— 

2 TT 

= ^^ hours = 3 hrs. 49 min. 11 sec. 

11. The minute-hand of a clock 
is 3i ft. How far does its ex- 
tremity move in 25 minutes? 

(^ = ¥.) 

The circumference which is passed 
over in 60 minutes is 2 ;r X 3^ ft. 
Hence the arc passed over in 26 
mmutes is |J x 2 ;r X 3^ = f| ;r 
= ji X 2yi = 9 ft. 2 in. 

12. A wheel makes 15 revolutions 
a second. How long does it take to 
turn through 4 radians ? (;r = y.) 

The wheel turns through 2 7t 
radians in y^ of a second. Hence 
it turns through 4 radians in 

A V 1 --L V JL__L 
2;r^ 16" 11 ^15 "165^^- 



Exercise II. Page 5. 



1. What are the functions of the 
other acute angle B of the triangle 
ABC (Fig. 2) ? 



sin -B= - 



tan5=-» 
a 



sec 5 = -♦ 
a 



cos B = 



cot 5 = r' 





CSC jB = -• 




2. If ^ + B = 90°, prove that 



sin A - 

QO^A - 

tan -4 : 
cot ^ : 
sec A - 
csc^ = 
vers^ = 
covers A - 



- cos B, 

- sin B, 

- cot B, 

- tan B^ 
= CSC B, 
: sec B, 

covers -B, 
: vers 5. 
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sin 4 = -♦ 
c 



COS -4 = -» 
c 

tan -4. = -» 



cot 4 = -» 
a 

. c 
sec 4 = r» 

C) 

esc -4. = -» 
a 



C08-B= -» 

c 



8in-B=-» 
c 

cot B = T^ 



tan5 = -i 
a 

CSC 5 = -» 





vers^ = 



covers^ = 



c 
c — a 



sec 5 = 

covers -B = 

ver8-B = 



c 
— » 
a 

c 
c — a 



3. Find the values of the func- 
tions of -4, if a, 6, c respectively 
have the following values : 

(i.)3, 4, 6. (iv.)9, 40, 41. 

(ii.) 6, 12, 13. (v.) 3.9, 8, 8.9. 
(iii.) 8, 16, 17. (vi.) 1.19, 1.20, 1.69. 

(i.) sin -4 = -» (ii.) sin ^ = — q» 



cos -4 = 7» 
o 

tan4 = 7» 
4 

cot -4 = Q» 

. 6 
sec ^ = 7» 

4 

. 5 
CSC^ =r* 



(iii.)sin-4 = — » 

COSul = — » 



cos -4 = 



13 
12 
13' 



tan^ = -» 
cot-4 = — » 





8ec-4 = 



13 

— » 
12 



A 15 

csc-4 = -3- 
o 

C0t4 = -r-> 

A 17 
sec-4 = — » 

10 



tan^ = 



15 



CSC -4 = 



17 



(iv.) sin A ■ 
coaA - 
txaA' 
cot A - 
sec A = 
csc^ = 

(vi.) sin A ' 
txaA ■■ 
sec -4 : 



= !?' (^• 



41 

40 
■41' 

9 
= 40' 

40 

r 

.41 
■40' 
.41 
' 9' 

. 119 
"169' 
. 119 
120' 
_169^ 
"120' 



39 



sin^ 


= 89' 


cos^ 


_80 
89' 


tan^ 


39 

= 80' 


cot^ 


80 
= 39' 


sec 4 


89 
= 80' 


CSC -4 


_89 
39' 


cos -4 


120 
169' 


cot^ 


120 
= 119' 


csc^ 


169 
119 



4. What condition must be ful- 
filled by the lengths of the three 
lines a, 6, c (Fig. 2) in order to 
make them the sides of a right tri- 
angle? Is this condition fulfilled 
in Example 3 ? 

aa + 62 = c2. It is. 

5. Find the values of the func- 
tions of -4, if a, 6, c respectively 
have the following values : 

(i.) 2 muy m2 — n^, m^ + n^. 

2M_, x + y, 



(ii.) 

(iii.) pqr, qrs, rsp. 
mv "nr 
8q' ps 

(i.) 



xa + yg . 
x—y 



(iv.) — » 

^ ' pq 



. . a 2mn 
BmA = -= o . Q » 

. b m2 — n^ 
cos 4 = — = — :r~. — :: ' 
c 77*2 + na 
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.a 2mn 

t^n A = - =: » 

b m^-n^ 

QoiA = - = — T » 

a 2mn 

. c m2 + n2 

secA = -r = —- 1 

b m2 — n^ 

. c m2 4- n2 

CSC -d = - = — r • 

a 2mn 



(ii.) 



_ 2xy 



_ x2 - ys 



X - y x2 + y2 aj2 + y^ 
co8^=(x+y)x^ 



x2 + y2 
2xy 



X— y x+y 

1 x2 + y2 
sec A = — r- x ^ = 

x + y X — y 

.« a? — y V. x2 + y2 

CSC 4 = -r ^ X ^ : 

2 xy X — y 
(iii.) 
sin -4 = ^^ = - » COS -4 

. rsp p . 

sec -A = -^^ = - » CSC -A 

grs q 



x2 — y2 
. x2-y2 



2xy 
x2 + y2 



x2-y2 
^ x2+y2 
2xy 

rsp p 
__ qT8 ___ 8 
~' pqr~' p 

~ pqr" q 



(iv.) 



sin -4 = — X ^^^ = 
pq nr 

. mv ^ ps _ 



nr 



sq 

tan^ = ^x 

pq mv 

cot -4 = ^^-^ X — = 
mn sq 

A SQ ^ nr _ 
sec -4 = ^ X — = 
mv ps 

pq ^ nr __ 

mn pa 



ms 

qr' 

mpv 

nqr 

ns 

pv 

P2, 
ns 

H3L, 
mpv 

9L, 



6. Prove that the values of a, 6, 
c, in (i.) and (ii.), Example 6, satisfy 
the condition necessary to make 
them the sides of a right triangle. 

(i.) 
a2+62=c2, 

(2 mn)^ 4- (m^ - n2)2 = (m^ + n^, 
4 m2n2 + m* — 2 m2n2 + n* 

= m* + 2m2n2+n*, 
m* +2 m2n24-n* = m* + 2 m2n2 + n*. 



(ii.) 



+ x2 + 2xy + y2 



x2 — 2 xy + y2 

_ X* + 2x2y2 + y4 ^ 

x2 — 2xy + y2 ' 
4x2y2 + aj* — 2x2y2 4-y* 

= x* + 2x2y2+y*, 
X* + 2x2y2 + y4 = X* + 2x2y2 + y*. 

7. What equations of condition 
must be satisfied by the values of 
a, 6, c, in (iii.) and (iv.) Example 5, 
in order that the values may repre- 
sent the sides of a right triangle ? 

(iii.) 

p2g V2 + ^2^.252 = ,.232p2^ 
or i)2g2 + g2s2=p2g2. 

(iv.) 
m2n2 m2??2_,n2r2^ 

p2q2 "^ s2g2 — p2^2 ' 

or m2n2«2 + m2p2|,2 = n2g2ra. 

8. Compute the functions of A 
and B when a = 24, 6 = 143. 



c = V(24)2 -f- (143)2 
= V21026 
= 145. 



TEACHERS' EDITION. 



24 
BinA= TTT = COS B, ^ 
14o 

COS ^ = TTT = sin By 

24 
tan-4 = TTr = cot5, 

cot A = -rr- = tan B, 

sec ^ = TTT = CSC 5, 

>! 146 « 

CSC A = — = sec B. 



9. Compute the functions of A 
and 5 when a = 0.264, c = 0.266. 

= 0.070225-0.069696 

= 0.000529. 

.-.6=0.023. 

. . a 264 _, 

«"^^ = c = 265 = "^«^' 

>• ^ 23 

^^^ = c = 266 = '^^' 

^ . a 264 ^ _ 

*^^ = 6=23'=^''*^' 

6 23 

"^*^ = a=264 = ^^^^' 

. _ c 265 ^ 

"^^ = 6=^ = ""^^' 

. c 265 ^ 

CSC -4 = - = r^T = sec 5. 
a 264 



10. Compute the functions of -4 
and B when b = 9.5, c = 19.3. 

a2 = c2 — 62 

= 372.49 - 90.26 
= 282.24. 
.-.a = 16.8. 
. . a 168 



A ^ ^^ 

"^"^ = c = i93 = «"^^» 

. . a 168 

^^^ = 6 = "S5' = ^^*^' 

, 6 95 
"^*^ = a = i68 = ^^^' 

A c 193 

sec ^ = - = -prr- = CSC B, 

^ c 193 
^^^ = a = i68 = '^^^- 



11. Compute the functions of ^ 
and B when 

a = yp2 + g2^ 5 = V2pg. 

a2 + 62 = c2, 

l)2 + 2pg + g2=:c2. 

.-. c = p + g. 

a yp2 + q2 

C P + Q' 

. 6_ '^/2pq . _ 

COS A = - = — —" = sm B, 
c p + g 

to,^ = ^=^^^=cot5, 
cot ^ = - = , ^^ = tan B, 



« Vp2+g2 
^;^pg 
Vp2 + g2 



sec -4 = r = , — 1 = CSC 5, 
CSC -4 = - = f ^ = sec B. 



12. Compute the functions of A 
and -B when 



a = Vp2 + pg, c = p + g. 

62=c2-a2 
= g2 + pg^ 

.-. 6 = VgHhpg. 

sm A =- = ^ , ^ = 
c p + g 



cos 5. 
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, 6 ^q^+p q . „ 
cos A = - = — • , - = sm B, 
c p +q 

tan^ = r = —f—^^ = cot B, 
Nq^-\-pq 

* . h -^q^+ pq ^ ^ 
cot -4 = - = , — = tan B, 

« Vp^+pq 



sec A = 



__c _ p-^q _ 



^ Vg2 4- pq 



CSC -B, 



CSC -4 = - = ■ = sec B, 

^ yp2 4- pq 



13. Compute the functions of A 
and 5 whAi 

6 = 2Vpg, c=p + g. 

a2 + 4pg=p2 + 2pg+g2, 
a2=p2_2pg+ g2, 
a=p — g. 
.a 
c 

cos ^ = - = 



smA = - = 



tSJiA = -: 




cot -4 = 
sec^ = 



CSC -4 = - = 



^-r-^ = COS B, 

— 7^^ = sm B, 

2Vpq 

p-q 

= ^ = csc5, 
2Vpg' 

^^±^ = sec5. 
P-Q' 



14. Compute the functions of A 
when a = 2 6. 

a = 26, 

a2+62 = c2, 

452+52 = c2, 
662= c2, 

c = 6V6. 



26 

6 



sin^ =^ = -^ = |V6 = 0.89443, 
c 6V6 ^ 



cos -4 = - = — ^ = i V6, 
c 6V6 ^ 

* ^ « 26 - 
tan-4 = - = — r— = 2, 



cot -4 = - = - » 
a 2 

sec ^ = - = — ;— = Vs, 
6 6 

. c 6V5 ,^/- 
csc -4 = - = -r-r- = i V6. 
a 26 



15. Compute the functions of A 
when a = ic, 

52 = c2 - a2, 



6 = Vc2 - a2, 



= Vfa2-a2, 

. . a o 2 
sm ^ = - = 7- = ^ ' 
c I a 3 

tan4 = ^ = -^ = |V6, 

-t^ = 'a = ^ = *^. 
sec^ = ^ = -^ = fV6, 

^ c 3 
esc 4 = - = -• 

a . 2 
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16. Compute the functions of A 
when a + 6 = f c. 

a 4- & = i c, 
a2 + 62 = c2, 

a2~2a6 + 62= ^^c2, 
a + 6 = J c, 

2a=5-c-f-^-V7, 
a = |c + |V7, 



sin -4 = - = Q ^ 



8 6 + V7 

8a 
c = p- 

6 + V7 
a 5 + V7 



8 



6+V7 

COS ^ = - = : 

C c 

* . a 5 + V7 

tan^ = - = —i^-t 

^ 6-V7 

* . 6 5-V7 
cot J. = - = = » 

« 6 + V7 

A c 8 

sec J. = r = 7^ ' 

ft 5-V7 

c 8 

CSC -4. = - = 7= • 

a 6 + V7 



5-V7 
—8-' 



17. Compute the functions of ^ 
when 

a-6 = ^ 



a2-2a& + 6a = 7^» 
Id 



a2 


+ 62 = c2, 


a2 


2a6 = 1 

16 

+ 62 = C2, 



a2 + 2a6 + 62 = 



31 c2 ^ 
16 ' 



a+6 = 7V3T, 
4 

a — 6 = 7» 

4 

2a = 7V3T + 7- 
4 4 

.•.a = |(V31 + l), 

26 = 7^/31-^• 
4 4 

.•.6 = |(V3T-1). 



sm A — - — 



8 



(^+^> V31 + 1 



cos^ = 
tan^ : 
cot A - 
sec A • 
CSC A- 



8 



c 8 

c c 

a^ VSI + I 
b 

b_ ^ 

« V3T+1' 
.c _ 8 
^ V3T-1' 
.c _ 8 . 

^ Vsi+i 



VsT-i 
Vsi-i 
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18. Find a if sin -4 = f and 

c - 20.6. 

. . a 3 
sin -A = - = - » 
c 6 

20.6 6' 
6a = 61.6, 
a= 12.3. 

19. Find 6 if cos ^ = 0.44 and 
c = 3.6. 

^ = 0.44, 

.-.6=1.64. 

20. Find a if tan ^ = ^ ^^^ 
6 = 2ft. 

a_ JL=: 11. 
6 ~ 2ft ~ 3 " 
lla_.ll 
•'• 27 3 * 
.-. a = 9. 

21. Find 6 if cot ul = 4 and 
a = 17. 

^- = -^ = 4. 
a 17 

.-. 6 = 68. 

22. Find c if sec ^ = 2 and 
& = 20. 

^ = ^ = 2. 
6 20 

.-. c = 40. 

23. Find c if esc A = 6.46 and 
a = 36.6. 

^^^ = a=3i6 = ^-^^- 
.•.c = 229.62. 



24. Construct a right triangle; 
given c = 6, tan -4. = }. 

tan A = -' 



.-. a : 6 = 3 : 2. 

Draw AB = 2, and BC ± to A^ 
= 3 ; join C and -4. 
Prolong -4 C to D, making AD=Q, 
Draw DE _L to ^5 produced. 
Rt. A ADE will be similar to rt. 
AACB. 
.-. ADE is the rt. A required. 

25. Construct a right triangle; 
given a = 3.5, cos A = i. 

Construct rt. A A'RC so that 
6' = 1, c' = 2. Then cos^ = i. 

Construct A ABC similar to 
A'RC, and having a = 3.6. 

26. Construct a right triangle; 
given 6 = 2, sin ^ = 0.6. 

Construct rt. A A'RC% making 
a' = 6, c' = 10. 

Then sin A' = j%. 

Construct /\ ABC similar to 
A'RC% and havmg 6 = 2. 

27. Construct a right triangle ; 
given 6 = 4, esc ^ = 4. 

Construct rt. A A'WC\ having 
c' = 4, a'=l. 

Then construct A ABC similar 
to A'B'C\ and having 6 = 4. 

28. In a right triangle, c = 2.6 
miles, sin ^ = 0.6, cos ^ = 0.8; 
compute the legs. 

a ^ & 

sm -A = - • cos ^ = - • 

c c 

.-. a = csin-4. .-. 6 = c cos -4. 

.-. a = 1.6. .-. 6 = 2. 
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30. Find, by means of the table, 
the legs of a right triangle if ^= 20°, 
c = 1 ; also, ]1A = 20°, c = 4. 



A = 20°, c = 1. 



sin ^ = - • 
c 



cos A = -' 
c 



,-. a = c sin A. .'.b = c cos A. 
/a = 0.342. .-. 6 = 0.940. 

A = 20°, c = 4. 

.-. a = 4 X 0.342 .-. 6 = 4 X 0.940 

= 1.368. = 3.760. 

31. In a right triangle, given 
a = 3 and c = 6 ; find the hypote- 
nuse of a similar triangle in which 
a = 240,000 miles. 



a : c : : 240,000 : «, 

3:6:: 240,000 : x. 

.-. X = 400,000. 

32. By dividing the length of a 
vertical rod by the length of its 
horizontal shadow, the tangent of 
the angle of elevation of the sun at 
the time of observation was foiind 
to be 0.82. How high is a tower, if 
the length of its horizontal shadow 
at the same time is 174.3 yards ? 

tan^ = ^ = 0.82. 



.-. a = 0.82 6. 

b = 174.3 yards. 
.-. a = 0.82 of 174.3 yards 
= 142.926 yards. 



Exercise III. Page 9. 



' 1. Represent by lines the func- 
tions of a larger angle than that 
shown in Eig. 3. 

B S 



A! 



/ ^ 


^x 


V 




y 


\ 


r 


1 


A 


\ 


A 





^ 





Bf 
Fig. 3. 

2. Show that, if x is an acute 
angle, sin x is less than tan x. 

In Fig. 3, OM: PM: :OA:AT, 
but OM<OA. 

.'.PM<AT. 



3. Show that, if x is an acute 
angle, sec x is greater than tan x. 

or = sec, ^r=tan. 

In rt. AOAT, hyp. 0r>side-4r. 

.*. sec > tan. 

4. Show that, if x is an acute 
angle, esc x is greater than cot x. 

OS = CSC, BS = cot. 

In rt. A BOS, hyp. OS > side BS. 

.'. esc > cot. 

5. Construct the angle x if tan x 
= 3. 

Let BAM be a unit circle, with 
centre O ; then construct A T tan- 
gent to the circle at ^ = 3 OA ; 
then -4 or is required angle. 



10 
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6. Construct the angle x if esc x 
= 2. 

Let ABM be a unit circle, with 
centre O; construct BT tangent to 
the circle a.t B = 2 OA ; connect 
0T\ then AOT is required angle. 

7. Construct the angle x if cos x 
= i. 

Take 0M=\ radius OA. At M 
erect a JL to meet the circumference 
at P. Draw OP. 

Then is POM the angle required. 

8. Construct the angle x if sin x 
= cos X. 

Let PM = sin X and OM = cos x. 
But, by hypothesis, PM =■ OM. 
.-. by Geometry, x = 45°. 
Hence, construct an Z 45°. 

9. Construct the angle x if sin x 
= 2 cos X. 

Construct rt. Z PMO, making 
PM=2 OM. Draw OP. 
Then POM is the angle required. 

10. Construct the angle x if 
4 sin X = tan x. 

Take i of radius OA to M. At 
JW erect a JL to meet the circum- 
ference at P. Draw OP. 

Then POM is the required angle. 

11. Show that the sine of an 
angle is equal to one-half the chord 
of twice the angle. 

Have given £ POA. 

ConBtmct POB = 2 POA. Draw 
chord PB. Then it is JL to O^ ; 
and PM, its half, is the sine of POA. 

.: sin X = i chord 2 x. 



12. Find x if sin q; is equal to 
one«half the side of a regular in- 
scribed decagon. 

Let -4C be a side of a decagon. 

Then ^ = 36° or ^OC. 

Draw OB bisecting AC. Then 
LAOQ will be bisected, and LAOB 

- 18°. 

But the sine of AOB = \AC. 
.-.x or ^05 = 18°. 

13. Given x and y, x + y being 
less than 90°; construct the value 
of sin (x + y) — sin x. 

Let -4B= sin (x + y) in a circle 
whose centre is 0, and CD = sin x. 

Then, with a radius equal to CJ>, 
describe an arc from B, as centre, 
cutting AB at E. 

Then EA will be the constructed 
value of sin (x + y) — sin x. 

14. Given x and y, x + y being 
less than 90°; construct the value 
of tan (x + y) — sin (x + y) + tan x 

— sinx. 

Let AB — sin (x + y), 
and CJ> = sin X ; 

also ^F=tan(x + y), 

and GF = tan x. 

From F with a radius = -4J5 take 
FZT. 

From ff with a radius = GF take 
^/. 

From I with a radius = CD take 
IK. 

Then J&E" will be the constructed 
value of tan (x + y) — sin (x + y) + 
tan X — sin x. 

15. Given an angle x ; construct 
an angle y such that sin y = 2 sin x. 
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Let AB be the sine of the Z x in 
a circle whose centre is 0. 

Draw AC perpendicular to the 
vertical diameter. 

Then CO = AB. 

Take CF on vertical diameter 
= CO. Draw FB perpendicular to 
vertical diameter, and meeting cir- 
cumference at D. 

Draw BE perpendicular to OB 
and draw OB. 

OF =2 CO hy construction. 

EB = FO; FO being the projec- 
tion of the radius OB. 

.'. BE = 2 AB, and BOB = angle 
required. 

16. Given an angle x ; construct 
an angle y such that cos y = i cos x. 

Let OJ5 = cos^OJ5. 

Erect a J_ CD at C, the middle 
point of OB, and meeting the cir- 
cumference at B. Draw BO. 

Then BOB is the angle required. 

17. Given an angle x ; construct 
an angle y such that tan y = 3 tan x. 

Let ABhe the tangent of x. 

Prolong AB to C, making AC 
= SAB, and draw OC from 0, the 
centre of the circle. 

C 0-4 is the required angle. 

18. Given an angle x ; construct 
an angle y such that sec y = esc x. 

Since sec y = esc x, 
c_c 
b a 
.'. a = b. 
Hence, construct an isosceles right 
triangle. 
The required angle will be 45°. 



19. Show by construction that 
2 sin -4 > sin 2 -4. 

Construct Z BOC and Z COA 
each equal to the given Z A. 

Then AB = 2 sin -4, and AB, the 
J_ let fall from A to OB, = sin 2 A, 
But AB > AB. 

Hence 2 sin -4 > sin 2 A. 

20. Given two angles A and B, 
A + B being less than 90°, show 
that sin (A + B)<i sin A-\-aia B. 

Construct ROK = Z -4, and COB 
= LB. 

Then sin (A -\- B) = CP, sin A 
= HK, sin B = CB. 

Now CP<CB-\- BE, 
and HK::> BE. 

.-. CP<CB-\-HK. 
.'. sm (^ + jB)< sin ^ + sin B. 



21. Given sin x in a unit circle ; 
find the length of a line correspond- 
ing in position to sin x in a circle 
whose radius is r. 

1 : r : : sin X : the required line. 
.-. length of line required = r sin x. 

22. In a right triangle, given the 
hypotenuse c, and also sin A = m, 
cos A = n; find the legs. 



sin -4 = - = m. 
c 

.'. a = cm. 



cos A = - = n. 
c 

.: b = en. 
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Exercise IV. Page 12. 



1. Express the following func- 
tions as functions of the comple- 
mentary angle : 

sin 30°. CSC 18*» W, 

cos 45<>. cos 37° 24'. 

tan 89°. cot 82° 19'. 

cot 16°. CSC 64° 46'. 

sin 30° = cos (90° - 30°) = cos 60°. 

cos 45° = sin (90° — 46°) = sin 45°. 

tan 89° = cot (90° - 89°) = cot 1°. 

cot 15° = tan (90° - 15°) = tan 75°. 

CSC 18° 10' = sec (90° - 18° 10') 

= sec 71° 50'. 
cos 37° 24' = sin (90° - 37° 24') 

= sin 52° 36'. 
cot 82° 19' = tan (90° - 82° 19') 

= tan 7° 41'. 
CSC 54° 46' = sec (90° - 54° 46') 
= sec 35° 14'. 

2. Express the following functions 
as functions of an angle less than 45°: 

sin 60°. CSC 69° 2'. 

cos 75°. cos 85° 39'. 

tan 67°. cot 89° 69'. 

cot 84°. CSC 45° 1'. 

sin 60° = COS (90° - 60°) = cos 30°. 
COS 75° = sin (90° - 76°) = sin 16°. 
tan 67° = cot (90° - 67°) = cot 33°. 
cot 84° = tan (90° - 84°) = tan 6°. 
CSC 69° 2' = sec (90° -69° 2') 

= sec 20° 58'. 
cos 85° 39' = sin (90° - 85° 39') 

= sin 4° 21'. 
cot 89° 59' = tan (90° - 89° 69') 

= tanO° 1'. 
CSC 45° 1' = sec (90° - 45° 1') 
= sec 44° 69'. 



3. Given tan 30° = iV3; find cot 
60°. 

tan 30° = cot (90° - 30°) 
= cot 60°. 
.-. cot60°=iV3. 

4. Given tan -4 = cot -4 ; find A. 

tan -4 = cot (90° — -4), 
90°-^ = ^, 
2^ = 90°. 
.-. A = 46° 

5. Given cos A = 8m2A; find A. 

cos ^ = sin (90° — ^), 
90°-^ = 2^, 
3^=90°. 
.-. A = 30°. 

6. Given sin A = cos 2 A ; find A, 

sin -4 = cos (90° — A), 
90° - ^ = 2 ^, 
3^ = 90°. 
.-. A = 30°. 

7. Given cos A = sin (45° — i -4) ; 

flnd^. 

cos A = sin (90° - A), 
90°-^ = 45°-i^, 
180°-2^ = 90°-^. 
.-. A = 90°. 

8. Given cotiA = tan A ; find A. 

tan -4 = cot (90° — A), 
iA = 9Q°-A, 

A = IS0°-2A, 
SA = 180°. 
J .'.A = 60°. 
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9. Given tan (45<» -\-A)=:cotA; 
find^. 

cot ^ = tan (90°-^), 
tan (90O - ^) = tan (45° + A), 
90° - ^ = 45*' + A, 
2A = 45°. 
.-. A = 22° 30'. 

10. Find -4 if sin -4 = cos 4 A, 

sin -4 = cos (90° — A)y 
90°-^ = 4^, 
6^ = 90°. 
.-. A = 18°. 



11. Find ^ if cot ^ = tan 8 ^. 

cot ^ = tan (90° — A), 
8^ = 90°-^, 
9^ = 90°. 
.-. A = 10°. 

12. Find ^ if cot ^ = tan nA. 

cot ^ = tan (90° - A), 
90°-A = nA, 

90° = ^(n+l). 
90° 



,A = 



n+1 



Exercise V. Page 14. 



1. 


Prove Fonnalas [l]-[3], 


using 


[2]. 


MP=8mA, 


for the functions the line values in 




0M= cos A, 


the unit circle given in § 3. 




AT=t8inA. 




[!]• 


sina^ + cos2^ = l. 


^OAT and OMP are similar. 






sin A 




'.TA:OA::PM: OM. 




[2]. 


tan^= . • 
cos J. 


Or, 


TA PM 




[3]. 


sin -4 X CSC ^ = 1, 


OA OM' 






cos -4 X sec -4 = 1, 


hut 


0A = 1. 






tan -4 X cot -4 = 1. 




•.r^=n^- 




/ 


B 8 




OM 




N 


i:\ 


V 


T 


. sin A 

.-. tan ^ = • 

cos^ 




y 


\ 






f 




X 


\ 




[3]. 


P3f= sin ^, 


A*i. 






A 


\ 


A 


In& 


OS = CSC A. 


Juv 







M\ 


imilar A 08B and POM, 




{ 










OS: OB:: OP : PM. 




\ 










OS OP 




V 






or, 


OB PM' 




\ 






but 


0B=1, 






£' 




0P=1. 


[!]• 




JfP = sin -4, 
03f= cos ^, 




^«=pif- 




MP 


^+OJf•^=OP^ 




.-. OSxPJf=l, 


but 




QP^=1. 


... 


CSC -4 X sin ^= 1. 




r.MP 


V 05^=1, 


Again, cos A = OM, 




. sin2^ + coE 


M = l. 








sec ^ = OT. 
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or= 



In similar ^ OTA and OPAf, 
OT:OA::OP: OM. 
OT_OP, 
°^' OA OM' 

but OA = 1, 

0P=1. 
]^ 

om' 
.-. orx ojf=i. 

.-. sec ^ X cos -4 = 1. 
Also, tan -4 = -4 r, 

cot A = BS. 
In similar ^ 50J5 and 7-40, 
BS:BO::AO:AT, 
BS _A0 , 
BO AT' 
£0=1, 
^0=1. 
1 

at' 
.-. Bsx^r=i, 

cot A X tan ,4 = 1. 



or, 
but 



BS = 



2. Prove that 1 + tan2.4 = sec2-4. 

A ^ A C 

tan -4 = r ' sec -4 = - » 



a2 + 62 = c2. 

Dividing all the terms by 62, 
a2 62_c^ 
62 "♦"52 62* 

Substituting for — and — their 

values tan2^ and sec2-4, we have 
tan2^ + 1 = sec2-4. 

3. Prove that 1 + cot2-4 = csc2-4. 



cot -4 = 


— ? 
a 


CSC A = 


c 
a 


a2 + 62 = 


c2. 



Dividing all the terms by a^, 
a2'*"a-2 a2* 

62 c2 

Substituting for — and -^ their 
values cot2^ ami csc2-4, we have 

1 + C0t2^ = CSC2-4. 

4. Prove that cot -4 = -1- 



sin.4 



cot J. = - » 
a 

sin -4 = -» 
c 

. 6 
cos -4 = - » 
c 



Substituting, 

.-. cot A = 



6 6 . a 

a c c 

cos -4 



sin A 



5. Prove that sin -4 sec -4 = tan J.. 
sm -4 = - » 



sec -4 = T » 


tan -4 = -• 


« , . . a c a 
Substitutmg, " X r = r * 

.*. sin -4 sec -4 = tan A. 



6. Prove that sin -4 cot -4 = cos .4. 

sm -4 = -» 
c 



cot -4 = - » 
a 

. 6 
cos-4 = -• 
c 

Substituting, - x - = - • 

.*. sin A cot A = cos -4. 
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7. Prove that cos -4 esc -4 = cot A. 


9. Prove that sin A sec A cot A 


A & 

COS -4 = - » 
c 


sin^ = -' 
c 


. c 
csc-4 = -> 
a 


sec -4 = T » 
6 


cot -4 = - • 
a 


cot^ = -- 
a 


Substituting, - x - = - • 

.-. cos J. CSC -4 = cot A. 


Substituting, 

c h a 



8. Prove that tan -4 cos -4 = sin -4 . 





tan^ 


^V 




cos -4 


^6^ 
c 




sin^ 


c 


Substituting, 


6 c 


c 



.-. tan -4 cos -4 = sin A. 



. sin A sec -4 cot -4 = 1. 
lOr Prove that cos A esc A tan ^ 



= 1. 



cos -4 = - 



CSC A = 



tan -4 = 7' 



Substituting, 

-x -X ^ = 1. 
c a 6 

.-. cos -4 CSC -4 tan -4 = 1. 



11. Prove that (1 — sina-4) tan2^ = sin'M. 
From [1], § 6, 1 — sin2^ = cos^^. 

.-. (1 - sin2^) tanM = cos2-4 tan-^^. 
But from Ex. 8, cos A tan ^ = sin -4. 

.*. cos^^ tan2^ = sin^^. 



12. Prove that Vl — cos2-4 cot -4 = cos -4. 
From [1], § 6, 



Vl — cos2^ = sin A. 



.-. Vl — cos^^ cot -4 = sin J. cot -4. 
But from Ex. 6, sin -4 cot -4 = cos A, 

.-. Vl — cos2^ cot A = cos A. 



13. Prove that (1 + tan2^) sin^^ = tan^^. 
From Ex. 2, 1 + tan^^ = sec2^. 

.-. (1 + tan2-4) sin2^ = sec^^ sin^^. 
But from Ex. 5, sec -4 sin -4 = tan A, 

.% (1 + tan2^) sin2^ = tan^^. 
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14. Prove that csc^^ (1 — sinM) = cotM. 

l?rom [1], § 6, 1 - sin2-4 = cos2^. 

.-. cac^A (1 — sin2^) = csc^^ cos^^. 
But from Ex. 7, esc -4 eos -4 = cot -4. 

.-. cse2^ (1 — sin2^) = cot2^. 

15. Prove that tan^^ cosM + cosM = 1. 

From Ex. 8, tan A cos A = sin A. 

.-. tan2^ cos2^ = sin2^. 
And tanM cos^^ + cos^^ = sin^^ + cosM. 

But from [1], § 6, sin^^ + cosM = 1. 
.-. tan2^ cos2^ + cos2^ = 1. 

16. Prove that (sin2^ — cosM)2 =1 — 4 sin2-4 cos2^. 

From [1], § 6, sin2^ + cos2^ =1. 

.-. (sin2^ + cos2^)2 = 1. 
But from Algebra, (sin2^ — cos2^)2 = (sin2^ + cos2^)2 

— 4sin2J.cos2^. 

.-. (sin2^ — cos2^)2 =1 — 4 sm2^ cos2^. 

17. Prove that (1 — tan2^)2 = sec*^ — 4 tan2^. 

From Ex. 2, 1 + tan2^ = sec2^. 

.-. (1 + tan2^)2 = sec*^. 
But from Algebra, (1 - tan2^)2 = (1 + tan2^)2 - 4 tan2^. 

.-. (1 - tan2^)2 = sec4^ - 4 tan2^. 



1 « T»_ ^1- X sm ^ , cos A 

18. Prove that j + - — - = sec ^ esc A. 

cos A sm A 

sin A cos A _ sin2^ + cos2^ 
cos A sin A cos A sin A 
But from [1], § 6, sin2^ + cos2^ = 1. 

And from [3], § 6, -J— = sec A, 

COS-d. 

and - — - = CSC A. 

sm A 

sin ^ , cos ^ 
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19. Prove that sin*-4 — cos*^ = sin^^ — cos^^. 

sin*^ — cos*^ = (sinM+cos2^)(sm2^ — cos^^). 
But from [1], § 6, sin'^^ + cos2^ = 1. 

.-. sin*-4 — cos*^ = sin2^ — cosM. 

20. Prove that sec -4 — cos -4 = sin A tan -4, 
From [3], §6, ' ^ 



But from [1], § 6, 
Also, from [2], § 6, 



21. Prove that esc -4 — sin -4 = cos A cot -4. 

1 
sin A 





ecu -ci — ■ . » 
COS^ 


.-. sec -4 - 


. 1 

- COS ^ = T — COS 

COS^ 




1 - C0S2^ 




cos^ 


1- 


- cos2^ = sin2^. 


.-. sec A - 


. sin2^ 

- cos ^ = 7 • 

cos^ 


> 


sin -4 ^ . 

T = tan^. 

cos -4 


.-. sec -4 - 


- cos .4 = sin -4 tan A 



From [3], § 6, esc A ■ 



esc -4 — sin ^ = -: — ; — sin A 
sm A 









1 - sin2^ 








sin^ 




1 


- sin2^ 


= cos2^. 


CSC 


A 


— sin A 


cos2^ 
sin A 






cos .4 


= cot A. 



But from [1], § 6, 



Also, from [2], § 6, ^^f^ •■ 

.-. CSC -4 — sin -4 = cos A cot A, 



#«#« 'r>_ XI- X cos-4 l + sm-4 

22. Prove that :; : — r = • 

1 — sm -4 cos A 

Clearing of fractions this becomes, 

cos2^ = 1 -- sin2^, 
which is correct ([1], § 6). 

cos^ — 1 + sin -4 
* ' 1 — sin -4 cos A 
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Exercise VI. 

1. Find the values of the other 
functions when sin A = \i, 

8in2^ + cos2^ = l, 

cos.^ = l-(g) 

\2 



COS^ 



.*. cos A = 
tan A = 



=V-(S)" 

= /^ 

\169' 
_5 
13* 
sin^ 



cos -4 

cot A is reciprocal of tan A. 
5 



.•. cot A = 



12 



sec A is reciprocal of cos A. 

A 13 
.-. sec -A = -z- • 
o 

CSC A is reciprocal of sin A. 

13 



.-. CSC A = 



12 



2. Find the values of the other 
functions when sin ^ = 0.8. 

sin2^ + co82^= 1, 

cos2^ = 1 - (0.8)2, 



cos ^ = VI — 0.64. 
. cos^ =0.6. 

sin^O.8 
0.6' 



tan A = 



cos -4 
.-.tan ^ = 1.3333. 
* .. 0.6 

'^*^=o:8- 



Page 16. 

.-. cot A = 0.76. 

1 



sec ^ = : 
. sec ^: 
esc -4 = ; 



0.6 
1.6667. 

0.8* 
. CSC -4 = 1.25. 



3. Find the values of the other 
functions when cos A = f f . 
sin2^ + cos2^ = l, 



. . ^r 3600 /121 11 
^"^^=\^-372l = \372i = 61- 



tan -4 = 
cot -4 = 
sec -4 = 
CSC A = 



sin^ 
cos^ 

1 
tan^ 

1 
cos .4 

1 

sin^ 



.11 

"60* 

.60 

11* 
.61 

60* 
.61 

11* 



4. Find the values of the other 
functions when cos -4 = 0.28. 

sin2^ + cos2^ = 1. 
sin ^ = Vl - (0.28)2 = VO.9216. 
= 0.96. 
sin ^ __ 0.96 
cos^ "~ 0.28 
1 1 



tan^ = 
cot -4 = 
sec -4 = 
CSC -4 = 



tan^ 

1 
cos -4 

1 
sin A 



3.4286 

1 
0.28 

1 
"0.96 



= 3.4286. 
= 0.2917. 
= 3.6714. 
= 1.0417. 



TEACHERS' EDITION. 



19 



5. Find the values of the other 
functions when tan A = ^. 
.4 

"s" 

3 



tan A = ; 



. cotA = 


4* 






tan^ = 


sin^ 
cos -4 






4 


sin 


A 




8 


Vi- 


sm2 


A 



3 sin ^ = 4Vl — sin2^, 
9 sin2^ = 16 — 16 sinM, 
25 sin2^ = 16^ 
5 sin ^ = 4. 



.-. sin -4 = - • 
o 



cos -4 - 



sin A 



sec -4 = 



CSC -4 = 



tan^ 
1 



3 
6* 

^5 

cos -4 3 
1 _5 
sin -4 4' 



1 = 



6. Find the values of the other 
functions when cot ^ = 1. 

cot -4 = 1, 

.*. tan-4 = 1. 

. sin A 

tsmA = 7» 

cos^ 

sin A 

Vl — sin2^ ' 

sm ^ = Vl — sin2^, 

sin2^ = 1 — sin2^, 

2 sin2^ = 1, 

sinM = - • 

.-. sin^ = -^ = iV2. 

. sin -4 , /- 

co8-4 = ;: = iv2. 

tanJ. 



sec^ = ,-. = — = ^. 



csc-4 = 



cos -4 
1 



sin^ ^y/2 



= V2. 



7. Find the values of the other 
functions when cot -4 = 0.6. 



tan -4 = 



-^ = ^ = 2 
cot^ 0.5 



tan A = = 2. 

cos -4 

2cos^ = sin A. 

4 cosM — sin2^ = (squaring) 

cos2^ + sinM = 1 



6 cos2^ 
cos -4 



= 1 



= ^1 = 0.45. 

4 cos2^ 4- 4 sinM = 4 

4 cos^^ — sin^^ = 

5 sin^^ = 4 



sin A 



= ^1 = 0.90. 



sec -4 = 



csc^ = 



cos^ 

1 
sin A 



■ 2.22. 



= 1.11. 



8. Find the values of the other 
functions when sec A = 2. 
1_^1. 
sec^ 2 



cos A = ■ 



sin -4 = Vl — cos2^ 

.-. sin A = J Vs. 
tan^ 



sin A _ iV3 _ /r 



cot -4 = 



CSC A = 



cos A 1 
2 

V3 



tan -4 

1 
sin A 



= fV3. 
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9. Find the values of the other 
functions when C8cA = \f2. 



0084= Vl-(i^^)«= Vl-i 

COt-4 =r= 1, 

10. Find the values of the other 
functions when sin -4 = m. 



cos ^ = Vl — sin2^= Vl — m2, 

sin A m 

tan^ : 



cos -4 ^JiZn^ 



-- m Vl — m^ 
l-m2 ' 

cot^ = -^ = - Vl-m2, 
tan -4 m 



sec -4 = 
csc-4 = 



COS^ -s/l _ ,yj2 

1 _. 1 
sin ^ m 



11. Find the values of the other 
2m 



functions when sin A — 



l + m2 



cos^ = Vl — sin2^. 



'"^"X^ l + 2m2 + 



m* 



tan -4 = 



1 — 2 m2 + m* 
i + 2m2 + m4 

l-m2 

l + m2' 

sin ^ 2 m 



cos-4 1 — m2 



cot J. = 



sec-4 = 



CSC -4 = 



tan^ 

1 
cos -4 

1 
sin^ 



l-m2 

2m 
l + m2 



1 -I- m2 
2m 



12. Find the values of the other 
2mn 



functions when cos A = 



m2 + n2 



sin -4 = Vl — C0S2-4. 



-A 



= \1- 



4m2n2 



m* + 2»i2n2 + 71* 



/m* — 2 m2n2 + n* 



\m* + 2m2ri2+n* 
m2 — n2 



tan -4 = 
cot -4 = 
sec-4 = 
CSC -4 = 



m2-|-n2 




sin^ 
cos -4 


m2-n2 
2mn 


1 


2mn 


tan^ 


fn^ — n^ 


1 


m2H- 7l2 


cos^ 


2mn 


1 


m2 + n2 



sin A m^ — n^ 



13. Given tan 46° = 1 ; find the 
other functions of 46°. 



sin 45° . 
cos 45° " 

sin 45° 



tan 46°. 



= 1. 



cos 45° 
sin2 45° + cos2 45°=l. 
By (1), sin 46°= cos 46°. 
By (2), co82 45° + co82 46° = 1. 
2cos2 45°=l, 

cos2 45° = |, 

cos46° = ^^ = iV2. 
sin 46°= J V2. 



(1) 
(2) 
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cot 46° = 



tan 46° 1 



14. Given sin 30° = i ; find the 
other functions of 30°. 

sin2 30° + cos2 30° = l. 
cos 30° 



iV3. 



tan80° = ri= = 



cot80o = — = V3. 
CSC 30° = Y = 2. 



15. Given esc 60° = |V3; find 
the other functions of 60°. 

Bin 600=^= J V8. 



COS 60° = Vl— sin2 60°, 
cos 60°= Vl-(iV3)2 

tan60°=^=V3. 
cot 60°=-^ = J Vs. 
sec 60° = J = 2. 

3 



16. Given tan 15° = 2 - v5 ; find 
the other functions of 15°. 

sin 15° ^ ^ 

cos 15° ^3- 

sin2 15° + cos2 15° = 1. 

sin 15° = (2 — V3) cos 15°. 

[(2 - V3) cos 15°]2 + cos2 15° = 1, 

(4-4V3+3)cos215°+cos215°=l, 

(8-4V3)cos2 16°=l, 

21KO 1 2 + V3 

cos2 15° = 



4(2 --V3) 



cosl5°=V=-^T^ = i^7vi: 
sin2 15° = 1 — cos2 15°. 



sm215°=l- 



2 + V3 2-V3 



sin 15°= JV2-V3. 
cot 15°= ^ - ^ 



tan 15° 2 — V3 
= 2 + V3. 

17. Given cot 22° 30' = \^ + 1 ; 
find the other functions of 22° 30'. 



tan 22i° = 



1 



^ cot22i° 
= V2-1. 
sin 22^°^ 
cos 221°^*'' ^^2' 



V2+ 1 



(1) 
(2) 



cos2 22J° + sin2 22i°=l 
From (1), 

cos 22 J° tan 22 p=sin 22 J° 
Squaring, 

cos2 22i° tan2 22J°=sin2 22i° 
From (2), 

cos2 22^° = -sin2 221^°+ 1 

Add, 

cos2 22i° tan2 22 J°+ cos2 22 J°= 1 
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cos2 22i° (tan2 22i<> + 1) = 1, 
C082 22J°(4 — 2V2)= 1, 

cos 22J° V4— 2V^= 1. 

1 



.•.cos22i° = 



V4-2\^ 



'4 + 2V2 



cos 90° 
cot90°=:-4^ = — = 0. 



tan 90° 00 



8 



sin 22i° 



= i V2 + \^. 

^ 4 

_^/ 4-2-^ 
' 4 



sec 90° = 



cos 90° ■'°°' 



CSC 90° = - 






sin 90° 1 



20. Given tan 90° = « ; find the 
other functions of 90°. 



tan90°=Qo. 



cot 90° = 



1 



'2-V2 



=i V2 - V2. 



18. Given sin 0°=0; find the 
other functions of 0°. 



cos0° = Vl — sin2 0° 

.-. cos 0° = 1. 

. ^Q sin 0° ^ 
tan 0° = — - = 7 = 0. 
cos 0° 1 

cot 0° = — i— = i = X . 
tanO° 

8ecO° = — i— = i=l. 
cosO° 1 

CSC0°=-T-i7:- = ^=QO. 

sin 0° 



19. Given sin 90° = 1 ; find the 
other functions of 90°. 

sin 90° =1. 

cos 90° = Vl — sin2 90° = 0. 



tan 90° 00 



= — = 0. 



cos 90° 



= cot 90° = 0. 



sin 90°" 
. cos 90° = 0. 

sin290° + cos2 90°=l, 
. sin290° = 1, 

sin 90° = 1. 

sec 90° = - = 00 . 
CSC 90°= 1. 



21. Express the values of all the 
other functions in terms of sin A. 



COB A = Vl — sin2 A, 

t.nA=- -^^ 

Vl-sin2^ 

Vl-sin2^ 
sin^ 
1 
Vl-sin2^' 
1 



cot -4 = 
sec -4 = 



CSC -4 = - 

sin^ 
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22. Express the values of all the 
other functions in terms of cos -4. 



Vl — cos2^ 



sin^ 


= Vl- 


■C0S2^, 


tan^ 


Vl- 


■C0S2^ 


cos-4 


cot^ 


cos -4 




vr: 


COS^^ 


sec^ 


1 

cos^ 


» 


esc -4 


— 


1 



23. Express the values of all the 
Other functions in terms of tan A, 

cot^ = 



tan^ 



r = tan A. 



a =b tan-4. 
a2=62tan2^. 

a2-6nan2^ = 
a2 + 62 =1 

62(H-tan2^)=l 

1 



62 = 



1 + tan2 A 



= cos^A, 



COS A =\-—. :r-T * 

\l + tan2^ 

sin A = Vl — co82^ 



4 



= \l- 



l + tan2^ 
tan^ 



sec^ = 



CSC J. = 



Vl + tan2^ 
1 



. - VH- tan2^. 
cos^ 

1 VH-tan2^ 



sin^ 



tan^ 



24. Express the values of all the 
other functions in terms of cot A, 

— 7-7 = tan ^. 
cot^ 

sin^ 

cos^ 

Let X = sin ^, y = cos A. 

X 1 



• = tan A, 



y^cotA 
X cot ^ = y, 

X2c0t2^ = y2. 
X2c0t2^— y2=:0 

g2 + y2 = 1 

x2(H-COt2^)=l 
1 



X2 = 



sin A = 



H-cot2^ 
1 



Vl + cota^ 



cos 



^ = Vl— sin2^ 



■V 



= "V1- 



1 + cot^A 



'4 



1 + C0t2^-1 

14-cot2^ 
cot -4 



sec -4 = 



Vl + cot2^ 
1 



cos^ 

1 



V l + C0t2^ 

cot -4 



CSC ^ = J =: Vl + C0t2^. 

sm A 

25, Given 2 sin ^ = cos A ; find 
sin A and cos A, 

ain^A + cos2^ = l. 
sin2^ + 4sin2^ = 1. 
6 sin2^ = 1, 



sin2^ : 


=r 




sin^ 


'4- 


4^- 


cos -4 


= |V5. 
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26. Given 4 sin ^ = tan A ; find 
sin A and tan A, 



taxiA • 



sin A 



cos -4 

But tan -4 = 4 sin -4. 

. . _ sin^ 

.-. 4 sin -4 = T » 

cos^ 

4 sin ^ X cos ^ = sin J.. 

sin ^ _ 1 

4 sin -4 4 



, cos A — 



sin2^ + cos2^ = 1. 



,,BmA=yjl^- = yj- 

= iVl5 

. sin A 

tan A = 7 

cos -a 

27. K sin -4 : cos -4 = 9 : 40, find 
sin A and cos A. 

40 sin ^ = 9 cos A. 
(sq.) 1600 sin2^ = 81 cos2^. 

1600 sin2^ - 81 cos2^ = 0. 
But sin2JL + cos2^ = 1. 

Multiplying by 81 and adding, 
1681 sin2^ = 81. 
.-. 41 sin ^ = 9. 
9 



sin -4 = 



41 



sin2^ -I- cos2^ = 1. 

cos ^ = Vl — sin2^. 



cos 



-V-(ii)=f 



28. Transform the quantity 
tan2^ + cot2^ — sin2^ — cos2^ into 
a form containing only cos -4. 

sin2^ 1 — cos2^ 



tan2^ = 



cot2-4 = 



C0S2^ 

C0S2^ 

8in2^ "" 1 — cos2^ 



C0S2A 
C0S2^ 



1 — C0S2^ C0S2^ 



C0S2^ 1 — C0S2^ 

— 1+ C0S2^ — C0S2^ 

_. l— 2cos2.44-2cos*^— cos2^+cos*^ 

C0S2^ — C0S*w4 

_ 1 — 3 cos2^ H- 3 cos*.4 

~ C0S2^ — COS*A 

29. Prove that sin -4 + cos -4 = 
(1 + tan A) cos A. 

sin A ^ . 

T = tan A, 

COS A 

sin A = tan A cos A. 

sin A+ cos A = tan-4 cos -4+ cos^ 

= (1 + tan A) cos A. 

30. Prove that tan ^ + cot -4 = 
sec A X CSC A. 



tan A = 
cot -4 = 



sin A 
cos -4 
cos^ 
sin A 



A I J. A sin ^ , cos -4 

tan -4 + cot^ = + -: — - 

cos A sin A 

_ Sill2^ -f C^2^^ 

cos A sin A 
But sin2^ + cos2^ = 1. 
1 



.•.tan-44-cot-4= 



cos A sin A 
= sec ^ X CSC A. 
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Exercise VII. 


Page 18. 


1. 


Solve the equation, 
2 cos X = sec X. 

2 cos X = 

cosx 

.•.2cos2x=l. 

cosx= Vi. 




5. 


Solve the equation, 

sin^x = 3 cos^. 

sin2x_ 
• cosax""^' 

tan^x = 3, p n 
tan X = V3, b tJ 








.-. X = 60°. 




.-. X = 46°. 




6. 


Solve the equation, 


2. 


Solve the equation, 
4 sin X = CSC x. 

4 sin X = -: • 






2 sin2x + cos2x = |. 

sin^x + (sin^x + cos^x) = f , 

sin2x +1 = 1, 








sin2x = 1, 




sm X 






sinx=— =• 
V2 




.-. 4 sin2x = 1. 








sin X = J. 








.-. X = 30°. 




7. 


.-. X = 46°. 
Solve the equation, 


3. 


Solve the equation, 
tan X = 2 sin x. 

sinx ^ . 
= 2 sm X, 

COSX 

sin X = 2 sin x cos x. 
sin X (1 — 2 cos x) = 


0. 




3 tan2x — sec2x = l. 

3 tan^x — (tan2x + 1) = l, 

2 tan^x — 1 = 1, 

2 tan2x = 2, 

tan X = 1. 

.-. X = 46°. 




.-. sin X = 0, 


(1) 


8. 


Solve the equation, 




x = 0. 






tanx+ cotx = 2. 




1— 2cosx = 0. 


(2) 




tan X + = 2, 




cos X = i. 






tanx ' 




.-. X = 60° 






tan^x — 2 tan X + 1 = 0, 




.-. X = 0° or 60°. 






(tanx -1) (tanx -1) = 0. 
.-. tan X = 1. 


4. 


Solve the equation. 






.-. X = 46°. 




sec X = >^ tan x. 




9. 


Solve the equation, 

sin2x — cos X = i. 




1 =^/2«^^ 






(1 — cos^x) — cos X = i, 




cos X cos X 

1 = V2 sin X, 






cos^x + cos X = f , 








C0S2X + cos X + i = 1, 




1 
smx=— 7=» 






cos X + i = 1, 








COS X = |. 




.-. X = 45°. 






.-. X = 60°. 
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10. Solve the equation, 

tan^x — sec X = 1. 

(sec^x — 1) — sec X = 1, 

sec^x — sec X = 2, 

sec^x — sec X + J = J, 

secx-i = ±|, 

sec X = 2, or — 1. 
.•.x = 60®, or 180°. 

11. Solve the equation, 

sin X + Vs cos X = 2. 

VS cos X = 2 — sin X, 
3 cos^x = (2 — sin x)2, 
3(1 — sin^x) = 4 — 4 sin X + sin^x, 
4 sin^x — 4 sin X + 1 = 0, 
(2 sin X - 1)2 = 0, 
sin X = 1. 
.-. X = 30°. 

12. Solve the equation, 

tan^x + csc2x = 3. 

tan2x + (1 + cot^x) = 3, 

tan^x — 2 + cot2x = 0, 

tan X — cot X = 0, 

tan X — : = 0, 

tanx 

tan2x=l, 

tanx= 1. 

.-. X = 45°. 

13. Solve the equation, 

2 cos X + sec X = 3. 

2 cos X H = 3, 

cosx 

2 cos^x + 1 = 3 cos X, 

2 cos^ — 3 cos X + 1 = 0, 

(2 cos X— l)(cos X— 1) = 0, 

cos X = 1 or i. 

.-. X = 0° or 60° 



14. Solve the equation, 

cos^x — sin^x = sin x. 

(1 — sin^x) — sin^x = sin x, 
.2 sin^x + sin X — 1 = 0, 
(2sinx— l)(smx+l) = 0, 

sin X = — 1 or i. 
.-. X = 30°. 

15. Solve the equation, 

2 sin X + cot X = 1 + 2 cos x. 

rt . , cosx ^ , ^ 
2 sin X + - — = 1 + 2 cos X, 
sm X ' 

2 sin^x + cos x 

= sin X + 2 cos X sin x, 

2 sin^x — sin x 

= 2 cos X sin X — cos x. 

sin X (2 sin x — 1) 

= cos X (2 sin X — 1), 

(sinx — cosx) (2sinx — 1) = 0. 

.'. sin X = cos X, 

tanx= 1. 

.-. X = 45°; 

sin X = i. 

. . X = 30°. 

Hence, x = 30° or 45°. 

16. Solve the equation, 

sm^x + tan^x = 3 cos^x. 

sin^x 
sin^x + — r- = 3 cos2x, 
cos^x ' 

1 - cos2x+ l—^ = 3 cos2x, 
cos^x * 

— 4 cos2x -I — = 0, 

cos^x ' 

4 cos*x = 1, 

cosx= Vi. 

.-. X = 45°. 
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17. Solve the equation, 

tan X + 2 cot a; = J CSC X. 

sin X cos X __ 6 
cos X sin X ~ 2 sin X 
sin^x 4- 2 cos^x = | cos x, 
1 — cos^x + 2 cos^x = f cos X, 
cos^x — f cos X + 1 = 0, 
(cos X — 2) (cos X — i) = 0, 

cos X = 2 or ^. 
.-. X = 60°. 



Exercise VIII. 

1. In Case II. give another way of 5. 
finding c, after b has been found. 

COS A = -^ 
c 

h = ccosA, 

b 

c = 7" 

cos.^ 

2. In Case III. give another way 
of finding c, after a has been found. 



sin ^ = - » 
c 

csin-4. = a, 



sin .4. 



3. In Case IV. give another way 
of finding b, after the angles have 
been found, 

A ^ 

COS ^ = - » 
c 

b = ccos-4.. 

4. In Case V. give another way 
of finding c, after the angles have 
been found. 

sin ^ = - » 
c 

c sin -4 = a, 

a 
c = - — 7* 
sin.^ 



6. 



Page 23. 

Given B and c ; find Aj a, b. 

A = OOP- By 

a 
cos B = - » 
c 

a = c cos 5. 

sin B = - » 
c 

6 = c sin B. 

Given B and &; find A, a, c. 

A = 9QP-B, 

a 
cotB = T» 



sinJ5 = 



a = 6 cot B, 

b 



6 = c sin B, 

_ b 
^ sinJ5' 



Given B and a ; find A^ b, c. 

^ = 90°-J5, 
a 

cot B = r » 



6 cot 5 = a, 



6 = 



cot 5 
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COS J5 = - » 
C 

c COS B = a^ 



cosJ5 



8. Given 6 and c ; find -4, B, a. 



cos A = -•> 
c 



a = '\lc'^-l^ 



= V(c + 6) (c - 6). 

9. Given a = 8, 6 = 4; required 
^ = 36°62', 2J=63°8', c = 5. 

tan^ = ^=f =0.7500. 

.-. A = 36° 52'. 
J5=90°-^ 

= 53° 8', 
c = Va2 + 63 
= 6. 

10. Given a = 7, c = 13; required 
A = 32° 35', B= 57° 25' h = 10.954. 

sin^ = -= 37^ = 0.5386. 

.-. A = 32° 36'. 
i?=90°-^ 
= 57° 25'. 



6 = V(c - a) (c + a) 
= Vl20 
= 10.964. 

11. Given a = 5.3, A = 12° 17' ; 
required B = 77° 43', h = 24.342, 
c = 24.918. 

i?=90°-^ 
= 77° 43'. 

- = cot -4., 
a 



6 = a cot ^ 
= 5.3 X 4.5928 
= 24.342. 

- = sm A, 
c ' 



sin.^ 
6.3 



0.2127 

= 24.918. 

12. Given a = 10.4, B = 43° 18' ; 

required A = 46° 42', b = 9.800, c = 

14.290. 

^ = 90° - 2J 

= 46° 42', 

-= tanB, 
a 

6 = a tan B, 

= 10.4 X 0.9424 

= 9.800. 

- = cos B, 



GOSB 

10.4 
0.7278 
= 14.290. 

13. Given c = 26, ^ = 37° 42' ; 
required B = 52° 18', a = 16.900, 
b = 20.672. 

i?=90°-^ 
= 52° 18'. 

- = sm -4., 
c ' 

a = c sin -4 

= 26 X 0.6116 

= 15.900. 

6 

- = cos -4, 
c ' 

6 = c cos A 

= 26 X 0.7912 

= 20.572. 
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14. Given c = 140, B = 24° 12' ; 
required A = 66° 48', a = 127.694, 
b = 67.386. 

^ = 00°- 5, 
= 66° 48'. 

- = COS B, 
c 

a = c cos B 

= 140 X 0.9121 

= 127.694. 

- = sinB, 
c 

b = cainB 

- 140 X 0.4099 

= 67.386. 



15. Given 6 = 19, c = 23; required 
^ = 34° 18', B - 66° 42', a = 12.961. 

^ = 34° 18', 
5 = 90°-^ 
= 56° 42'. 



a=V(c-6)(c + 6) 
= Vl68 
= 12.961. 



16. Given 6 = 98, c = 136.2 ; re- 
quired A = 43° 33', ^=46° 27', a 
93.139. 



17. Given b = 42.4, A = 32° 14 ; 
required B = 67° 46', a = 26.733, 
c= 60.124. 



B 


= 90° -A 




= 67° 46'. 


a 
h 


= tan^, 


a 


= 6tan^ 




= 42.4 X 0.6305 




= 26.733, 


b 
c 


= cos -4., 


c 


b 
cos A 




42.4 




0.8469 




= 60.124. 



^^«^ = c= 135:2 
A = 43° 33', 
5=90°-^ 
= 46° 27'. 



= 0.7248, 



a = V(c-6)(c + 6) 
= V8676.04 
= 93.139, 



18. Given 6 = 200, B = 46°ll'; 
required A = 43° 49', a = 191.900, 
c = 277.160. 

^ = 90° - 5 
= 43° 49', 

T = cot B, 



a = bcot B 
= 200 X 0.9696 
= 191.900, 

-=8inB, 
c 

b 

sin B 

200 



0.7216 
= 277.160. 

19. Given a = 96, 6 = 37; re- 
quired A = 68° 43', B = 21° 17', 
c = 101.961. 

tan ^ = ^=11= 2.5676, 

A = 68° 43', 
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= 21° 17', 
c = Va2 + 62 

= V10394 
= 101.951. 

20. Given a = Q, c = 103 ; re- 
quired ^ = 3° 21', B = 86° 39', 
6 = 102.825. 

^^^ = ^=153 = ^-^^^^' 
^ = 3° 21', 
J5=90°-^ 
= 86° 39', 



6 = Vc2 - a2 
= V10673 
= 102.825. 

21. Given a = 3.12, B=5°8'; 
required A = 84° 52', 6 = 0.280, 
c = 3.133. 

A = 90°-B 
= 84° 52', 
b 

-=tan J5, 
a 

6 = a tan B 
= 3.12 X 0.0898 
= 0.280, 

= cos B, 

a 

cos B 
_ 3.12 

0.9960 
= 3.133. 

22. Given a = 17, c = 18 ; re- 
quired A = 70° 48', B = 19° 12', 
6 = 6.916. 



= 0.1690. 
i B = 9° 36', 
J5=19°12', 
^ = 90o-j5 

= 70° 48', 



a 

c 

c = 



tani J3 
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6= V(c-^a)7cTa), 
= V§6 
= 6.916. 



23. Given c = 67, -4. = 38° 29'; 
required B = 61° 31', a = 36.471, 
6 = 44.620. 

B = 90-^ 
= 61° 31', 

- = sin A, 
c ' 

a = c sin ^ 

= 57 X 0.6223 

= 35.471, 

^_ 

- = cos A, 

c ' 

b = c cos A 
= 57 X 0.7828 
= 44.620. 



24. Given a + c= 18, 6 = 12 ; re- 
quired ^ = 22° 37', J5 = 67° 23', 
a = 5, c = 13. 

c2 - a2 = 62^ 

(c + a)(c-a) = 62, 

18 (c- a) = 144, 

c — a = 8, 

c=13, 

a= 5. 

sin^ = ^=j5j = 0.3846, 
^ = 22° 37', 
B=90''-A 
= 67° 23', 



teachers' edition. 



31 



25. Given a + 6 = 9, c = 8 ; re- 
quired A = 82° 18', 5=7° 42', 
a =7.928, 6=1.072. 

a2+62=c2 = 64, 
a2+ 206 + 62=02 = 81, 

2a6 = 17, 
a2 - 2 a6 + 62 = 64 - 17 = 47, 

a-6 = V47 = 6.866, 
a + 6 = 9, 
a = 7.928, 



6 = 1.072, 



'4 



0.072 



/ 16.928 
= 0.0672, 
iB=3°61', 
^=7° 42', 
^ = 90°"-B 
= 82° 18'. 



Exercise IX. Page 27. 



1. Given a = 6, c = 12 ; required 
A = 30°, J5 = 60°, 6 = 10.392. 

sin ^ = ^ = - . .:A = 30°. 
c 2 

^ = (90° - ^) = 60°. 

A & 

COS ^ = - • .-.6 = cos -4. 
c 

log cos -4 = 9.93753 

log 12 = 1.07918 

log 6 =1.01671 

6 = 10.392. 

2. Given ^= 60°, 6 = 4 ; required 
B = 30°, c = 8, a = 6.9282. 

-B = (90° - ^) = 30°. 

coaA = ^, and c = — ^ • 
c cos A 

log 6 = 0.60206 

colog cos A = 0.30103 

log c = 0.90309 

c = 8. 

c2 - 62 = a2 = 48. 

log 48 = log a2 = 1.68124, 

log a =0.84062, 

a = 6.9282. 



3. Given A = 30°, a = 3 ; required 
5=60°, c = 6, 6 = 6.1961. 

B = (90° - ^) = 60°. 

. a , a 

sm ^ = -» and c = -: — 7 • 
c sin ^ 

log a = 0.47712 

colog sin A =0.^0103 

log c = 0.77816 

c = Q. 

c2^a^ = l]^ = 27. 

log 27 = log 62 = 1.43136, 

log 6 =0.71668, 

6 = 6.1961. 

4. Given a = 4, 6 = 4; required 
A = B = 46°, c = 6.6668. 

Since a and 6 each = 4, the A is 
an isosceles A» and the A A and B 
are equal. 

.'.A = i of 90° = 46°, 
i? = i of 90° = 45°. 
c2 = a2 + 62 = 32. 
log 32 = log c2:= 1.50516, 
logc =0.75257, 
c = 6.6568. 
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5. Given a = 2, c = 2.82843 ; re- 
quired ^ = J5 = 45°, 6=2. 

= V(c + a}(C'- a), 
log 62 = log (C+ a)-{- log (c — a). 
log (c + a) = 0.68381 
log (c - a) = 9.91826 - 10 
log62= 0.60207 
log 6 = 0.30103, 
6=2. 
.-. the A is an isosceles rt. A- 
.•.^ = i? = 46°. 

6. Given c = 627, A = 23° 30'; 
required B=m° 30', a = 260.02, 
6 = 676.0. 

B= (90°-^) =66° 30'. 

a = c sin A. 

log a = log c + log sin A. 

log c = 2.79727 

log sin ^ = 9.60070 

log a = 2.39797 

a = 260.02. 

6 = c cos A. 

log 6 = log c + log cos A. 

log c = 2.79727 

log cos A = 9.96240 

log 6 = 2.75967 

6 = 676. 

7. Given c = 2280, A = 28° 6'; 
required B = 61° 65', a = 1073.3, 
6=2011.6. 

B= (90°-^)= 61° 55'. 

a = c sin A. 

log a = log c + log sin A. 

log c = 3.35793 

log sin ^ = 9.67280 

log a = 3.03073 

a = 1073.3 

6 = c cos -4. 
log 6 = log c + log cos A. 



log c = 3.35793 

log cos ^ = 9.94560 

log 6 = 3.30363 

6 = 2011.6. 



8. Given c- 
required B = 
6 = 66.620. 

B 

a 

log a 

log c 
log sin A 

log a 
a 
6 

log 6 

log c 
log cos A 

log 6 
6 



= 72.16, ^ = 39° 34'; 
60° 26', a = 46.968, 

= (90°-^) = 50° 26'. 

= c sin A. 

= log c + log sin A. 

= 1.85824 

= 9.80412 

= 1.66236 

= 46.968. 

= c cos A. 

= log c + log cos A. 

= 1.86824 

= 9.88699 

= 1.74523 

= 56.620. 



9. Given c=l,A = 36°; required 
B = 64°, a = 0.58779, 6 - 0.80902. 
£=(90°-^) = 54°. 

• A ^ 

sm A = -i 
c 

a = c sin A. 

log a = log c + log sin A. 

log c = 0.00000 

log sin A = 9.76922 

log a = 9.76922 -10 

a = 0.58779. 

A ^ 

COS -4. = - • 
c 

6 = c cos -4. 

log 6 = log c 4- log cos A. 

log c = 0.00000 

log cos ^ = 9.90796 

log 6 = 9.90796 -10 

6 = 0.80902. 
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10. Given c = 200, B = 2P47'; 
required A = 68° 13', a = 186.72, 
b - 74.22. 



A- 

sin A - 

a- 
\oga- 



log c 
log sin A 

log a = 2.26886 



(90°-JB)=68°13'. 

a 

— » 
c 

c sin A, 

log c + log sin A. 

2.30103 
9.96783 



b- 
logb- 

log c- 

log cos A - 

log 6: 

6 = 



: 185.72. 
c 

: C COS -4.. 

: log C 4- log COS A. 

• 2.30103 
: 0.56949 
- 1.87052 

: 74.220. 



11. Given c = 93.4, B = 76° 25'; 
required A = 13° 35', a = 21.936, 
6 = 90.788. 



A 

a 
log a 

log c 
log sin A 

log a = 1.34116 



(90° -B) =13° 35'. 

c sin ^. 

log c + log sin A. 

1.97035 
9.37081 



a: 

log 6: 

log a: 

log cot A - 

log b- 

b- 



: 21.936. 
a cot -4. 
: log a + log cot A. 

■ X.34116 
: 0.61687 
: 1.958a3 

: 90.788. 



12. Given a = 637, ^ = 4° 35'; 
required B = 85° 25', b = 7946, 
c = 7971.5. 

5= (90°-^) = 85° 25'. 

6 = a cot A. 

log 6 = log a + log cot A. 

log a = 2.80414 

log cot A = 1.09601 

log b = 3.90015 

b = 7946. 
log c = loga + cologsm-4.. 
log a = 2.80414 
colog sin A = 1.09740 
log c = 3.90154 

c= 7971.5. 



13. Given a 
required B = 
c = 81.144. 

B 



sin A = 



log c 

loga 

colog sin A 

log c 

c 

cos^ 

6 
log 6 

log c 

log cos A 

log 6 

6 



= 48.532, ^=36° 44'; 
53° 16', b = 65.031, 

= 90°-^ 

= 90° - 36° 44' 

= 53° 16'. 

a 

c 

— ^ 
sin^ 

= log a + colog sin A . 

= 1.68603 

= 0.22323 

= 1.90926 

= 81.144. 

_6 

c 

= CC08-4. 

= log c + log COS A, 
= 1.90926 
= 9.90386 
= 1.81312 
= 65.031. 
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14. Given a - 
required B = 4°, 
0.000802. 

B = 



sm -a = - 



log C: 

log a: 
colog sin A '■ 
log c = 
c = 

cos -4 = 

b = 

log b = 

log c = 

log cos A = 

• log 6 = 

6 = 



= 0.0008, ^ = 86°; 
6 = 0.0000659, c = 

90°-^ 

90° - 86° 

4°. 

a 

c 
a 

sin^ 

: log a + colog sin A. 
■■ 6.90309 - 10 
: 0.00106 

6.90415-10 
: 0.000802. 

b^ 

c 

ccoaA. 

: logC+ log COS -4.. 
6.90415-10 
8.84358-10 
5.74773-10 
0.0000559. 



tan A = : 



15. Given 6= 50.937, 5 = 43° 48'; 
required A = 46° 12', a = 53.116, 
c = 73.59. 

A = (90°- B) = 46° 12'. 
a 
b' 
a = btSLuA. 
log 6=1.70703 
log tan^ = 0.01820 
loga= 1.72523 
a =53.116. 

sin -4. = - • 
c 

a 
c= -: — T • 
sm-d 

log a =1.72523 

colog sin ^ = 014161 

logc= 1.86684 

c= 73.693. 



16. Given 6 = 2, 5 = 3° 38' ; re- 
quired A = 86° 22', a = 31.497, c = 
31.669. 

^ = (90°-JB) = 86°22'. 

A ^ 

tan -4 = T ' 
b 

a = btAnA. 

log 6 = 0.30103 

log tan ^ = 1.19723 

log a = 1.49826 

a = 31.496. 

• A ^ 

smA = -- 



c = 



sin -4 



log a = 1.49826 

colog sin ^ = 0.00087 

log c = 1.49913 

c = 31.669. 



17. Given a 
required A = 
c = 4193.6. 

A- 



= 992, B = 76° 19' ; 
13° 41', 6 = 4074.6, 



Bin A 

log c 

log a 

colog sin ^1 

log c 



= 90° - 76° 19' 
= 13° 41'. 

— ^ 

c 

^ log a + colog sin A. 

- 2,9Dfl5l 
- Q.G26Q7 
==3-02268 

" 4193.6, 



BjnB 

log h 

log c 

log sin B 

loe 6 



_& 
c 
= logc+ logain B. 

= 3.62268 

- n.987r>0 
= 3.C10O8 

- 4074.5. 



^ 
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18. Given a = 73, B= 68° 62' ; 
required A = 21° 8', b = 188.86, 

c = 202.47. 

^=(90°-J5) = 21°8'. 

8iii-4. = -• 
c 

log c = log a + colog sin ^. 

log a =1.86332 

colog sin -4 = 0.44306 

log c= 2.30637 

c = 202.47. 

sin B = - • 
c 

log 6 = log c + log sin B. 

log c = 2.30637 

log sin ^= 9.96976 

log 6 = 2.27613 

6=188.86. 



19. Given a 
required A = 
c = 3.1185. 

A 



= 2.189, B= 46° 25'; 
44° 35', 6 = 2.2211, 



sin^ = 



log c 

log a 

colog sin A 

log c 

c 



cos -4. = 

6 

log 6 

logc 

log cos A 

log 6 

6 



= 90° -45° 25' 
= 44° 35'. 

a 

c 

— ^ 
~~ sin ^ 

= log a + colog sin A. 

= 0.34026 

= 0.15370 

= 0.49396 

= 3.1186. 

6 

c 
= c cos -4.. 

= logc + log cos -4. 
= 0.49396 
= 9.85262 



= 0.34657 
= 2.2211. 



20. Given 6: 
quired B = 52° 
6.0714. 

B = 

COS A = 

6 = 

c = 

log c = 
log 6 = 
colog cos A - 
log c- 
c- 



t&TiA = r 

a- 

loga = 

log 6 = 

log tan A - 

\oga- 

a- 



= 4, ^ = 37° 66'; re- 
4', a = 3.1176, c = 

: (90°-^) = 62° 4'. 
6 
c 
ccos-4.. 

6 
cos -4 

log 6 + colog cos ^. 
0.60206 
0.10307 
0.70513 
6.0714. 
a 
h' 

bt&nA. 

log 6 + log tan -4. 
0.60206 
9.89177 



: 0.49383 
: 3.1176. 



21. Given c = 8590, a = 4476 ; 
required A = 31° 24', B = 58° 36', 
6=7332.8. 

smA = -- 
c 

log sin .4 = log a + colog c . 

log a = 3.65089 

colog c = 6.06601 — 10 

log sin ^ = 9.71690 -10 

^ = 31° 24'. 

.-. B = 58° 36'. 

cot -4 = - • 
a 

log 6 = log a + log cot A, 

log a = 3.65089 

log cot^ = 0.21438 

log 6 = 3.86527 

6 = 7332.8. 
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22. Given c = 86.63, a = 71.78; 
required ^ = 66° 3', JB = 33° 67', 
6=48.324. 



log sin ^ = log a + colog c. 
log a: 

colog C : 

log sin ^ = 9.91883 — 10 



1.86600 
: 8.06283 - 10 



A- 

log6 = 

log a: 
log cot A - 

log 6 = 
b-- 



■ 66° 3'. 

: 33° 67'. 

: log a + log cot A. 

■■ 1.86600 
: 9.82817 



: 1.68417 
: 48.324. 



23. Given c = 9.36, a = 8.49 ; re- 
quired ^ = 66° 14', £=24° 46', 
h = 3.917. 

8mA = -' 
c 

colog c = 9.02919 — 10 
log a = 0.92891 

log sin ^ = 9.95810- 10 

A = 65° 14'. 

.-. B = 24° 46'. 

. h 
cos A = -• 
c 

h = c cos -4.. 

log c = 0.97081 
log cos ^ = 9.62214 

log 6=0.69296 
6=3.917. 



24. Given c = 2194, 6=1312.7; 
required ^ = 63° 16', JB=36°45', 
a = 1768. 

COS A = -' 
c 

log 6= 3.11816 
colog c = 6.66876 - 10 

log cos ^ = 9.77692 — 10 

A = 63° 16'. 
J5=(90°-^) 
= 36° 46'. 

• A « * 

sin -A = - • 
c 

a = c sin ^. 

log c = 3.34124 
log sin ^ = 9.90377 

log a = 3.24601 

a = 1758. 

25. Given c = 30.69, 6 = 18.266 ; 

required ^ = 53° 30', J5 = 36°30', 

a =24.67. 

. 6 
cos A = -' 
c 

log cos -4 = log 6 + colog c. 

log 6=1.26140 
cologc = 8.61300 -10 

log cos A = 9.77440 — 10 

A = 53° 30'. 
.-. B = 36° 30'. 

tan A = -r' 



log a = log tan A + log 6. 

log tan ^ = 0.13079 
log 6= 1.26140 

log a = 1.39219 

a = 24.671. 
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26. Given a= 38.313, 6=19.522; 
required A = 63°, B = 27°, c = 43. 

tan A = -r' 



log tan -4 = log a + colog 6. 

loga= 1.68335 
colog 6= 8.70948-10 

log tan ^ = 10.29283 - 10 

^ = 63°. 
.-. B = 27°. 

• A ^ 

sin -a = - • 
c 

log c = log a + colog sin A. 

log a =1.58335 
colog sin ^ = 0.05012 

log c = 1.63347 
c = 43. 



27. Given a 
required A = 
c = 15. 

tan^ = 

loga = 
colog b - 

log tan A - 

A-^ 

.-. B- 

smA = - 



= 1.2291,6 
4° 42', B - 

__a 

"6' 

■ 0.08959 
8.82536- 



loga: 
colog sin A •■ 

log c- 
c- 



8.91495- 

4° 42'. 

85° 18'. 

a 

c 

: c sin ^. 

■ _JL_. 
sin^ 

: 0.08959 
: 1.08651 

: 1.17610 

:15. 



= 14.950; 
: 85° 18', 



10 
•10 



28. Given a = 415.88, 6 = 62.080; 
required A = 81° 30', B= 8° SO', 
c = 420. 

tan^ = r- 



loga= 2.61846 
colog 6 = 8.20705 - 10 
log tan ^ = 10.82550 - 10 
A = 81° 30'. 
.-. B = 8° 30'. 

sin ^ = -• 
c 

a = c sin -4.. 

a 

sin A 

log a = 2.61845 

colog sin ^ = 0.00480 

log c = 2.62325 

c = 420. 

29. Given a = 13. 690, 6 = 16.926; 
required A = 38° 58', B = 51° 2', 
c = 21.769. 

tan A = -r' 

log tan ^ = log a + colog 6. 
log a =1.13640 
colog 6 = 8.77144 -10 
log tan ^ = 9.90784 - 10 
A = 38° 58'. 
, B=51°2'. 
a 



sin -4. = 



a 



sin A 

log c = log a + colog sin -4. 

log a =1.13640 

colog sin ^ = 0.20144 

log c = 1.33784 

c = 21.769. 
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30. Given c = 91.92, a =2.19; 
required A = r 22', B = 88° 38', 
6=91.894. 

. . a 
Bm A = -' 
c 

log sin A = \oga + colog c. 

log a = 0.34044 

colog c = 8.03659 — 10 

log sin ^ = 8.37703 — 10 

A = r 22'. 

B=88°38'. 

. b 
cofl -4. = - • 
c 

6 = c cos A. 

log 6 = log c + log COB A. 

log c= 1.96341 

log cos A = 9.99988 

log b = 1.96329 

b = 91.894. 

31. Compute the unknown parts 
and also the area, having given 
a = 5, 6 = 6. 

tan A = T' 



log tan -4 = log a + colog 6. 

log a = 0.69897 

colog 6 = 9.22185 - 10 

log tan ^ = 9.92082 - 10 

A = 39° 48'. 

B = 50° 12'. 

sin -4 = - • 



sin A 

log c = log a + colog sin -4.. 

log a = 0.69897 

colog sin ^ = 0.19375 

log c = 0.89272 

c= 7.8112. 

2 2 



32. Compute the unknown parts 
and also the area, having given 
a = 0.615, c=70. 

c 
log sin -4 = log a + colog c. 

log a = 9.78888 -10 

colog c = 8.15490 — 10 

log sin ^ = 7.94378 - 10 

A = 30' 12". 
JB = 89°29'48". 



6 = V(c + a) (c — a) 
log5 = log(c + a) + log(c-a) 

log (c+ a) = 1.84890 
log (c- a) = 1.84126 
log6 = 1.84608 
6 = 69.997 
F=ia6. 

log a = 9.78888 -10 
log6 = 1.84508 
colog 2 = 9.69897 — 10 
log F = 1.33293 
F= 21.525. 

33. Compute the unknown parts 
and also the area, having given 
6 = -^, c = V3. 

'v/2 = 1.25991. 
V3= 1.73205. 

C08 A = -' 

c 
log cos -4. = log 6 + colog c. 
log 6 = 0.10034 
colog c = 9.76144—10 
log cos ^ = 9.86178 - 10 
^=43°20'. 
i5=46°40'. 
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sin ^ = - • 
c 

a = c sin -4.. 

log a = log c + log sin A, 

log c = 0.23866 

log sin ^ = 9.83648 

log a = 0.07604 

a =1.1886. 

log a = 0.07604 
log 6= 0.10034 
colog 2 = 9 .69897 - 10 
log F= 9.87436 -10 

F= 0.74876. 

34. Compute the unknown parts 
and also the area, having given 
a=7, ^ = 18° 14'. 

JB=71°46'. 

%aiA = -' 
c 



sin A 
log c = log o + colog sin A. 

log a = 0.84510 

colog sin A = 0.60461 

log c = 1.34971 

c = 22.372. 

A ^ 

tan-4. = T-- 





tan^ 
log 6 = loga + colog tan -4.. 

log a = 0.84610 

colog tan ^ = 0.48224 — 10 

log b = 1.32734 

b = 21.249. 
F=\ab. 



log a = 0.84610 

log b = 1.32734 

colog 2 = 9.6 9897 - 10 

logF= 1.87141 

F= 74.372. 

35. Compute the unknown parts 

and also the area, having given 

6 = 12, ^ = 29° 8'. 

A = 29° 8'. 

.-. B = 60° 62'. 

. b 
cos -4. = - • 



cos -4. 

log c = log 6 + colog cos A, 

log 6=1.07918 

colog cos A = 0.06874 

log c= 1.13792 

c= 13.738. 

sin-4 = -• 
c 

a = c sin A. 

log a = log c + log sin -4. 

log c= 1.13792 

log sin^ = 9.68739 

log a =0.82631 

a = 6.6882. 

F-^aJb. 
log F = log a+ log 6 -h colog 2. 
log a = 0.82631 
log 6= 1.07918 
colog 2 = 9.69897 - 10 
log F= 1.60346 

F= 40.129. 

36. Compute the unknown parts 
and also the area, having given 
c = 68, ^ = 69° 64'. 
^ = 69° 64'. 
.-. JB = 20°6'. 
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sin -4 = - 



a = 

loga = 

log c = 

log sin A = 

loga = 

a = 

cos A = 

b = 

log b = 

log c = 

log cos^ = 

log b- 

b- 
Fz 

\oga- 

log b- 

colog 2 = 

logF = 



a 

c 

csinA. 

logc-f log sin -4. 

1.83261 

9^72^ 

1.80522 

63.869. 

6 

c 

ccos^. 

logc-f log cos -4. 

1.83261 

9.63613 

1.36864 

23.369. 

1.80622 
1.36864 
9.69897 - 10 



: 2.87283 
: 746.15. 



37. Compute the unknown parte 
and also the area, having given 
c = 27, J5 = 44° r. 

A = 45° 66'. 
a = csin^, 
log a = logc + log sin A. 
log c = 1.43136 
log sin A = 9. 85646 
log a =1.28781 
a = 19.40. 
b = ccos^. 
log 6 = logc -f log cos A. 
log c = 1.43136 
log cos^ = 9.84229 
log b = 1.27366 
b = 18J78. 



log a = 1.28781 
log b = 1.27366 
colog2 = 9.69897 -10 



log F= 2.26043 
F= 182.16. 

38. Compute the unknown parts 
and also the area, having given 
a=47, J5 = 48°49'. 

A = 41° 11'. 
b = a cot A. 
log 6 = log a -f log cot A. 
\oga= 1.67210 
log cot A = 10.05803 
log 6= 1.73013 
6=63.719. 
a 
sm^ 
log c = log a + colog sin A. 
log a = 1.67210 
colog sin A = 0.18146 
log c = 1.85366 
c= 71.377. 
F=\ab. 
log a = 1.67210 
log 6= 1.73013 
colog 2 = 9.69897 - 10 
log F= 3.10120 
F= 1262.4. 

39. Compute the unknown parts 
and also the area, having given 
6=9, 5 =34° 44'. 

A = 55° 16'. 
a = 6 tan -4. 
log a = log 6 + log tan ^. 
log 6 = 0.96424 
log tan A = 10.16908 
loga= 1.11332 
flsrl2.981. 
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sin -4 
log c = log a -f colog sin A. 

log a =1.11332 

colog sin A = 0.08623 

log c= 1.19865 

c = 16.796 

log a =1.11332 
log h = 0.95424 
colog 2 = 9.69897 - 10 
\ogF= 1.76653 

1^=68.416. 

40. Compute the unknown parts 
and also the area, having given 
c = 8.462, B = 8Q° 4'. 

^ = 3° 56'. 
a = c sin A. 
log a = log c + log sin A. 

log c = 0.92747 
log BmA = 8.83630 — 10 
log a = 9.76377 -10 

a = 0.58046. 

6 = c cos A, 
log 6 = log c + log cos A. 

* log c = 0.92747 

log cos A = 9.99898 

log 6 = 0.92645 

6 = 8.442. 

F=iab. 

log a = 9.76377 -10 
log b = 0.92645 
colog 2 = 9.69897 - 10 
log 1?^= 0.38919 

F= 2.4601. 



41. Find the value of F in terms 
of c and A. 

F=iab. 



sin -4 = - 



C08-4 = 



a = c sin ^. 
6 



6 = c cos -4. 
Substitute, 

F=iab 
= ^{d^BinA cos -4). 

42. Find the value of 2?" in terms 
of a and A. 



F=ia6. 

cot ^ = - • 
a 

b= a cot A. 

Substitute, 

F= iab 

= I (a2 cot A), 

43. Find the value of F in terms 
of b and A. 

F=ia6. 

tan A = -r' 



a = 6 tan A, 
Substitute, 

F=^ab. 
= i (62 tan A), 

44. Find the value of F in terms 
ot a and c. 

F=lab, 
c2 = a2 + 62. 
62 = c2 - a2. 



6 = Vc2 - a2. 



Substitute, 



Frz j(aVc2-o2). 
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45. Given F= 68, a= 10; solve 
the triangle. 

F=idb, 

a 
log 6 = log 2 F+ colog a 



\og2F = 
colog a = 
log h = 1.06446 



2.06446 
9.00000- 



10 



11.6. 
a 



b = 
tan-4 = : 



log tan -4 = log a -f colog 6. 



1.00000 
8.93554 - 10 



loga = 
colog b = 
log tan ^1 = 9.93554 -10 



A = 
B = 

c = 
log c = 

\oga = 

colog sin A = 

log c = 

c = 



40° 45' 48''. 
49° 14' 12". 

a 
sin A 
log a + colog sin ^. 

1.00000 
0.18513 
1.18613 

16.316. 



46. Given F= 18, 6=6; solve 
the triangle. 

2F 

a = -^. 

log a = log 2 F+ colog b. 

log 2 F= 1.66630 
colog b = R30103-10 
log a = 0.85733 

a =7,3. 



tan A =t:' 



log tan ^ = log a + colog 6. 



loga = 
colog b - 



0.86733 
9.30103 - 10 



log tan ^ = 10.16836 - 10 



A'- 
B- 

c- 

log c- 

loga = 
colog sin A - 

log c- 



■ 56° 13' 20". 
: 34° 46' 40". 

- Q 
sin A 

■ log a + colog sin ^. 

: 0.86733 
: 0.08646 



: 0.94279 
: 8.7668. 



47. Given F=12, A = 29°; solve 
the triangle. 

B = 61°. 
F= ^ab= 12. 
ab = 24t. 
24 



tan A = 
tan 29° = 

62 = 



b 
24 

62' 



24 



tan 29° 
log 6 = i (log 24 + colog tan 29°). 

log 24 = 1.38021 

colog tan 29° = 0.25625 

2)_\Amm 

log 6 = 0.81823 

^=6,68. 



TEACHSKS' EDITION. 



43 



tan29° = |- 


log 6= i(log 378.25). 
= 1.28889. 


a = 6tan29°. 


6 = 19.449. 


log a = log6 4- log tan 2^, 


. 6 
cos-4 = -• 


log b = 0.81823 
l0Rtan29°= 9.74375 


c 
log cos -4 = log 6 + cologc. 


log a = 0.66198 


log 6 =1.28889 


a = 3.6474. 


colog c= 8.66768 


n. 


log cos^ = 9.94647 


sinA = -- 
c 


A = 27° 62'. 


a 


1?=62° 8'. 


^" sin 29°' 


8in^ = ^. 


log c = loga-fcolog8in29°. 


c 
a = csin-4. 


log a = 0.66198 


log a = log c + log sin A, 


colog sin 29° = 0.31443 


log c = 1.34242 


log c = 0.87641 


loR sin ^ = 9.66970 


c= 7.6233. 


log a = 1.01212 




a = 10.283. 


Y^48. Given F= 100, c = 22; solve 




the triangle. 


49. Find the angles of a right 
triangle if the hypotenuse is equal 


I<'=|a6= 100. 


to three times one of the legs. 


ab = 200. 




200 


Let c = hypotenuse, 


"= b ' 
, 40000 


and let c = three times a, one 


of the legs. 


a2H-62 = c2 = 484. 


log sin ^ = log a + colog c. 


Substitute, 


log a = 0.00000 


^ + 6^ = 484. 


colog c = 9.62288 -10 
log sin ^ = 9.62288 


40000 + 6* = 484 62. 


A = 19° 28' 17". 


&*- 484 62 =-40000. 


B = 70° 31' 43". 


6*- + (242)2 =18664. 




logVl8664 = i (4.26867) 


50. Find the legs of a right tri- 


= 2.13434 ; 


angle if the hypotenuse = 6, and 


but 2.13434 = log 136.26. 


one angle is twice the other. 


.-.62-242 = 136.25. 


Let c = hypotenuse = 6, 


68 = 378.25. 


and let B = twice A ; 
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then 



B- 

anA = - 



a- 
loga- 

log c = 
log sin -4 = 

\oga- 

a- 

BinB- 

P- 

log h- 

log c- 
log sin B - 

log 6 = 

6 = 



60^ 

30°. 

a 

c 

: csin^. 
: logc + log8in-4. 

0.77816 
: 9.69897 



: 0.47712 
3. 



.6 
"c 
: csinB. 

: log c -flog sin B. 

: 0.77816 
: 9.93763 



: 0.71668 
: 6.1961. 



81, \n a right triangle given c, 
m\\ A nli ; find a and 6. 

/j=00o-^ 
=:: 00° - nJ5. 



VH>« 



iiiu 



a 
Miu /< - 



00^ 

(I 

(' 
a 







6— c tiiu 



00^ 
n+l' 



00°_ 



52. In a right triangle the differ- 
ence between the hypotenuse and 
the greater leg is equal to the differ- 
ence between the two legs ; find the 
angles. 

c — a = a — b. 
2a-6=c. (1) 

a2H-62=c3. (2) 

Squarmg (1), 

4a2-4a6-f62 = (? 
a2 +62 = c2 



Sa^-Aab =0 

3a2 = 4a6. 
3a =46. 
.46 
3 * 
a_4 
6 3* 
log tan -4 = log 4 + colog 3. 



a = - 



tanA = r= «* 



log 4= 0.60206 
colog 3= 9.62288-10 

log tan tI = 10,12494 

^ = 63° 7' 48". 
B = 36° 62' 12". 



53. At a horizontal distance of 
120 feet from the foot of a steeple, 
the angle of elevation of the top 
was found to be 60° 30' ; find the 
height of the steeple. 

tan^ = -r- 



a = b tan A. 
log a = log6 + log tan -4. 

log 6= 2.07918 
log tan ^ = 10.24736 
loga= 2.32664 
a = 212.1, 
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54. From the top of a rock that 
rises vertically 326 feet out of the 
water, the angle of depression of a 
boat was found to be 24^ ; find the 
distance of the boat from the foot 
of the rock. 

cot^ = -• 
a 

6 = a cot A, 

log 6 = log a + log cot A, 

loga= 2.61322 

log cot^= 10.36142 

log 6= 2.86464 

6 = 732.22. 

55. How far is a monument, in 
a level plain, from the eye, if the 
height of the monument is 200 feet 
and the angle of elevation of the 
top 3° 30'. 

cot -4 = - • 
a 

6= rtcot^. 

log 6 = log a + log cot A, 

log a =2.30103 

log cot^ = 1.21361 

log 6 = 3.61464 

6=3270. 

56. In order to tod the breadth 
of a river a distance AB was meas- 
ured along the bank, the point A 
being directly opposite a tree C on 
the other side. The angle ABC was 
also Measured. If ^J5 = 96 feet, 
and ABC = 21® 14', find the breadth 
of the river. 

If ABC = 46°, what would be the 
breadth of the river ? 

tanB=^C-r^B. 
AC= ABy^ tan B. 



log ^C = log^B-flog tanl?. 
log ^1^=1.98227 
log tan B = 9.68944 
log AC =1.67171 
AC = 37.3 feet. 



log AC = logAJ5+logtanB. 
logAJ5= 1.98227 
log tan jg = 10.00000 
log AC = 1.98227 
AC = 96 feet. 

57. Find the angle of elevation 
of the sun when a tower a feet high 
casts a horizontal shadow 6 feet long. 
Find the angle when a =120, 6=70. 



tan A = 



tan A = 



6 

120 
70 * 



log tan A = log 120 + colog 70. 

log 120 = 2.07918 
colog 70 = 8.16 490-10 
log tan A = 10.23408 

A = 69° 44' 36". 

58. How high is a tree that casts 
a horizontal shadow 6 feet in length 
when the angle of elevation of the 
sun is A° ? Find the height of the 
tree when 6 = 80, A = 60°. 

tan A = -- 



a = 6 tan A. 
log a = log 6 -f log tan A. 
log 6 = 1.90309 
log tan A = 10.07619 
loga= 1.97928 

a = 96.34. 
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59. What is the angle of eleva- 
tion of an inclined plane if it rises 
1 foot in a horizontal distance of 40 
feet? 

tan-4 = 7-' 



log tan A = log a 4- colog 6. 

log a — 0.00000 
colog 6= 8.39794-10 
log tan ^ = 8.39794 

A = V 26' 66". 

60. A ship is sailing due north- 
east with a velocity of 10 miles an 
hour. Find the rate at which she is 
moving due north and also due east. 

Let AB be the direction of the 
vessel, and equal one hour's progress 
= 10 miles. 

AC — distance due east passed 
over in one hour. 

As the direction of the ship is 
northeast, 

A = 46°. 

6 = c cos ^ . 

log 6 = log c + log cos A. 

log c = 1.00000 

log cos ^ = 9.84949 

log 6 = 0.84949 

6 =7.0712 miles due 
east, and also due north, since 
AT^AC, 

61. In front of a window 20 feet 
high is a flower-bed 6 feet wide. 
How long must a ladder be to reach 
from the edge of the bed to the 
window ? 

A ^ 

tan -4 = -• 



log tan -4 = log 20 + colog 6. 



log 20= 1.30103 
colog 6 = 9.22185-10 
log tan ^ = 10.62288 
A = 73° 18'. 



sin^ 
log c = log 20 -f colog sin A. 

log a = 1.30103 
colog sin ^ = 0.01871 
log c = 1.31974 
c = 20.88. 

62. A ladder 40 feet long may be 
so placed that it will reach a win- 
dow 33 feet high on one side of the 
street, and by turning it over with- 
out moving its foot it will reach a 
window 21 feet high on the other 
side. Find thelbreadth of the street. 

I, 33 

log 33 =1.61861 
colog 40 = 8.39794 - 10 
log cos B = 9.91645 — 10 
B= 34° 24' 45". 



tanB = 

6 = 

log 33 = 

log tan B - 

log b- 

b- 



b^ 

33* 

: 33 tan B. 
■■ 1.61861 
: 9.83571 
: 1.36422 
: 22.606. 



cos jB' = — 



log 21 = 

colog 40 = 

log cos JB' = 



21 
40* 
1.32222 
8.39794-10 
9.72016 
: 58° 19' 64". 
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V = 21 tan B', 

log 21 = 1.32222 

log tan B' = 0.20982 

log ft' =1.63204 

6' = 34.044 

6 = 22.606 

6 +6' =56.660 



63. From the top of a hill the 
angles of depression of two succes- 
sive milestones, on a straight level 
road leading to the hill, are observed 
to be 6° and 16°. Find the height 
of the hill. 




5280 



sin 6° = 



a 

log 6280 

log sin 6° 

log a = 2.66293 



a 
6280* 

6280 sin 6°. 
3.72263 
8.94030 - 10 



log c = 3.42326 

log cos 76° = 9.41300-10 

log 6=2.83626 

6 = 685.9 feet 
= 228.03 yards. 

64. A fort stands on a horizontal 
plane. The angle of elevation at a 
certain point on the plane is 30°, 
and at a point 100 feet nearer the 
fort it is 45°. How high is the 
fort? 

B 




sin 10°: 
a- 
c- 



a 
c 

■ c sin 10°. 
a 



sin 10° 



log a = 2.66293 

colog sin 10° = 0.76033 

log c = 3.42326 



A 100 ft. A 



Let B represent the fort, AC the 
horizontal plane, BC a _L from fort 
to plane. 

BAC = angle made by line from 
eye of observer = 30°. 

BA'C = 45° = angle of elevation 
100 feet nearer. 

From A' draw A'N _L to AB. 

In rt. A AA'N, 
L NAA' = 30°, 
and Z NA'A = 60°. 

.♦. NA' = 60 feet. 



cos 76° : 

6: 



.6^ 
c 
: c cos 76°. 



.-. ^iV=V(100)2-(50)2 
= V7600 = 60VI 
= 86.602. 
In rt. A BNA\ 



BN 



NA 



- = cot NBA'= cot 15°, 
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and 



BN= NA' cot W. 



log NA' = 1.69897 

log cot 16° = 0.57195 

log 5i^ = 2.27092 

BN =IS6.60 
AN= 86.60 
^5 = 273.20 

In rt. A ABC, 

and Z^^C=60°. 

.'.BC=iAB=iX 273.20 
= 136.60 feet. 

65. From a certain point on the 
ground the angles of elevation of 
the belfry of a church and of the top 
of a steeple were found to be 40° 
and 51° respectively. From a point 
300 feet farther off, on a horizontal 
line, the angle of elevation of the 
top of the steeple is found to be 
33° 45'. Find the distance from 
the belfry to the top of the steeple. 

A 




B dOOit. D G 

Draw DE _L to AB from D. 



In A BED, 
ED_ 
BD' 
ED = 300 X sin 33° 45'. 



■ = sin 33° 45'. 



log 300 = 


2.47712 




log sin 33° 46' = 


0.74474 




log ED = 


2.22186 




L EAD = 180° 


- 33° 46' - 


(180° 


- 51°) = 17° 15'. 






In A ADE, 






ED 
AD 


sin 17° 15'. 




AD = 


ED 





sin 17° 16' 



log ^D= 2.22186 

colog sin 17° 16' = 0.52791 

log ^D = 2.74977 



In A ^4DC, 

DC_ 
AD' 
DC- 



cos 51°. 
: AD COS 51°. 



log ^D= 2.74977 

log cos 51° = 9.79887 

log DC =2.54864 



In A ADC, 

AC_ 
DC' 
AC-- 

log DC - 

log tan 51° = 

log^C: 

AC-- 
In A FDC, 



tan 51°. 

: DC tan 51°. 

: 2.54864 

= 10.09163 - 10 

: 2.64027 

: 436.79. 



||=tan40« 

FC = DC tan 40°. 

log DO = 2.54864 

log tan 40° = 9.92381 

log FC = 2.47245 

F0= 296.79. 
^C-FC= 140. 
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66. The angle of elevation of the 
top of an inaccessible fort C, ob- 
served from a point A, is 12°. At 
a point By 210 feet from A and on 
a line AB perpendicular to ^C, the 
angle ABC is 61° 45'. Find the 
height of the fort. 




In rt. A CAB, 
AB_ 
AC' 

.'.AC- 



\og AC = log AB 
logAB 
colog cot ABC 
log AC 

In rt. A ^J>C, 
CD 
AC 
CD = 
log CD = log^C 
log^C = 
log sin CAD = 
log CD = 
CD = 



cot ABC, 

AB 
cot ABC 
+ colog cot ABC. 
2.34044 
0.26977 



= 2.61021 



^ = sin CAD. 

- AC sm CAD. 
+ log sin CAD. 

2.61021 

9.31788 - 10 

1.92809 

84.74 feet. 
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1. In an isosceles triangle, given 
d and A ; find C, c, h. 

C=180°-2^ 

= 2(90°-^). 

^=— = cos A. 
a 

c = 2 a cos A. 

. - = sm ^. 
a 

h= asin^. 

2. In an isosceles triangle, given 
a and C ; find A, c, h, 

C + 2A = lS(y>. 

^ = 90°-iC. 

^^ = cos A. 
a 

c= 2a cos-4. . 



- = sin^. 
a 

h = asinA. 



3. In an isosceles triangle, given 
c and A ; find O, a, h. 

C= 1800-2^ 
= 2(90**-^). 

^^ A 

^^ = cos A, 
a 

/* 
2a = 



cos A 

— c 
~ 2 cos -4 

= sin A. 



h = asin^. 
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4. In an isosceles triangle, given 
c and C ; find A^ a, h. 

^ = 90° - I C. 

^^ = cos^, 
a 



2cos7l 



- = sin A, 
a 

^ = asin A, 

5. In an isosceles triangle, given 
h and A ; find C, a, c. 



sin 




2(90°-^). 

h 

a 


•• 


a = 


h 
sin ^ 


008 


^ = 


a 2a 




. c = 


2 a cos^. 



6. In an isosceles triangle, given 
h and C ; find A, a, c. 

^ = 90°-iO. 

sm ^ = - • 
a 



sin A 

a " 2a 
.-. c — 2 a cos ^. 



cos^ 



7. In an isosceles triangle, given 
a and h ; find ^, O, c. 

sin ^ = ^ -^ a. 

C=2(90°-^). 

a 2a 
.-. c = 2 a cos ^'. 



tan -4 = ■ 



8. In an isosceles triangle, given 
c and ^ ; find A^ C, a. 

A. 
ic* 

C = 2(90°-^). 

sm ^ = - • 
a 

sin ^ 

9. In an isosceles triangle, given 
a = 14.3, c = 11 ; find ^, C, h. 

A iC 

cos ^ = ^— • 
a 

log cos ^ = log I c -f colog a, 

log ic = 0.74036 

colog a = 8.84466—10 

log cos^ = 9.68502 — 10 

A = 67° 22' 60''. 

C = 2 (90° - ^) 

= 45° 14' 20". 

• A ^ 
am A = - • 
a 

^ = a sin A. 

log h = log a + log sin A. 

log a =1.15534 

log sin A = 9.96524 

log ^=1.12058 

A =13.2. 

10. In an isosceles triangle, given 
a = 0.296, A = 68° 10'; find c, h, F. 

' A ^ 

Bin A = -' 
a 

h= asin^. 

log h = log a + log sin A. 

log a = 9.46982 - 10 

log sin A = 9.96767 — 10 

log h = 9.43749 — 10 

A^ Q.273S4. 
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COS^ = 



logic 

log a 
log cos A 
logic 

c 

F 

2F 

log 21?^ 

logc 
log A 
log2F 

2F 
F 

11. In an 

c = 2.362, C 



a 

= acos^. 
= loga + log cos ^. 

= 9.46982 - 10 
= 9.67044 - 10 
= 9.04026 - 10 

= 0.109713. 
= 0.21943. 

= icA. 

= ch. 

= log c + log h. 

= 9.34130 - 10 
= 9.43749-10 
= 8.77879-10 



iC 
siniC 

log a 



log ic 

colog sin i C 

log a =0.31281 



: 0.060089. 
= 0.03004. 

isosceles triangle, given 
= 69** 49'; find a, h, F. 

= 34° 64' 30". 

a 

siniC 
= log i c-f colog sin i C. 

= 0.07041 
= 0.24240 



cosiC 

h 
\ogh 

log a 

log cos i C 

\ogh 

h 



= 2.066. 

a 
= a cos i C. 
= log a + log cosi C. 

= 0.31281 
= 9.91386 
= 0.22666 

= 1.6862. 



F=ich. 
2F=ch. 
log 2 F= logc -flog A. 

log c = 0.37144 
\ogh = 0.22666 
log 2 1^=0.59810 

2 F= 3.9637. 
F= 1.9819. 

12. In an isosceles triangle, given 
ft =7.4847, ^=76° 14'; find o, c, F. 

• A ^ 



sin A 
log a = log ft -f colog sin A. 

log ft = 0.87417 

colog sin A = 0.01266 

log a = 0.88683 

a = 7.706. 



tan A = r-- 
ic 



ic: 



tan A 
log i c = log ft + colog tan A. 

log ft =0.87417 

colog tan ^ = 9.38918 — 10 

logic = 0.26336 

ic= 1.8338. 
c = 3.6676. 

F =ich. 
\ogF = logic + log ft. 

logic =0.26336 
log ft = 0.87417 
log IT =1.13762 

F= 13.726. 
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13. In an isosceles triangle, given 
a = 6.71, A = 6.60 ; find A, C, c. 

sin A = -' 
a 

log sin A = \ogh+ colog a. 

log A =0.81954 

colog a = 9.17328—10 

log sin ^ = 9.99282 -10 

A = 79° 36' 30". 

C = 20° 47'. 

cos A = ^^—' 
a 

^c = a cos -4. 

log i c = log a + log cos A. 

log a =0.82672 

log cos A = 9.25617 — 10 

logic: 

ic: 



: 0.08289 
= 1.2103. 
c = 2.4206. 



14. In an isosceles triangle, given 
c = 9, ^ = 20 ; find A, C, a. 

ft 
log tan i C = log ic -f colog h. 
logic = 0.65321 
colog h = 8.69897 — 10 
log tan i C = 9.35218 

i C = 12° 40' 49". 
C = 25° 21' 38". 
2^ = 180°-C. 

A = 7n\riv\ 

• A ^ 

sin -4 = - • 



sin A 
log a = log /; -h colog sin A, 
log /i= 1.30103 
colog sin A = 0.01072 
loga= 1.31] 76 
a =20.5. 



15. In an isosceles triangle, given 
c = 147, F= 2572.5 ; find A,C, a, A. 

F=ic^. 

c 
log h = log 2 2?" -f colog c. 

log 2 F= 3.71139 
colog c = 7.83268— 10 
log h = 1.54407 
A = 35. 



tan A = 



A. 

ic' 



log tan ^ = log h + colog i c. 
log /i = 1.54407 
colog i c = 8.13371-10 
log tan ^ = 9.67778 - 10 
A = 25° 27' 47". 
C = 2 (90° - A) 
= 129° 4' 26". 



sin A 
log a = log A + colog sin A. 
log ^=1.54407 
colog sin A = 0.36661 
log a =1.91068 
a = 81.41. 

16. In an Isosceles triangle, given 
h = 16.8, F= 43.68 ; find A, C, a, c. 

log i c = log F + colog h. 
log F - 1.64028 
colog ^= 8.774(19 — 10 
logic = 0.41497 

ic = 2.60. 
c = 5.2. 
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tan A •■ 

log tan A ■ 

\ogh = 

colog i c = 

log tan A = 

A = 

C = 

cos A = 



A 

\ogh-\- colog i c. 
: 1.22631 

9.58603-10 
10.81034 - 10 
8P12' 9". 

8° 47' 61". 
17° 36' 42". 

if. 

a 

logic + colog cos ^. 
0.41497 
0.81647 



log a 
logic 
colog cos A 

log a = 1.23044 
a =17. 

17. In an isosceles triangle, find 
the value of F in terms of a and c. 
F=ich. 



-4 

= iV4a2-c2. 



4 a2 — c2 



■2^=ic(iV4a2-c2) 
= icV4a2~c2. 

18. In an isosceles triangle, find 
the value of F in terms of a and C. 

F=ich. 
i c = a sin i C. 
^ = a cos i C. 
F = a sin i C X a cosi C. 
= a2sin i C cos i C. 

19. In an isosceles triangle, find 
the value of F in terms of a and A. 

F =ich, 
ic = a cos A. 



A = a sin A. 
F=aco8 A X asinA 
= a2sin A cos^. 

20. In an isosceles triangle, find 
the value of F in terms of h and C. 

F=icA. 
i c = ^ tan i C. 
F=h{hta,niC) 
= A2tanlC. 

21. A bam is 40 x 80 feet, the 
pitch of the roof is 46°; find the 
length of the rafters and the area 
of both sides of the roof. 

40-r2 = 20 = ic. 

. ic 20 
cos ^ = ^-- = — 
a a 

20 = a cos A, 

20 

cos A 

log a = log 20 + colog cos A. 

log 20 = 1.30103 

colog cos A = 0.15061 

log a = 1.45154 

a = 28.284. 
28.284 X 80 = 2262.72. 
2262.72 X 2 = 4526.44. 

22. In a unit circle, what is the 
length of the chord corresponding 
to the angle 46° at the centre ? 

siniC = i^ 
a 

log i c = log a + log sin i C. 

log a = 0.00000 

log sin i C = 9.68284-10 

logic =9.68284-10 

i c = 0.382683. 

c =0.76537. 
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23. If the radius of a circle = 30, 
and the length of a chord = 44, find 
the angle at the centre. 

smiC = *''- 
a 

log sin ^ = log i c -f colog a. 

log I c = 1.34242 

colog a = 8.52288—10 

log sin i C = 9.86530 — 10 

i C = 47° 10'. 

C = 94° 20'. 

24. Find the radius of a circle if 
a chord whose length is 5 subtends 
at the centre an angle of 133°. 

8iniC=i^- 
a 

log a = log i c + colog sin i C. 

logic = 0.39794 

colog8iniC = 0.03760 

log a - 6.43554 

a = 2.7261. 

25. What is the angle at the cen> 
tre of a circle if the corresponding 
chord is equal to f of the radius ? 



Let a = 3, then c = 2, and \c = \ 

sin i C = g • 

log sin i C = log 1 + colog 3. 
log 1 = 0.00000 
colog 3 = 9.62288 -10 
log sin i 0=9.62288-10 
i C = 19° 28' 17". 
C = 38° 66' 33". 

26. Find the area of a circular 
sector if the radius of the circle = 12 
and the angle of the sector = 30°. 

Area O = icR^. 

303riJ2 
Area sector = q„, • 

log area sector = log 30 + colog 

360 + log TT + 2 log iJ. 

log 30 = 1.47712 

colog 360 = 7.44370 - 10 

log It = 0.49715 

2logE = 2.15836 

log area =1.57633 

Area = 37.699. 
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1. In a regular polygon, given 
n = 10, c = 1 ; find r, h, F. 

ic = 0.5. 
A = 72°. 
h = ic tan A. 
log h = \ogic + log tan A. 
\ogic= 9.69897-10 
log tan ^ = 10.48822 - 10 
log/i = 0.18719 

h = 1.6388. 



log r = log i c + colog cos A . 

logic = 9.69897 -10 
colog cos A = 0.51002 
log r = OA 



log A 
logp 



r = 1.618. 
F=ihp. 

= 0.18719 
= 1.00000 



log2F= 1.18719 

2F= 16.388. 
F= 7.694. 
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2. In a regular polygon, given 
n = 12, p = 70 ; find r, h, F. 

i C = 16°. 
A = 76°. 

c = 70 -r 12 = 6.833. 
ic = 2.017. 
h = ic tan A. 

log ic= 0.46404 
log tan ^ = 10.57106 
log A = 1.03680 
h = 10.886. 

r = . • 
cos -4 

logic = 0.46404 

colog 008^ = 0.68700 

logr =1.06104 

r= 11.271. 

F=ihp. 

logh =1.03680 

logp = 1.84610 

log2F= 2.88100 

2 F= 762.07. 

F= 381.04. 

3. In a regular polygon, given 
n = 18, r = 1 ; find h, p, F. 

iC=10°. 
A = 80°. 
A = r sin A. 
logr =0.00000 
log sin A = 0.00336 — 10 
log A =0.00335-10 
h = 0.0848. 
ic = r cos ^. 
logr =0.00000 
log cos ^ = 0.23067 - 10 
logic = 0.23067 -10 

ic = 0.17366. 
p = 6.2514. 



F=ihp. 
logh =0.00335-10 
logp = 0.70608 
log2F= 0.78033 
2 F= 6.1664. 

F= 3.0782. 

4. In a regular polygon, given 
n = 20, r = 20 ; find A, c, F. 

iC= 0°. 
A = 81°. 
A = r sin A, 
log r = 1.30103 
log sin -4 = 0.00462 — 10 
log A =1.20666 
h= 10.764. 



ic: 

logr : 
log cos A ' 

log i C : 

c- 

p- 

F- 

logh - 

logp - 

log2F: 

2F- 

F-- 



■■ r cos A. 
■■ 1.30103 
0.10433 -JO 
: 0.40636 ' 
: 3.1286. 
: 6.267. 
: 126.14. 
• ihp. 
■• 1.20666 
: 2.00740 
: 3.30306 
:2472 
- 1236. 



5. In a regular polygon, given 
n = 8, h=l; find r, c, F. 
iC= 22° 30^. 

taniC = *r- 

log ic = log h + log tan i C. 
log A =0.00000 
log tan i C = 0.61722 -10 
logic = 0.61722 -10 
ic = 0.41421. 
c = 0.82842. 
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cosiC=J- 




cosiC = l- 


log r = log A + colog cot 


liC. 


log ^ = log r + log cos i C. 


log A =0.00000 

cologcosiC= 0.03438 

logr =0.03438 

r = 1.0824. 




log r = 0.41386 

log cos iC= 9.98204 

log h = 0.39689 

h = 2.4882. 


F=ihp 
= 3.3137. 




7. In a regular polygon, given 
n=7, F=7; find r, A, p. 
14 = p;i. 


6. In a regular polygon, 


given 


P 


n= 11, F=20; find r, h, c. 




2 F = ph. 
iO = ph. 




iC = 25''43'. 


-S' 




taniC=i^- 


P 




-*-=s-^.^• 


• i C = 16° 22'. . 




log p = i (log 196 + log tan i C). 


taniC^*/. 




log 196 = 2.29226 
log tan iC= 9.68271-10 


Substituting values of h and 


c, 


2)1.97497 


log P = i (log 880 -1- log tan 


iC). 


logp = 0.98749 

p = 9.716 

ic = 0.694. 


log 880 = 2.94448 




taniC = ^- 


logtaniC= 9.46788-10 
2)2.41236 




^ h 
log ^ = log i c + colog tan i C. 


logp= 1.20618 




logic = 9.84136- 10 


p= 16.076. 
c = 1.4615. 




cologtaniC= 0.31729 
log^ =0.15866 


siniC=t^- 




h = 1.441. 
siniC=i^- 


log r = log i c+ colog sin i C. 

logic = 9.86377- 10 
• colog siniC = 0.55008 
logr =0.41386 


r 
log r = log i c + cologsin i C. 
logic = 9.84136- 10 
colog sini (7=0.36259 
log r = 0.20396 


r = 2.5933. 




r= 1.6994. 
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8. Find the side of a regular 
decagon inscribed in a unit circle. 

iC= 18°. 

sin i C = i^ • 
r 

log c = log 2 + log sin ^ C. 

log2 = 0.30103 

log sin i C = 9.48998 

log c= 9.79101 -10 

c = 0.61803. 

9. Find the side of a regular 
decagon circumscribed about a unit 
circle. 

i e = 18°. 

n 
log ic = log A + log tan i C. 
log/i =0.00000 
log tan i C = 9.61178 

logic =9.51178 -10 

ic = 0.32492. 

c = 0.64984. 

10. If the side of an inscribed 
regular hexagon is equal to 1, find 
the side of an inscribed regular 
dodecagon. 

Let O be the centre of the circle, 
BC a side of the hexagon, and BA 
a side of the dodecagon. Also let 
OD be J_ to BA. 
Then 0B= BC= 1. 

Z BOD = 16*. 
In rt. A ODB, 
sin J50D = i^B-7- OB 

AB=20BX sin BOD. 
log AB = log 2 0B+ log sin BOD. 
log 2 OB = 0.30103 
logsm 15° = 9.41300 
log AB = 9.71403 - 10 
AB = 0.51764. 



11. Given n and c, and let b 
denote the side of the inscribed 
regular polygon having 2 n sides ; 
find b in terms of n and c. 

Let O be the centre of the circle, 
BC the side of the polygon having 
n sides, BA the side of the polygon 
having 2 n sides. Then OA is ± to 
BC at its middle point D. 

^BOA = ^='-^. 
2n n 

180° 
Z OBC = 90°-^^^' 
n 

The A BOA is isosceles. 

n 
Z ABC = Z OB^ -Z O^C 



90° 



ic 90° 

V = COS — • 

n 



, i c = 6 COS 



90° 



Whence, 



b = 



jc _ c 

90° ~„ 90°* 
cos — 2 cos — 
n 71 



12. Compute the difference be- 
tween the areas of a regular octa- 
gon and a regular nonagon if the 
perimeter of each is 16. 

2 71 16" 
180° 



ic = \ 



1. 



A = 



- = 22° 30'. 



log h = log ic + log cot A. 
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log i C : 

log cot A • 
log h ■ 

\OgF : 

log A ■■ 

logip: 

lOgF : 

F : 



0.00000 
10.38278 - 



10 



: 0.38278 

log A + log ip, 

0.38278 

0.90309 

1.28687 

19.3139. 

2^, = i5 = 0.8889. 



180® 



= 20°. 



\ogh' ■- 
logic'-. 
log cot A' - 
logh' ■- 
log F' = 

lOg^' : 
logip: 

log F' -. 

F' = 

F'-F = 



: log i& + log cot A' 

•■ 9.94885-10 
: 10.43893 — 10 
■ 0.38778 
^log^'+logip. 
: 0.38778 
■■ 0.90309 
: 1.29087 
: 19.5377. 

19.5377-19.3139 

0.2238. 



13. Compute the difference be- 
tween the perimeters of a regular 
pentagon and a regular hexagon if 
the area of each is 12. 



F = 


12, 


n = 


5. 


iC = 


180° 
5 


= 36^ 


:> 


F = 


ihp. 






h = 


.24, 
■ p' 






ic = 


P _ 
2n 


10 
P 




taiiiO = 


h 


10 _ 
24" 


Pi. 

240 



p2 = 

log 240 = 
log tan i C = 



240 tan i C. 

2.38021 
9.86126-10 



2 )2.24147 
logi>= 1.12074 



P- 



: 13.205. 

: 6, i C = 30° 



^iC^'=o. = 



288 



log 288: 
log tan i C -. 

log p' : 

p'= 

p-p' = 



12 
24' 

: 288 tan i C 

-- 2.45939 
: 9.76144-10 
2 )2.22083 
: 1.11042 



12.895. 
0.310. 



14. From a square whose side is 
equal to 1 the comers are cut away 
so that a regular octagon is left. 
Find the area of this octagon. 

'^«f) = 22O30'. 

^ = 90° - 22° 30' 
= 67° 30'. 



*-i(^ 



tan A = -—' 

ic 



tsmA 

logic = log h + colog tan A. 

logh =9.69897-10 

colog tan A = 9.61722 — 10 

log^c= 9.31619 -10 

p = icx 2n = nc. 
F=iph=ic X in. 
log F= logic + login. 
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logic = 9.31619- 10 

login = 0.60206 

log F = 9.91826 - 10 

25^=0.82842. 

15. Find the area of a regular 
pentagon if its diagonals are each 
equal to 12. 




180° 



= 36°. 



^AOD = 

£AOC = 
jLACD = 



LOAB- 
IBAC- 

cos2)^C = ^ = f^ 

logic: 

log cos 72° = 
log 12 = 

logic: 

tan D^0 = 
log;i = 

logic: 

log tan 54° = 

log^ = 0.70790 



180° - 36° = 144°. 
i (180° -144°) 
18°= LCAO, 
90°- Z^OD= 54°. 
54° + 18° = 72°. 
^D_ic 
AC 12 * 
log 12 + log cos 72°. 

9.48998 
1.07918 
0.56916 

A 

log ic + log tan 54°. 

0.56916 
10.13874 — 10 



p = \cy. 2n. 
F = ip^ = ic X nh, 
log F = logic + log nH- log A. 
logic = 0.56916 
logn =0.69897 
log A = 0.70790 
log F = 1.97603 
F =94.63. 

16. The area of an inscribed reg- 
ular pentagon is 331.8; find the 
area of a regular polygon of 11 
sides inscribed in the same circle. 

Let ^£ be a side of a regular in- 
scribed pentagon, and AB the side 
of a regular inscribed polygon of 11 
sides. 

Let r be the radius of the circle 
whose centre is O, and h and /t' 
the apothems of the 2 polygons, 
respectively. 

Given F the area of pentagon 
= 331.8. Find F\ the area of the 
11-sided polygon. 

Let p and p' and c and c' repre- 
sent the perimeters and sides of the 
pentagon and the 11-sided polygon, 
respectively. 

F=\pK 

331.8 = ii)A. 

ph = 663.6 

663.6 

P 



h = 



Z ^0^ = 36° 

tan36° = i;^ 
n, 

= -^ 
6636 



10 ^ 663.6 
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log p2 = log tan 36° + log6636. 

log 6636 = 3.82191 
log tan 36° = 9.80126-10 
log 1)2 =3.08317 
log 2; =1.84169. 

Since i c = ^jy of p, 
logic =0.84159. 

log B = log i c 4- colog sin 36°. 

logic =0.84159 

cologsin 36° = 0.23078 

logr =1.07237 

Z^OC=^^^=16°2r49". 
sin ^A6c-\c'-Tr. 

log r = 1.07237 
log sin AOC = 9.44984 - 10 
logic' =0.62221 



tan ^OC 



-ic'. 



log W = log i c'+ colog tan A OC. 
logic' =0.62221 
colog tan ^00= 0.63221 
log^' 



= 1.05442 

= ic'x 11 X h\ 



logic' 
log 11 

logF 



= 0.62221 
= 1.04139 
= 1.06442 
= 2.61802 

= 414.97 



17. The perimeter of an equilat- 
eral triangle is 20 ; find the area of 
the inscribed circle. 




log ^5 = 0.62288 
log tan 30° = 9. 76144- 
log r = 0.28432 

Area = rer^ 



10 



logTT = 

logr2 = 
log area = 

Area = 



: 0.49716 
: 0.66864 
: 1.06679 

: 11.636. 



18. The area of a regular poly- 
gon of 16 sides, inscribed in a circle, 
is 100; find the area of a regular 
polygon of 15 sides, inscribed in the 
same circle. 



Let 



,0.= ^=,... 

AC=h, 

AB = r, 

BC=ic. 

F=^hp. 

100 = ihp. 

^ 200 
n= — -• 
P 



15'. 
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32 

* 200 

P 
j)2 = 6400 tan i C. 

log 6400 = 3.80618 
log tan i C = 9.29866 - 10 
2 )3.10484 
logp =1.56242 

p = 35.68. 
ic= 35.68 -r 32 
= 1.116. 

r r 

log 1.116 = 0.04727 

colog sin i C = 0.70976 

log r = 0.76703 

- = cosiC'(120). 

A' = r X cosiC. 

logr = 0.76703 

log cos i C = 9.99040—10 

log A' = 0.74743 

— = sin i C. 

i c' = r X sin i C. 

logr =0.76703 

log sin i C" = 9.31788 

logic' =0.07491 

F=|(fx2«.'). 
logF= logic' + logn + log^'. 

logic' =0.07491 . 
log 16 = 1.17609 
log^' = 0.74743 
1.99843 

F= 99.640. 



19. A regular dodecagon is cir- 
cumscribed about a circle, the cir* 
cumference of which is equal to 1 ; 
find the perimeter of the dodecagon. 

Given circumference of inscribed 
= 1, n=12; find p. 

2 7tr = circumference, 
circ. 



r = 



2ir 



iC=^^^^=16o. 

tanl5^ = *^=3rc. 
r 

_ tan 16° 

^ 3.1416 ' 

log tan 16° =9.42805 

colog 3.1416 = 9.60286 - 10 

log c = 8.03090 - 10 

log 12 = 1.07918 

logp =0.01008 

p = 1.0235. 

20. The area of a regular poly- 
gon of 26 sides is equal to 40 ; find 
the area of the ring comprised be- 
tween the circumferences of the 
inscribed and the circumscribed 
circles. 

i C = 7° 12'. 



^=taiiiC, 
»r *^^ = taniC. 

tan i C 

log 1.6 = 0.20412 

colog tan i C = 0.89860 

log^a =1.10262 

log h = 0.66131 
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; = COS I C. 
h 



cosiC 
log A =0.65131 

colog cos i C = 0.00344 
logr =0.66475 
logra =1.10960. 

iti'^ = area of circumscribed ©. 



logTT = 0.49715 
log r^ = 1.10950 
logF = 1.60665 

F = 40.425 
log^r = 0.49715 
log h^ = 1.10262 
log;r^2= 1.59977 

Area = 39.790 (inscribed 0). 

40.426-39.790 = 0.636. 



Exercise XII. Page 44. 



1. Construct the functions of an 
angle In Quadrant II. What are 
tlieir signs ? 

Hines and tangents extending up- 
wards from horizontal diameter are 
positive ; downwards, negative. Co- 
sines and cotangents extending from 
vertical diameter towards the right 
are positive ; towards the left, nega- 
tive. Signs of secant and cosecant 
are made to agree with cosine and 
sine, respectively. Hence, 

sin and esc are + 

cos and sec are — 

tan and cot are — 

2. Construct the functions of an 
angle in Quadrant III. What are 
their signs ? 

sin and esc are -- 
cos and sec are — 
tan and cot are + 

3. Construct the functions of an 
angle in Quadrant IV. What are 
their signs ? 

sin and esc are — 
cos and sec are + 
tan and cot are — 



4. What are the signs of the 
functions of the following angles : 
340°, 239°, 146°, 400°, 700°, 1200°, 
3800° ? 

340° is in Quadrant IV. 
sin = — tan = -- sec = + 

cos = -f cot = — CSC = — 

239° is in Quadrant III. 
sin = — tan = + sec = — 

COS = — cot = + CSC = — 

146° is in Quadrant II. 
sin = + tan = — sec = — 

cos = — cot = — CSC = + 

400° =360° +40°. 
Therefore^ 
400° is in Quadrant I. 

sin = + tan = + sec = + 

cos = + cot = + CSC = + 

700° = 360° + 340°. 
Therefore, 
700° is in Quadrant IV. 

sin = — tan = — sec = + 

COS = + cot = — CSC = — 
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1200« = 3 X 3e0<> + 120°. 

Therefore, 
1200° is in Quadrant II. 

sin = 4- tan = — sec = — 
cos = — cot = — CSC = H- 

3800° =10X360° + 200°. 

Therefore, 
3800° is in Quadrant III. 

sin = — tan = 4- sec = — 
cos = — cot = 4- CSC = — 

5. How many angles less than 
360° have the value of the sine 
equal to + f, and in what quad- 
rants do they lie ? 

Since the sine is +, by § 21, the 
angles can lie in but two quadrants, 
the first and second. 

In the first quadrant, by § 4, the 
sine increases from to 1, and in 
the second, decreases from 1 to 0. 
This is a continually increasing and 
decreasing quantity. 

Therefore there can be but one 
angle whose sine is equal to 4- ^ in 
each quadrant, the first and second. 

6. How many values less than 
720° can the angle x have if cos x 
= + f , and in what quadrants do 
they lie ? 

720° is twice 360°; hence the 
moving radius will make exactly 2 
complete revolutions. 

The cosine has the 4- sign in the 
first and fourth quadrants, hence it 
will have four values : two in Quad- 
rant I. and two in Quadrant IV. 



7. If we take into account only 
angles less than 180°, how many 
values can x have if sin x = f ? if 
cos X = i ? if cos X = — J ? if tan x 
= I ? if cot X = - 7 ? 

(i.) Sign being 4-, the angle can 
be in Quadrant I. or II. 

Therefore two values less than 
180°. 

(ii.) Sign being +, the angle is in 
.Quadrant I. or IV. 

Therefore only one value less than 
180°. 

(iii.) Sign being — , the angle can 
be in Quadrant II. or III. 

Therefore only one value less than 
180°. 

(iv.) Sign being +, the angle can 
be in Quadrant I. or III. 

Therefore only one value less than 
180°. 

(v.) Sign being — , the angle can 
be in Quadrant II. or IV. 

Therefore only one value less than 
180°. 

8. Within what limits must the 
angle x lie if cos x = — | ? if cot x 
=4? ifsecx=80? if cscx = --3? 
(X to be less than 300°.) 

If cos X = — §, X must lie in the 
second or third quadrant, or be- 
tween 90° and 270°. 

If cot X = 4, X is between 0° and 
90° or 180° and 270°. 

If sec X = 80, X is between 0° and 
90°, or 270° and 360° 

If esc X = — 3, X is between 180° 
and 300°. 
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9. In what quadrant does an 
angle lie if sine and cosine are both 
negative ? if cosine and tangent are 
both negative ? if the cotangent is 
positive and the sine negative ? 

(i.) Sine is negative in Quadrants 
II. and III. ; cosine is negative in 
Quadrants III. and IV. 

.\ angles having both sine and 
cosine negative are in Quadrant III. 

(ii.) Cosine is negative in Quad- 
rants II. and III. ; tangent is nega^ 
tlve in Quadrants II. and IV. 

.'. angles having both cosine and 
tangent negative are in Quadrant II. 

(iii.) Cotangent is positive in 
Quadrants I. and III. ; sine is neg- 
ative in Quadrants III. and IV. 

.-. angles having cotangent posi- 
tive and sine negative are in Quad- 
rant III. 

10. Between 0° and 3600° how 
many angles are there whose sines 
have the absolute value | ? Of 
these sines how many are positive 
and how many negative ? 

Between 0° and 3000° there are 
10 revolutions, and in each there 
are 4 angles whose sines have the 
absolute value |. .-. there are 40 
angles. The sine is positive in 
Quadrants I. and II., and negative 
in Quadrants III. and IV. .-. there 
are 20 angles with the sine positive, 
and 20 with the sine negative. 

11. In finding cos x b y means o f 
the equation cos x = ± Vl — sin^x, 
when must we choose the positive 
sign and when the negative sign ? 



Since cosines only of angles in 
Quadrants I. or IV. are positive, 
we use the sign 4- only when angle 
X lies within these limits. 

Also, since cosines of angles in 
Quadrants II. and III. are negative, 
we use the sign — , when x is known 
to lie in either of these. 

12. Given cos x = ^ V^; find the 
other functions when x is an angle 
in Quadrant II. 

sin^x + cos2x = 1. 



sin X = Vl — cos^ 



= Vl - (- Vi)2 = V^. 



CSC X = - — = —yz = V2. 
sm X yl 



1 

COSX 



1 



■vi 



= -V2. 



sm X VJ 

tanx = = ^ = — 1. 

cos X ~ Vf 

tan X — 1 



cot X- 



' 13. Given tanx = V3; find the 
other functions when x is an angle 
in Quadrant III. 

tan X = V3 . 



cot x = 


V3 


tan x = 


sin X 
cosx 




tan X X 


cosx = 


: sin X. 


V3 cos X 


= sin X. 




3 cos2x 


— sin^x 


= 


cos^x + sin2x 


= 1 


4 cos^x 




= 1 


cos2x 




= i 


'^'^SX 




= ±i. 
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The angle being in Quadrant III. 
the cosine is negative. 

.-. cos X = — i. 



sin X = Vl - (- 1)2 

Sine is negative, 
.-.sin x= — i^/3. 

sec X = — : = — 2. 



-iV3 



= -fV3. 



14. Given sec x = +7, and tan x 
negative; find the other functions 
of X. 

X must be in Quadrant IV. 

.-. sine, cosecant, tangent, and co- 
tangent will be negative, and cosine 
positive. 

cosx 



. 1 _1 

sec X 7 



sin X 






1 



tanx = 



cotx = 



1 

8inx~ _^V3 

sinx _ — |V3 
cosx \ 

= -4^/3. 

1 1_ 

tanx 4V3 



15. Given cot x = — 3 ; find all 
the possible values of the other 
functions. 



= Vi 


- cos'-^. 


Vi 


— cos'^ 


1- 


cosx 
cos^x 



By [3] tan X =— J, and may be 
in Quadrant II. or IV. 

By [1], 

sin^x = 1 — cos^x. 
sinx 

By [2], 

_1 

3 

1_ 

9 cos-x 

cos^x = 9 — 9 co8*x. 

9 
cos2x = -. 

cos X = — '-= = ,3^ VlO, 
and is — in Quadrant II., + in IV. 

By [1], 

= iVVIo, 

and is + in Quadrant II. , — in IV. 

secx = -^-g — = If i VlO. 

CSC X = ± VIo. 

16. What functions of an angle 
of a triangle may be negative ? In 
what case are they negative ? 

When an angle of a triangle is 
acute, its functions are all positive. 
When an angle is obtuse, its func- 
tions are those of an angle in Quad- 
rant II. 

.-. sine and cosecant are positive, 
and cosine, tangent, cotangent, and 
secant are negative. 
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17. What functions of an angle | 
of a triangle determine the angle, 
and what functions fail to do so ? i 

The sine and cosecant being posi- 
tive in the first and second quad- 
rant, leave it doubtful whether the 
angle is obtuse or acute ; but the 
other functions, if positive, deter- 
mine an angle in the first quadrant, 
that is to say, an acute angle ; if 
negative, an angle in the second 
quadrant, an obtuse angle. 

18. Why may cot 360° be con- 
sidered equal either to + ao or to 

The nearer an acute angle is to 
()'', the greater the positive value of 
ItH cotangent ; and the nearer an 
angle is to 360°, the greater the 
negative value of its cotangent. 
Wiien the angle is 0° or 360°, the co- 
tangent is parallel to the horizontal 
diameter and cannot meet it. But 
the cotangent of 360° may be re- 
garded OH extending either in the 
positive or in the negative direction ; 
and hence either -f- .» or — oo . 

19. Obtain by means of Formu- 
las [l]-[3] the other functions of 
the angles given : 

(i.) tan 00° =00. 

(ii.) cos 180° = - 1. 
(iii.) cot 270° =0. 
(iv.) CSC 360° = -00. 



sin 90° 



(i.) 
tan 90° = 00 = 



1 



cot 90° 



= 0. 



cos 90° 

cos 90° =0 8in90° = 0. 

006*90° +sm290°=l. 

8in2 90° =1. 

sin 90° =1. 

(ii.) . 

cos 180° = - 1. 

sm2 180°+cosM80°=l. 

sm2 180° + 1 = 1. 

sm 180° = 0. 

sin 180° 



tan 180° = 



1 



cos 180° 
= -0. 

cos 180° _ - 1 
sm 180° 

— 00 . 



cot 180° = --,^Ts = 



(iii.) 
cot 270° = 0. 
tan 270° = - = 00 . 



cos 270° 



= 0. 



sin 270° 

cos 270° = sin 270° = 0. 

sin2 270° + cos2 270°=l. 

sin2 270° -1-0=1. 

sin2 270° = 1. 

sin 270° = -1. 

(iv.) 



CSC 


360° = 


— 00. 




sin 


360° = 


1 

— 00 


-0. 


8in2 360° + 


cos2 360° 


= 1. 


cos^ 


360° = 


1. 




cos 


360° = 


1. 




tan 360° = 


-0 
1 


0. 


cot 


360° = 


1 
-0 


00. 
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20. Find the values of sin 450^, 
tan 540°, cos 630°, cot 720°, sin 810°, 
CSC 900°. 

sin 460° = sin (360° + 90°) 

= sin 90° 

= 1. 
tan 640° = tan (360° + 180°) 

= tan 180° 

= 0. 
cos 630° = cos (360° 4- 270°) 

= cos 270° 

= 0. 
cot 720° = cot (360° + 360°) 

= cot 360° 

sin 810° = sin (2 X 360° + 90°) 

= sin 90° 

= 1. 
CSC 900° = CSC (2 X 360° + 1P0°) 

= csc 180° 

= 00 . 

21. For what angle in each quad- 
rant are the absolute values of the 
sine and cosine equal ? 

The sine and cosine of 46° are 
equal in absolute value. Corre- 
sponding to the angle of 46° in the 
first quadrant are the angles (90° + 
46°), (180° + 45°), (270° + 45°) in 
the second, third, and fourth quad- 
rants. Hence the sines and cosines 
of 46°, 136°, 225°, 315°, etc., are all 
equal in absolute value. 



22. Compute the value of 

a sin 0°+ 6 cos 90° - c tan 180*;. 
sin 0° =0. 
cos 90° =0. 
Un 180° = 0. 

Substituting, 
axO + 6xO — cxO = 0. 

23. Compute the value of 

a cos 90° — 6 tan 180° + c cot 90°. 
cos 90° = 0. 
tan 180° =0. 
cot 90° = 0. 

Substituting, 
aXO — 6xO + cxO = 0. 

24. Compute the value of 
a sin 90° — 6 cos 360° 

+ (a -6) cos 180°. 
sin 90°= 1. 
cos 360° =1. 
cos 180° = - 1. 

Substituting, 
a X 1 - 6 X 1 + (a - 6) X (- 1) = 0. 

25. Compute the value of 

(a2 - 62) cos 360° - 4 a6 sin 270°. 
cos 360°= 1. 
sin 270° = - 1. 

Substituting, 

(a2-62) X l-4a6x(-l) 
= a2 - 62 ^. 4 ab. 
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Exercise XIII. Page 49. 



2. Express sin 172® in terms of 
the functions of an angle less than 
46°. 

sin 172°= sin (180° -8°) 
= sin 8°. 

3. Express cos 100° in terms of 
the functions of an angle less than 
45°. 

cos 100° = cos (90° +10°) 
= — sin 10°. 

4. Express tan 125° in terms of 
the functions of an angle less than 
45°. 

tan 125° = tan (90° + 36°) 
= — cot 35°. 

5. Express cot 91° in terms of 
the functions of an angle less than 
45°. 

cot 91° = cot (90° + 1°) 
= — tan 1°. 

6. Express sec 110° in terms of 
the functions of an angle less than 
46°. 

sec 110° = sec (90° + 20°) 
= — CSC 20°. 

7. Express csc 157° in terms of 
the functions of an angle less than 
46°. 

CSC 157° = csc (180° -23°) 
= csc 23°. 

8. Express sin 204° in terms of 
the functions of an angle less than 
45°. 

sin 204° = sin (180° + 24°) 
= — am 24°. 



9. Express cos 369° in terms of 
the functions of an angle less than 
45°. 

cos 359° = cos (360° -1°) 
= cos 1°. 

10. Express tan 300° in terms of 
the functions of an angle less than 
45°. 

tan 300° = tan (270° + 30°) 
= — cot 30°. 

11. Express cot 264° in terms of 
the functions of an angle less than 
45°. 

cot 264° = cot (270° - 6°) 
= tan6°. 

12. Express sec 244° in terms of 
the functions of an angle less than 
45°. 

sec 244° = sec (270° — 26°) 
= — csc 26°. 

13. Express csc 271° in terms of 
the functions of an angle less than 
45°. 

csc 271° = csc (270° + 1°) 
= — sec 1° 

14. Express sin 163° 49^ in terms 
of the functions of an angle less 
than 45°. 

sin 163° 49' = sin (180° -- 16° 110 
= sinl6°ir. 

15. Express cos 195° 33' in terms 
of the functions of an angle less 
than -iif. 

*ofl 15° 3S'. 
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16. Express tan 269° 15' in terms 
of the functions of an angle less 
than 45°. 

tan 269° 15' = tan (270° - 450 
= cot 46'. 

17. Express cot 139° 17' in terms 
of the functions of an angle less 
than 45°. 

cot 139° 17' = cot (180° - 40° 43') 
= - cot 40° 43'. 

18. Express sec 299° 45' in terms 
of the functions of an angle less 
than 45°. 

sec 299° 45' = sec (270° + 29° 46') 
= CSC 29° 45'. 

19. Express esc 92° 25' in terms 
of the functions of an angle less 
than 45°. 

CSC 92° 25' = CSC (90° + 2° 25') 
= sec 2° 26'. 

20. Express all the functions of 

— 76° in terms of those of positive 
angles less than 45°. 

sin (- 75°) = sin (270° + 15°) 

= — cosl5°. 
cos (- 75°) = cos (270° + 15°) 

= sin 15°. 
tan (- 76°) = tan (270° + 15°) 

= -cotl5°. 
cot (- 75°) = cot (270° + 15°) 

= -tanl5°. 

21. Express all the functions of 

— 127° in terms of those of positive 
angles less than 45°. 

ski (- 127°) = sm (270° - 37°) 

= -cos37°. 
cos (- 127°) = cos (270° - 37°) 

= -sm37°. 



tan (- 127°) = tan (270° - 37^) 

= cot 37°. 
cot (- 127°) = cot (270° - 87°) 

= tan 37°. 

22. Express all the functions of 

— 200° hi terms of those of positive 
angles less than 45°. 

sin (- 200°) = sin (180° - 20°) 

= sm 20°. 
cos (- 200°) = cos (180° - 20°) 

= — cos 20°. 
tan (- 200°) = tan (180° - 20°) 

= — tan20°. 
cot (- 200°) = cot (180° - 20°) 

= — cot20°. 

23. Express all the functions of 

— 345° in terms of those of positive 
angles less than 45°. 

sin (— 345°) = sin 15°, etc. 

24. Express all the functions of 

— 52° 37' in terms of those of posi- 
tive angles less than 45°. 

sin (- 52° 37') = sin (270° + 37° 23') 

= - cos 37° 23'. 
cos (- 62° 37') = cos (270° + 37° 23') 

= sin 37° 23'. 
tan (- 52° 37') = tan (270° + 37° 23') 

= — cot 37° 23'. 
cot (- 52° 37') = cot (270° + 37° 23') 

= - tan 37° 23'. 

25. Express all the functions of 

— 196° 54' in terms of those of posi- 
tive angles less than 45°. 

sin (-196° 54')= sin (180°-16°54') 
= sm 16° 54'. 

cos (-196° 54')= cos (180°- 16° 54') 
= - cos 16° 54'. 



70 



TRIGONOMETRY. 



tan (- 190° 54') = tan (180°- 16° 54') j cot 160° - cot (180° — 30°) r- 

I — cos 30° 



= — tan 16° 54'. 
cot (-196° 54')= cot (180°- 16° 54') 
= - cot 16° 54'. 



26. Find the functions of 120°. 

sin 120° = sin (90° + 30°) = cos 30° 

= jV3. 
cos 120° = cos (90° + 30°) 

= -sin30° = -i. 
tanl20°=tan(90°-f 30°) 

= -cot30°=— V3. 
cot 120°= cot (90° +30°) 

= -tan30°=- jV3. 
sec 120° = — 2. 
CSC 120°= J Vs. 

27. Find the functions of 135°. 

shi 185° = 8m(90°+4o°) 

= cos 45° = » V^. 
cos 135° = cos (90° + 45°) 

= -sin45° = - iV2. 

^ -„_ sin 135° 

tanl35°= 7:rp^ = - 1. 

cos 135° 

x-.oro cos 135° 

cot 185° = -. ,.,-o = - 1- 
sin 135° 



sec 135° = 



CSC 136° = 



1 



cos 135° 



1 



sin 135° 



= -V2. 



28. Find the functions of 150°. 

sin 150° = sin (180° - 30°) 

= sm 30° = J. 
cos 150° = cos (180° -30°) 

= -cos30° = -iV3. 
tan 160°= tan (180° -30°) 

_ sin 30° 

~ - cos 30° 

= -jV3. 



sec 160° = 
CSC 160° = 

29. Fmd 
sin 210° = 

cos 210° = 

tan 210° = 

cot 210° = 

30. Find 
sin 226° = 

cos 225° = 

tan 225° = 

cot 225° = 

31. Find 
sin 240° = 

cos 240° = 

tan 240° = 

cot 240° = 



sin 30° 
-V3. 

sec (180° — 30°) 
1 

— cos 30° 
-fV3. 
CSC (180° -30°) 

1 
" sin 30° 
■2. 

the functions of 210°. 
sin (180° + 30°) 
-sin30°=-i. 
cos (180° + 30°) 

— cos30° = -iV3. 
tan (180° + 30°) 
tan30° = iV3. 
cot (180° + 30°) 
cot 30° = V3. 

the functions of 226°. 
sin (180° -f 46°) 

— sin45°=— i\^. 
cos (180° + 45°) 
-cos45°=— i>^. 
tan (180° + 45°) 
tan 45° = 1. 
cot (180° -f 46°) 
cot 45° =1. 

the functions of 240°. 
sin (270° -30°) 
-cos30°=-iV3. 
cos (270° — 30°) 

— sin30°=— J-. 

tan (270° -30°) 

cot 30° = V3. 

cot (270° — 30°) 

tan 30° = i Vs. 
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32. Find the functions of 300''. 

sin 300° = sin (270° -f 30°) 

= -co8 30°=-iV3. 
cos 300° = cos (270° + 30°) 

= sin 30° = i. 
tan 300° = tan (270° + 30°) 

= — cot 30° = — Vs. 
cot 300° = cot (270° + 30°) 

= -tan30°=-iV3. 

33. Find the functions of — 30°. 

sin ~ 30° = — sin 30° = — i- 
cos -30°= co830° = iV3. 
tan— 30° = — tan 30° = — iV3. 
cot - 30° = - cot 30° = — V3. 
sec — 30°= sec30° = fV3. 
CSC — 30° = — CSC 30° = — 2. 

34. Find the functions of — 225° 
- 226° = 90° + 46°. 

sin — 226° = sin (90° -f 45°) 

= cos45°=iV2. 
cos — 225° = cos (90° + 46°) 

= -sin46°=-iV2. 
tan - 225° = tan (90° -f 45°) 

= —cot 45°= — 1. 
cot - 225° = cot (90° -f 45°) 

= -tan 45°= — 1. 
1 



sec — 225° = 



cos (90° + 45°) 

= -V5. 



CSC — 225° = 



sm(90°+45°) 



= V2. 



35. Given sin x = — Vi, and 
cos X negative ; find the other func- 
tions of X, and the value of x. 

Since sin 45° = V^, and the signs 
of both the sine and cosine are neg- 
ative, the angle must be in Quadrant 
IIL, and must be, therefore, 



180° + 45° =225°. 
Then cos 45° = Vf 
Hence cos (180° + 45°) = - Vf 



cot (180°+ 46°) = 
1 



-Vi 

1 



= 1. 



sec 225° = 



CSC 225° = 



cos 225° 
= -^. 
1 



tan 225° 

1 



= 1. 



sin 226° — V^ 
= -V2. 

36. Given cot x = — V3, and z 
in Quadrant II.; find the other 
functions of x, and the value of x. 

Since cot 30° = V3, and the sign 
is negative, the angle is 180° — 30° 
= 160°. 

1 1 



tanx = 



sm X 



cot X — Vs 

^ = -iV3. 
cosx 

sin X = — ^ V3 cos x. 

sin% = i cos'^x. 

But sin^x + cos2x = 1. 

.-. i cos^x + co8'-x= 1; 
3 

COS^X = 7 • 
4 



= -iV3. 



and 



.'. COS x = — iV3; 



and 



sin^x = 7 • 
4 

sin X = - • 



=-fV3. 



cosx 

1 

CSC X = -: — = 2. 

sin X 
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37. Find the functions of 3540°. 
3640°=9x3d0°-f 800°. 
sin 300° = sin (360° - 60°) 

= -sin60°=-iV3. 
cos 300° = cos (360° - 60°) 



tan 300° 



cot 300° = 



= cos 60° = I' 

_ sin 300° _ ~i V3 

cos 300° i 

= -V3. 

1 1 



tan 300° -V3 
sec 300° = — ^ = 7 = 2. 



CSC 300°: 



cos 300° i 
1 1 



sin 300° — ^V3 
. =-fV3. 

38. What angles less than 360° 
have a sine equal to — i ? a tangent 
equal to — Vs ? 

(i.) Since sin 30° = i and the sign 
is negative, the angle must be in 
Quadrant III. or IV., and must be 
therefore 180° -f 30°= 210°, or 360° 
- 30° = 330°. 

(ii.) Since tan60°= Vs and the 
sign is negative, the angle must be 
in Quadrant II. or IV., and must 
be therefore 180° — 60° = 120°, or 
360° - 60° = 300°. 

39. Which of the angles men- 
tioned in Examples 27-34 have a 
cosine equal to — V| ? a cotangent 
equal to - V3 ? 

(i.) Since co8 46° = Vi and the 
sign is negative, the angle must be 



in Quadrant II. or III., and must 
be therefore 180° — 45° = 135°, or 
180° + 45° = 225°. Also, the func- 
tions of — 225° are the same as the 
functions of 360° - 225° = 135°. 
Hence the angles are 135°, 225°, or 
- 225°. 

(ii.) Since cot 30° = V3 and the 
sign is negative, the angle must be 
in Quadrant II. or IV., and must 
be therefore 180° - 30° = 150°, or 
360° - 30° = 330°, or - 30°. Hence 
the angles are 150° or — 30°. 

40. What values of x between 0° 
and 720° will satisfy the equation 
sin X = H- i ? 

Since sin 30° = i and the sign is 
positive, the angle must be in Quad- 
rant I. or II., and must be therefore 
30° or 180° - 30° = 150°, the first 
revolution. In the second revolu- 
tion these angles must be increased 
by 360°. Hence the angles are 30°, 
150°, 390°, and 510°. 

41. In each of the following cases 
find the other angle between 0° and 
360° for which the corresponding 
function (sign included) has the 
same value : sin 12°, cos 26°, tan 45°, 
cot 72° ; sin 191°, cos 120°, tan 244°, 
cot 357°. 

In order that the sign shall be 
the same, 
sin 12° must be in Quadrant II. 

= sin (180° - 12°) = sin 168°. 
cos 26° must be in Quadrant IV, 

= cos (360° - 26°) = cos 334°. 
tan 45° must be in Quadrant III. 

= tan (180° + 45°) = tan 225°. 
cot 72° must be in Quadrant III. 

= cot (180° H- 72°) = cot 252°. 
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sin 191° must be in Qoadrant IV. 

= sin (360° - 11°) = sin 349°. 
cos 120° most be in Quadrant III. 

= cos (180° -f 60°) = cos 240°. 
tan 244° must be in Quadrant I. 

= tan (244° — 180°) = tan 64°. 
cot 357° must be in Quadrant II. 

= cot (357° - 180°) = cot 177°. 

42. Given tan 238° = 1.6 ; find 
sin 122°. 

tan 238° = (tan 180° -f 58°) 

= tan 58°. 
sin 122° = sin (180° - 58°) 
= sin 58° 
But tan238°=1.6. 
.-. tan 58° = 1.6. 

sin 58° 



tan 58° = 
1.6 = 



cos 58° 
sin 58° 



Vl-8in2 58° 
2.56 — 2.56 sin2 530 = ginS sgo. 
3.56 sin2 58° =2.56. 

if 3. 56 
= 0.848. 



sin 58°=-' 



43. Given cos 333° = 0.89 ; find 
tan 117°. 

cos333° = 0.89 

= cos (270° + 63°) 
= sin 63°. 
tan 117° = tan (180° - 63°) 
= -tan63°. 
8in2 63° + cos2 63°=l. 
(0.89)2 -fcoS2 63°= 1. 
cos263° = 0.2079. 
cos 63° = 0.456. 

sin 63° 



- tan 63° = — 



cos 63° 



__0^__ 

" 0.456- ^'®^^' 



44. Simplify the exprenion 

a cos (90° — x) H- 6 cos (90° -h x) 
= a sin « 4- 6 (— sin x) 
= (a — 6) sin x. 

45. Simplify the expression 
m cos (90° — z) sin (90° — x). 
cos (90° — X) = sin x. 

sin (90° — x) = cos x. 

.*. the expression = m sin x cos x. 

46. Simplify the expression 
(a - 6) tan (90° — x) 

•f (a + 6) cot (90°+ X). 
tan(90° — x) = cotx. 
cot(90°H-x)=— tanx. 
.*. the expression equals 
(a — b) cot X — (a + 6) tan x. 

47. Simplify the expression 
a2-f 62-2a6co8(180°-x) 

= a2 -f 62 _ 2 oft (— cos X) 
= a2-|-62-|-2a6cosx. 

48. Simplify the expression 
sin (90° + X) sin (180° -f x) 

+ cos (90° -f X) cos (180° - X) 
= (cosx) (—sin x)4- (— sinx) (—coax) 
= — sin X cos X -h sin x cos x 
=0. 

49. Simplify the expression 
cos (180° + X) cos (270° — y) 

- sin (180° + x) sin (270° - y). 
cos (180° + x)= — cosx. 
cos(270° — 2/)= — siny. 
sin (180° + x)=— sinx. 
sin (270° —y)= — coay. 
Hence the expression 
= cos X sin y — sin X cos y. 
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50. Simplify the expression 

tan X + tan (— y) — tan (180°— y). 
tan (— y) = — tan y. 
— tan (180° - y) = tan y. 
Hence the expression = tan z. 

51. For what values of x is the 
expression sin x + cos x positive, 
and for what values negative ? Rep- 
resent the result by a drawing in 
which the sectors corresponding to 
the negative values are shaded. 

If X be any angle in Quadrant I., 
sin X -h cos x must be positive since 
both the sine and cosine are posi- 
tive. In Quadrant II. the sine is 
positive and cosine negative ; hence, 
so long as the sine is greater than, 
or equal to, the cosine, the expres- 
sion sin X + cos X is positive ; but 
after passing the middle of Quad- 
rant II., viz., 135°, the cosine of 
X is greater than sine, and the ex- 
pressiou is negative. In Quadrant 
III. both sine and cosine are nega- 
tive, and hence their sum must be 
negative. In Quadrant IV. the 
slue is negative and cosine posi- 
tive. The sine and cosine are equal 
at 316°, after which the cosine is 
greater than sine. Hence the ex- 
pression sin X + COB X is negative 
from 186° to 316°, and positive be- 
tween 0° and 136°, and 816° and 



52. Answer the question of last 
example for sin x — cos x. 



As X increases from 0° to 45°, the 
sine increases in value, and cosine 
decreases, until at 45° sine = cosine. 
Hence up to this point sin x — cos x 
is negative. For the remainder of 
Quadrant I. sine is greater than co- 
sine, and consequently the expres- 
sion sin X — cos X is positive. In 
Quadrant II. sine is positive and 
cosine negative, so the expression 
sin X — cos X is uniformly positive. 
In Quadrant III. sine is negative 
and cosine negative ; hence, so long 
as sine' is less than cosine, the ex- 
pression is positive, viz., to 225°; 
after that point, sine is greater than 
cosine, and sin x — cos x is negative. 
In Quadrant IV. sine is negative 
and cosine positive : therefore sin x 
— cos X is uniformly negative. The 
expression is, then, negative be- 
tween 0° and 45°, and 225° and 
360°; positive between 45° and 
225°. 



53. Find the functions of (x— 90°) 
in terms of the functions of x. 

x -90° =360°- (90° -X) 
= 270° + X. 

sin (X - 90°) = sin (270° + x) 
= — cos X. 

COS (x — 90°) = cos (270° + x) 
= sin X. 

tan (X — 90°) = tan (270° + x) 
= — cot X. 

cot (X - 90°) = cot (270° + X) 
= — tan X. 
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54. Find the functions of 
(x — 180°) in terms of the functions 
of z. 

X ~ 180° = 360°- (180° - x) 
= 180° -f X. 
sin (aj - 180°) = sin (180° 4- x) 
=— sinx. 



co8(x - 180°) = coe (180°+ X) 
= — cos X. 

tan (X - 180°) = tan (180° + x) 
= tanx. 

cot (X - 180°) = cot (180° + X) 
= cot X. 



Exercise XIV. Page 56. 



1. Find the value of sin (x 4- y) 
and cos (x + y) when sinx= |, cosx 
= I, siny= j?j, cosy=iJ. 

sin (x + y) = sin X cosy -f cosx sin y 

_36 20__60 
65 65 65' 
cos (x -f y) = cos X cos y — sin X sin y 

=(M)-a^,s) 

_48_15_33 
65 65 65* 

2. Find sin (90° — y) and cos 
(90° — y) by making x = 90° in 
Formulas [8] and [9]. 

(sin 90° — y) 

= sin 90° cos y — cos 90° sin y. 
sin 90° = 1. cos 90° = 0. 
.-. sin (90° - y) 

= (1 X cos y) — (0 X sin y) 

= cos y. 
cos (90° — y) 

= cos 90° cos y 4- sin 90° sin y 

= (0 X cosy) + (1 X siny) 

= sin y. 



3. Find, by Formulas [4]-[ll], 
the first four functions of 90° + y. 

sin (90° -h y) 

= sin 90° cos y 4- cos 90° sin y 
= (1 X cosy) 4- (0 X siny) 
= cosy. 

cos (90° 4- y) 

= cos 90° cos y — sin 90° sin y 
= (0 X cos y) — (1 X sin y) 
= — sin y. 

(tan90°+y) 

cosy 
= — - . — = — cot y. 
sui y 

cot (00°+ y) 

sin y 

= = — tan y . 

cosy 

4. Find, by Formulas [4]-[ll], 
the first four functions of 180° — y. 

sin (180° — y) 

= sin 180° cos y — cos 180° sin y 
= (0 X cos y) — (- 1 X sin y) 
= sin y. 

cos(180° — y) 

= cos 180° cos y 4- sin 180° sin y 
= (— 1 X cos y) + (0 X sin y) 
= — cos y. 
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tan (180° - y) 

sin y _ , 
= — - = — tan y. 
cosy 

cot (180° - y) 

_ cosy _ 

sin y 



5. Find, by Formulas [4]-[ll], 
the first four functions of 180° + y. 

sin (180° + y) 

= sin 180° cos y + cos 180° sin y 
= (0 X cos y) -f (— 1 X sin 7j) 
= — Bmy. 

cos (180° + y) 

= cos 180° cos 2/ — sin 180° sin y 
= (— 1 X cos y) — (0 X sin y) 
= — cos y, 

tan (180° + y) 

___ — sin y _ ^ 

= = tan y. 

— cos 2/ 

cot (180° + y) 

_ —cosy 



— smy 



= cot y. 



6. Find, by Formulas [4]-[ll], 
the first four functions of 270° — y. 

sin (270° -y) 

= sin 270° cos y — cos 270° sin y 
= (— 1 X cos y) — (0 X sin y) 
= — cosy. 

cos (270° — y) 

= cos 270° cos y 4- sin 270° sin y 
= (0 X cos y) + (— 1 X sin y) 
= — sin y. 

tan (270° — y) 

— ZL22^ — 
— sin y ' 

cot (270° -y) 

_ —sin y 



• cot y. 



■cosy 



= tan y. 



7. Find, by Formulas [4]-[ll], 
the first four functions of 270° + y. 

sin (270° + y) 

= sin 270° cos y 4- cos 270° sin y 
= (— 1 X cos y) -f (0 X sin y) 
= — cos y. 

cos (270° + y) 

= cos 270° cos y — sin 270° sin y 
= (0 X cos y) — (— 1 X sin y) 
= siny. 

tan (270° + y) 

— cos y 

= — : =— coty. 

smy 

cot (270° + y) 

___ siny 

= = — tan y. 

— cosy 

8. Find, by Formulas [4]-[ll], 
the first four functions of 360° — y. 

sm (360° — y) 

= sin 360° cos y — cos 360° sin y 

= (0 X cos y) — (1 X sin y) 

= — sin y. 
cos (360° - y) 

= cos 360° cos y + sin 360° sin y 

= (1 X cosy) -h (Ox siny) 

= cos y. 
tan (360° -y) 

__ — sin y _ 
cosy 
cot (360° — y) 

_ cos y 



= — tany. 



-smy 



= — cot y. 



9. Find, by Formulas [4]-[ll], 
the first four functions of 360° + y. 

sin (360° -fy) 

= sin 360° cos y -h cos 360° sin y 
= (0 X cosy) + (1 X siny) 
=:siny. 
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cos (360'^ + y) 

— cos 360° cos y — sin 360° sin y 
= (1 X cosy) — (0 X siny) 
= cos y, 

tan (360° + y) 

sin y ^ 

= = tan y. 

cosy 

cot (360° + y) 

cosy 
= -; — - = cot y. 
siny 

10. Find, by Formulas [4]-[ll], 
the first four functions of x — 90°. 

sin (X — 90°) 

= sin X cos 90° — cos x sin 90° 
= (0 X sinx) — (1 X cos x) 
= — cos X. 

cos (X — 90°) 

= cos X cos 90° 4- sin x sin 90° 
= (0 X cos X) + (1 X sin x) 
= sin X. 

tan (x — 90°) 
— cosx 



sinx 
cot (X — 90°) 
_ sinx 
"" — cosx 



- = — cot X. 



= — tan X. 



11. Find, by Formulafl [4]-[ll], 
the first four functions of x — 180°. 

sin (X - 180°) 

= sin X cos 180° — cos x sin 180° 
= sin X ( — 1) — cos X X 
= — sin X. 

cos (x — 180°) 

= cos X cos 180° + sin x sin 180° 
= cos X (— 1) + sin X X 
= •— cos X. 

tan (X- 180°) 

— sin X ^ 

= = tan X. 

— cosx 



cot (X — 180°) 
— cosx 



— sinx 



= cot X, 



12. Find, by Formulas [4]-[ll], 
the first four functions of x — 270°. 

sin (X - 270°) 

= sin X cos 270° — cos x sin 270° 
= sin X X — cos X X (—1) 
= cos X. 

cos (X - 270°) 
= cos X cos 270° + sin X sin 270° 
= cos X X + sin X (— 1) 
= — sin X. 

tan (X- 270°) 
cosx 



— smx 
cot (X - 270°) 

— sinx 



= — cot X. 



cosx 



= — tan X. 



13. Find, by Formulas [4]-[ll], 
the first four functions of — y. 

sin (0° — y) 

= sin 0° cos y — cos 0° sin y 
= (0 X cos y) — (1 X sin y) 
= — sin y. 

cos(0° — y) 

= cos 0° cos y + sin 0° sin y 
= (1 X cos y) -f (0 X sin y) 
= cos y. 

tan (0° — y) 

— sin y ^ 

= = — tan y. 

cos y 

cot (0° — y) 

— cos y 



— sm y 



= — cot y. 



14. Find, by Formulas [4]-[ll], 
the first four functions of 46° — y. 

sin (45° — y) 

= sin 46° cos y — cos 46° sin y 
= ^^^cos y — i^V2siny 
= I V2 (cos y — sin y). 
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COS (45° — y) 

= cos 45° cos y + sin 45° sin y 
= i V2 cos y + i V2 sin y 

— i^ (cos y -f sin y). 
tan (45° — y) 

_ cos y — sin y __ 1 — tan y 
~" cos y + sin y "" 1 + tan y 
cot (45° — y) 

— cos y 4- sin y _ cot y +^1. 
"" cos y — sin y cot y — 1 

15. Find, by Formulas [4]-[ll], 
the first four functions of 45° + y. 

sin (45° + y) 

= sin 45° cos y 4- cos 45° sin y 
= i V2 cos y + i V2 sin y 
= ^ V2 (cos y 4- sin y). 

cos (45° + y) 

= cos 45° cos y — sin 45° sin y 
= i \^ cos y — i n/2 sin y 
= ^ ^2 (cos y — sin y). 

tan (45° + y) 

_ cos y + sin y _ 1 4- tan y 
cos y — sin y ~" 1 — tan y 

cot (45° 4- y) 

__ cos y — sin y _ cot y — 1 
cos y 4- sin y "~ cot y 4- 1 

16. Find, by Formulas [4]-[ll], 
the first four functions of 30° + y. 

sin (30° + y) 

= sin 30° cos y 4- cos 30° sin y 
= i (cos y 4- Vs sin y). 
cos (30° + y) 

= cos 30° cos y — sin 30° sin y 
= i ( V3 cos y — sin y). 
tan (30° 4- y) 

__ cos y 4- V3 sin y . 
V3 cos y — sin y 
divide each term by V3 cos y, 
_ •^V3 4-tany 
l — iVstany 



cot (30° -f y) 
_ Vs cos y - 



■siny . 



cos y 4- V3 sin y 
divide each term by sin y, 
^ VScoty— 1 
cot y + V3 

17. Find, by Formulas [4]-[ll], 
the first four functions of 60° — y. 

sin (60°— y) 

= sin 60° cos y — Cos 60° sin y 
= i ( V3 cos y — sin y). 

cos (60° — y) 

= cos 60° cos y 4- sin 60° sin y 
= i (cos y 4- V3 sin y). 

tan (60° — y) 

__ VS cos y — sin y 
cos y 4- V3 sin y 
__ V3 — tany 

14-V3tany 
cot (60° - y) 

_ cos y + V3 sin y 

V3 cos y — sin y 
_ iV3coty4-l 

coty — ^V3 

18. Find sin 3 x in terms of sin x. 
sin 3x=sin(2x4-a:) 

= sin 2x cos x + cos 2x sinx. 
sin 2 X = 2 sin x cos x. 
cos 2 X = cos-^ — sin^x. 

Substituting, 
sin 3 X = 2 sin x cos^x 

4- sin X cos^x — sin«x 
= 3 sin X cos^x — sin^. 
But cos^x = 1 — sin^x. 
Substituting, 
sin 3 X = 3 sin X — 3 sin^x — sin^x 
= 3 sin X — 4 sin*x. 
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19. Find cos 3 x in terms of cos x. 
cos3x = cos(2x + x) 

= cos 2 X COS X 

— sin 2 X sin x. 
sin 2 X = 2 sin X cos x. 
cos 2 X = cos^x — sin^x. 
Substituting, 

cos 3 X = cos'x — sin^ x cos x 
— 2sin2x cosx 

= cos'x — 3 sin2 x cos x. 
But sin^x = 1 — cos^x. 
Substituting, 
cos 3 X = cos«x — 3 cos X -h 3 cos'x 

= 4co8'x — 3cosx. 

20. Given tan 4^x= 1 ; find cosx. 

\1 -f COSX 



1 


= 


\ 


[1 — cosx 
1 + cosx 


1 


= 


1 — cosx 
1 4- cosx 


1 +COSX 


= 


1 


— cosx. 


2 cosx 


= 


0. 




cosx 


= 


0. 





21. Given cot i x = V3 ; find 
sinx. 

^^^ 1 / l + cosx 

cotix— \/:j 

\ 1 — cos X 

3 = 



cosx 
1 + cos X 



1 — cosx 
3 — 3 cosx = l + cosx. 
— 4 cos X = — 2. 

1 

C08X = -- 

sin2x= 1 — cos2x 



= 1-1=3. 
4 4 



sinx=\/ =^V8. 



22. Given sin x = 0.2; find sin ix 
and cos \ x. 

sin X = 0.2. 

cos2x= 1 — sin^x 

= 1 - 0.04. 

cos X = V0J96. 



sin^x 



-4 



I-VO.96 



~^/ l-0.4\^ 

^ 2 
= 0.10061. 



cos^x 



-4 



1 + 0.4V6 



2 

= 0.99494. 



23. Given cos x = 0.6 ; find cos2x 
and tan 2 X. 

cos 2 X = cos^x — sin^x. 



'* =V^-(2)'=*^- 



sm i 

.C082x = 0.25 — 0.75. 
= -0.50 = - 



1 



sin X iV3 ^rr 

tan X = = ^-— = V3. 

COSX i 

^ « 2tanx 2V3 

tan2x = = 

l-tan2x 1-3 

= -V3. 
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24. Given tan 46<* = 1 ; find the 

functions of 22° 3(r. 

Let « = 45°. 

sin X _ , 

tan X = ~ 1. 

cosx 

.-. sin X = cos X. 

sin'^ + cos^x = 1. 

2sin2x=l. 

sin^x = i. 

sin x = iV2= cosx. 

sin ix or sin 22° 30' 



=Vi-*^ 



= i V2 - V2 
= 0.3827. 
cosixorcos22°30' 

= i V2 + V2 



tan ix = 



= 0.S 

sin ^x 



cos^^x 



-4 



multiply by 



2-V2 . 

2 + V2' 
2^-jv^^ 
2-\/2' 



■>; 



(2 - V2)2 
4-2 



cot -J^x 



= ^ V(2 - V2)2 X \^ 
= (l-iV2)X V2 
= V2- 1 = 0.4142. 
_ cos^x 
~ sinix 



_ iV2 + V2 



=>! 



2 + V2 



f2-V2 
= \^-f 1 = 2.4142. 



25. Given sin 30° = 0.5 ; find the 
functions of 16°. 

sm30° = 0.5 = ^- 



.•.cos30° = ^^/7^ = ^ 
= iV3. 



sin ix 



=>/^ 



2 



,.3inl5°=Vi^ 



=iV2-V3=0.258a 



cos 15° 



=>/ 



l + iV3 



=iV2+V3=0.9659. 



tan 15° 



-4 
'4 
-4 



-iV3 



iV3 



f 2-V3 
2 + V3 



' 2-V3 ^ 2-V3 
2-fV3 2-V3 



(2-V3)g 
4-3 



= 2- V3= 0.2679. 



cot 15* 



/ l + iV3 
"\l-iV3 
= 2 + V3 = 3.7321. 
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26. Prove that 

COS 33° H- cos 3° 
Let X = 18% 
y = 15«>. 
■ Then 

(1) 2 sin X cos y 

= sin (x+2/)-f 8in(x— y). 

(2) 2 cos X cos 2^ 

= co8(x 4- y) + cos(x— y) . 
Divide (1) by (2), 

^^^ sin(x4-y)+8in(x-y) 
cos(x + y )+ cos(x— y) 
Substitute values of x and y, 
sin 33° + sin 3° 



tan 18° = 



cos 33° -f cos 3° 



27. Prove the formula 
2 tanx 



sin 2 X = : 



1 + tan^x 
8in2x = 2 sinx cosx. 

2 sin X 



2 tan X = - 



1 + tan«x = 1 + 



cosx 

sin«x 

cos^x 
cos'^ -f sin^x 



cos^x 
But cos^x + sin^x = 1. 

1 



.-. 1 -f tan2x = 



cos^x 



2 sm X ^ cos^ 

2smxco8x = X — - — 

cosx 1 

2 sin X cosx = 2 sin X cos X. 



28. Prove the formula 
1 — tan^x 



cos 2 X = 



1 + tan^x 
sin^x 



1- 



cos 2 X = ■ 



cos^x 



1 + 



sin^x 

COfi^ 



cos 2 X = cos^x — sin^. 
sin^ 



1- 



cos^x — sin^ = " 



cos^x 



1 + 



sin^x 



cos*x 
_ co8?x — sin^x 
"~ cos^x + sin%c 
_ cos^ — sin%c 
"" 1 

= cos^x — sin^x. 

29. Prove the formula 
sin X 



tan ix = 



tan ix = 



1 + cos X 



VT 



'^JTVi 



sin X Vl — cos^x 



1 + cos X 1 + cos X 



Vl — cos X Vl — cos^x 



Vl + cos X 1 + cos X 
1 — COS X 1 — cos^x 



1 + cos X (1 + COS x)2 
__ 1 — COS X 
1 + COS X 

30. Prove the formula 



cotix = 



sm X 



1 — cos X 
sinx= Vl — cos^x. 



cot ix- 



■4i 



COSX 



By substituting, 



4 



1 4- COS X _ Vl — C08% 

1 — COS X 1 — cos X 
1 + COS X 1 — cos^x 



1 — cos X (1 — COS X)2 
_ 1 + COS X 

"" 1 — cos X 
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31. Prove the formula 



sin ix ± cosix = Vl ± sinx. 
By squaring, 
sin^^^x ± 2 sin^xcosix -f cos2|x 
= 1 ± sin X. 
But 8in2 Jx + cos^^x = 1. 
.'. 1 ± 2 sinixcos^x 

= ± sin X. 
Now [12], 

sin X = 2 sin ix cosix. 
.-. 1 ± sin X = 1 ± sin X. 



32. Prove the formula 

tanxitany , ^ 

— I — -r — r^ = ± tanx tan y, 

cot X ± cot y 

tan X ± tan 2/ 

= ± tanx cotx tan 2/ 

■f cot y tan y tan x. 

But tanx cotx = 1, 

and tanycoty = l. 

.'. tan X ± tan y = tan x ± tan y. 



33. Prove the formula 
1 — tanx 



tan(45°-x) = 



1 + tanx 



* /^co X sm(45° — x) 

tan (45° — x) = — )-rrz 1 * 

^ ' cos (45° — x) 

sin (46° — x) 

= sin 46° cos x — cos 46° sin x 

= i V2COSX — i\^sinx 

= i V2 (cos X — sinx). 



cos (46° — X) 

= 006 46° cosx + sin 45° sinx 
= i V2C0SX + i V2sinx 
= iV2(cosx + 8inx). 

cosx — sinx 



tan (45° — x) = 



cos X + sin X 



Dividing numerator and denomi- 
nator by cosx, 

1 —tanx 



tan (45° - x) = 



1 -f tanx 



34. If -4, JB, C are the angles of 
a triangle, prove that 

sin -4 H- sin 2^ -h sin C 
= 4coBiAcoBiBco8iC. 

sin ^ + sin JB + sin C 

= sin^+8inB+sin[180°-(^+5)] 
= sin ^ 4- sin 5 + sin (^ + B). 

By [20] and [12], 

= 2sini(^ -f B)co6iiA - B) 

•f 2 sini (^ + B) coBiiA -f B) 
= 28ini(^ + B) [cosi(^ - B) 
+ C08i(A + B)]. 

By [22], 

= 2 sin i (A-\-B) 2 cosi-4 cosi B, 
.-. = 48ini(^ +l^)cosi^cosi5. * 

But cosi C = cos [90° - i (A+B)] 

= sini(^ + B). 
.-. sin ^ -|- sin 5 4- sin C 

= 4 cos i J. cosi £ cos i C. 
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35. It A, B^ C are the angles of 
a triangle, prove that 

cos A + cos B -f cos C 

= 1 + 4 sin i J. sin i B sin i C. 

cos C = cos [180° -(A + B)] 

= -cos(A-h B). 
,'. cos A -f cos B + cos C 

= cos -4 + cos B—co8(A-\-B). 

By [23], 

= 2 cosi (^ -f J5) cosi (A - B) 

— cos (A -f B). 
By [17], 

= 2 cos i (^ -f B) cosi (-4 - B) 

-2co8^i(A-\-B)-¥l 
= [2cosi(^-f jB)] 
X[cosi(A-^-cosi(^+J?)] + l. 
By [23], 

= [2cosi(^ + J?)] 

X [2siniAsini5] + 1 
= (2siniC)(2sini^ siniB)+l 
= I + i am i A sin i B ain i C. 

36. If ^, J?, C are the angles of 
a triangle, prove that 

tan^ + tan B + tan C 

= Un^ X tanB X tan C. 
Since A-\-B+ C= 180°, 

C=180°- (A + B). 
.-. tan C = tan [180° - (^ + B)] 
= — tan(^ + B). 

Again, 
tan A 4- tan B 

= tan (A-\- B) (1 — tan A tan B) 

= tan (^ + B) 

— tan (^ -f B) tan^ tanB. 
.-. tan -4 4- tan 5 + tan C 

= tan(^ H- B) - tan {A + J?) 

— tan {A -f B) ta,nA tan5 
= -tan (A + JB)tan^ tanB 
= tan^ tan 5 tan (7. 



37. If ^, Z?, C are the angles of 
a triangle, prove that 

coti^ + cotil^+cotiC 

= coti^ X cotil^x cotiC. 
Since iA-\-iB + ^C = 90°, 
^C=90°-i(^ + Z?). 

.-. cotiC = tani(^ + Z?), 
and cotiJB= tani(^ + C), 
and coti^ = tani(5 + C). 
.-.coti^ + cotiJB+cotiC 

= tan i (^ + J?) + tani (^ + C) 
+ tan i (B + C) 

= tani(^ + B) X tani(^ + C) 
X tan i(B-\- C), 
By substitution, 
coti^ + cotiJ? + cotiC 

= cot i^-4 X cot i J5 X cot ^ C. 

38. Change to a form more con- 
venient for logarithmic computation 
cot X -f tan X. 

cot X 4- tan x 
_ cosx sin X 
~ sin X cos X 
_ cos^a + siu^ 

sin X cos X 
_ 2 (cos^x + sin^x) 

2 sin X cos X 
_ 2 
"" sin 2 X 



[12] 



39. Change to a form more con- 
venient for logarithmic computation 
cot X — tan X. 

cot X — tan X 
_ cos X sin X 
sin X cos X 
cos^x — sin^x 



sm X cos X 
cos2x 
sin X cos X 



[13] 
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_ 2 COB 2 X 
2sm2 C08X 

2 cos 2 X 
sin 2x 

: 2 cot 2 X, 



[12] 



40. Change to a form more con- 
venient for logarithmic computation 
cot X -f tan y, 

cosx ^ siny ^-^ 

cotx=-: — » tany= — -- [21 
smx cosy •• 

^ . . cos X , sin y 

.-. cot X -h tan y = — 1 

^ sm X cos y 

_ cos X cos y + sin X sin y 
sin X cos y 



_ cos (x— y) 
"" sin X cos y 



[9] 



41. Change to a form more con- 
venient for logarithmic computation 
cot X — tan y. 



tan y = 
cot X = • 



_ sm y 

cosy 

cosx 

sin X 
cot X — tan y 

_ cos X sin y 
"~ sin X cos y 
__ cos X cos y — sin x sin y 

sin X cos y 
_, cos (x + y) 

sin X cos y 

42. Change to a form more con- 
venient for logarithmic computation 
1 -- cos 2 X 
1 4- cos 2 X 





1- 


cos 


2x 


1 — cos2x 




2 




1 + cos 2 X 


1-f 


cos 


2x 



__ sin^ 
"" cos^x 
= tan2x. 



[16], [17] 



43. Change to a form more con- 
venient for logarithmic computation 
1 + tan X tan y. 

1 -h tan X tan y 
_. - , sinx siny 
cos X cos y 
__ cos X cos y + sin X sin y 
~ cos X cos y 

__ cos (x — y) 
~ cos X cos y 

44. Change to a form more con- 
venient for logarithmic computation 
1 — tan X tan y. 

1 — tan X tan y 
__ ^ sin X sin y 
"" cos X cos y 
__ cos X cos y — sin X sin y 

cos X cos y 
__ cos (x -f y) 
cos X cos y 

45. Change to a form more con- 
venient for logarithmic computation 
cot X cot y 4- 1. 

cot X cot y + 1 
_ cosx cos y 

— * , X , "T~ 1 

sm X sin y 
_ cos X cos y -h sin x sin y 
sin X sin y 
cos (x — y) 



By [9] = 



sin X sin y 
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46. Change to a form more con- 
yenient for logarithmic computation 
cotx cot y — 1. 

cot X cot y — 1 
_ cos X cos y 
~ sin X sin y 

_ cos X cos y — sin X sin y 
~ sin X sin y 

_ cos (X -f- y) 
sin X sin y 

47. Change to a form more con- 
venient for logarithmic computation 
tan X -f- tan y 

cot X 4- cot y 



tan X + tan y 


cot X + cot y 


sin X sin y 
cos X cos y 



cosx cosy 
sin X sin y 



sm 


X COS y + cos X 


sm 


V 


cos X COS y 


sin X cos y + cos X sin 


y 



sm X sm y 

_ sin X sin y 
"" cos X cos y 

= tan X tan y. 



Exercise XV. Page 59. 

1. Find all the values of the following functions : sin-^ i V3, 

tan-i— ;=? vers-^i, cos-^ FP csc-^ V2, tan~i«, sec~i2, 

V3 V \l2^ 

co8-i(-i>/3). 

sin-iiV3 = 60<' + 2n;r or 120°+2n;r. 

tan-i-i= = 30° + 2n7r or 210° -f- 2 riTt. 

V3 

vers-^i = 60°-f-2n;r or — 60° -f- 2 n;r. 

coff-i(--;^)=136° + 2n;r or 226°-f-2n;r. 

CSC-1V2 = 46°-f-2n7r or 136°4-2n;r. 

tan-loo = 90°-f-2n;r or 270° + 2n;r. 

sec-12 = 60°4-2n;r or— 60° + 2n7r. 

cos-i(-iV3) = 160° + 2n;r or 210°+2n7r. 

2. Prove that sin^i (— x) = — sin-i x ; cos-i (— x) = tt — cos-^x. 

sin-i (— x) = the angle whose sine is — x 

= — the angle whose sine is x 

= — sin-i X. 
cos-i (— x) = the angle whose cosine is — x 

= it^ the angle whose cosine is x 

= TT — cos-i X. 
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3. If sin^^ X + sin-* y = ^f* prove 
that x = y. 

If the sum of two angles is 180®, 
the sine of the one is equal to that 
of the other. 

Hence sm (sin~i x) = sin (sin-^ y). 

x = y. 

4. If y = sin-^ ^, find tan y. 

y = sin-i i- 

.'. sin y = iy 

cosy= Vl — sin^y = Vj = f V2. 

sin 2/ i 1 

tany= -^ = -^- = — -• 
cosy |.V2 2V2 

5. Prove that 



cos (sin~i x) = Vl — x2. 
Let sin-i x = y, 
then X = sin y, 

Vl — x2 = cos y 

= cos(sin-ix). 

6. Prove that 
cos(2sin-ix) = 1 — 2x2. 

Let sin-i x = yy 
then X = sin y 

cos (2 sin-i X) = cos 2 y 

= 1 — 2 sin^y 
= 1-2x2. 

7. Prove that 

tan (tan-i x + tan-i y) = ,^"^^ • 
^ "" 1 — xy 

Let tan-ix=u, 

and tan-i y = v. 

Then x = tan u, 

y = tan 1?, 



tan (tan-i x -f- tan-i y) 
= tan (m -h t?) 
_ tan u -H tan 1? 
~ 1 — tanu tanr 

_ x + y . 
1 — xy 

8. If X = Vi, find all the values 
of sin-i X + cos-i X. 

sin-i Vi=45°+2n;ror 136°+2n;r 

cos-i Vi=45°+2n;r or — 45°4-2n7r 

.-. sin-i Vi + cos-i Vi 

= 90° + 2n7r, 2 n;r, 

180°-f-2n;r, or90°+2n;r 

= 0°, 90°, or 180°. 



9. Prove that 

X 



tan-i 



Vl - x2 



= sin-i X. 



Let 
tan-i 



then 



X 



: = tan y. 



Vl - X2 

sec2y = 1 + tan2y 



vvr=^/ 



1 



;=:1-X2, 



1-X2 
1 

sec2y 

siu^y = 1 — cos2y = x2, 
sin y = X, 
y = sin-i X. 



.-. tan-i =r sin-i x. 

Vl-x2 
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10. 


Find the value of 




8in(tan-iA). 


Let 


tan-i^^ = x, 


then 


^^ = tan X, 




sec^x = 1 -f- tan^x 




= ^-^{M' 




= Hh 




cos^ = |JJ, 




8in^=i¥i^. 




.-. sin X = ± /y. 


11. Find the value of 




cot(2 8in-i|). 


Let 


8in-i| = x, 


then 


sin X = 1, 




C08X=±i, 




cot X = ± J, 


cot 


(2sm-ii) = cot2x. 




cot^x — 1 




2cotx 




= ¥-1 




±i 




7 




= ±-^- 




^24 



12. Find the value of 
sin (tan-H + tan-4). 

Let tan-J i = x, 

tan-4 = y, 

then tan X = i, 

sec^ =1 + tan?x 

= h 
cos^ = f , 

cosx = 



sin x = 



cosy = 



siny = 



V6 
±1 

±3 ^ 

Vio' 
±1 . 
Vio 



sin(tan-ii + tan-4) 
= sin (x + y) 
= sinx cos y + cos X sin y 

V6 VlO V6 VlO 

_ ±6 

V60 
= ±jV2. t 

13. If sin-i X = 2 cos-> x, find x. 

sin-i X = 90° — cos-i x. 
.-. OO** — cos-i X = 2 cos-> X, 
3co8-ix = &0% 
cos-ix = 30°, 160°, or 270°, 
x= ±iV3, orO. 

14. Prove that 
tan(2tan-ix)= j^- 

Let tan-i x = y, 
then X = tan y, 

tan (2 tan-i x) = tan 2 y 
_ 2 tan y 
~ 1 — tan2y 
_. 2x 
l-x2' 

15. Prove that 
sin(2tan-ix) = ^-|^- 

Let tan-i x = y. 
then X = tan y, 

sin (2 tan-i x) = sin 2 y 

= 2 sin y cos y 

cosy 
__ 2 tan y 

sec^y 
_ 2x 

l + x2* 
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£x£RcisE XVI. Page 63. 



1. What do the formulas of § 33 
become when one of the angles is a 
light angle ? 

B 




angle 


C is a right angle, 




a 


sin^ 










sin^; 




c 


sinC 






h 


sinB 










sinB; 




c 


sinC 






a 


sin^ 










tan^; 




h 


sinB 






a 


c 










c : 




sin^ 


sinC 






b 


c 






BinB 


sinC 





2. Prove by means of the Law of 
Sines that the bisector of an angle 
of a triangle divides the opposite 
side into parts proportional to the 
adjacent sides. 

Let CD bisect angle C. 



Then 
and 



AD _ sin i C 
CD~ Bin A ' 

DB _ sin i C ^ 
CD~ sinB * 



Bat 



By division, 

AD _ sm B 

DB "" sin-4 
8in_B__ 6^ 
sin^ a 

AD_b 
''DB a 

3. What does Formula [26] be- 
come when -4 = 90° ? when ^=0°? 
when A = 180° ? What does the 
triangle become in each of these 
cases? 

Formula [26] is 

a« = 62-|-<i2_26cco8-4. 
When A = 90°, cos^ = 0. 
.-. aa = 62 + c^. 
When^ = 0°, cos^ = l. 
...a« = 6» + c«-26c. 
When A = 180°, cos ^ = — 1. 
...a8 = 62 + c2 + 26c. 
A right triangle. 
B 



a=BC. 

b = AC. 



c = AB. 

a = b — c. 



B- 



a= BC. 

b = AC. 



c = BA. 
a = 6 -f- c. 



4. Prove that whether the angle 
B is acute or obtuse c = a cos B 
+ b cos A. What are the two 
symmetrical formulas obtained by 
changing the letters? What does 
the formula become when B = 90°? 
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Case I. When angle B is acute 
(Fig. 1). 

(1) C08B=^' 



COB -4 = 



AD 



.-. DB = a cos B, 
and AD = & cos A. 

Add, DB+AD = a cos B + 6 cos J:. 
But DB-\-AD-c. 

.'. c = tt cos B + b cos A. 
Case II. When angle B is obtuse 
(Fig. 2). 
(2) ^ = cos^. 



— = cos(180°--B) 

= — cos B. 
.*. ^2) = b cos -4, 
and BD = — o cos B. 

Subtract, observing that the sign 
of cos B is minus. 

AD—BD = bcoaA-\-acoaB, 
But AD'-BD=c, 

.\ c= acosB + b cos A. 



The symmetrical formulas are 

ft= a cos C-f-ccos^, 
a = 6 cos C + c cos -B. 

WhenB = 90<'. 

(3) cos^ = |- 

.*. c = 6 cos A, 

5. From the three following equa- 
tions (found in the last example) 
prove the theorem of § 34: 

c = a cos B + b cos -4, 

6 = a cos C 4- c cos A^ 

a = 6 cos C + c cos B. 

c2= oc cos jB -f- 6c cos A, (1) 

62= 06 cos C + 6c cos A. (2) 

a2= 06 cos C + ac cos B. (3) 

Add (2) and (3), 
aa + 62 = 2o6cosC+6ccos^ 
+ oc cos jB. (4) 

Subtract (4) from (1), 

ca — a^ — 68 = — 2 06 cos C. 
.-. c2 = o2 + 68 - 2a6 cos C. §34 

In a similar manner it may be 
proved that 

oa = 62-|.ca — 2 6ccos^, 
62 = aa4-c2 — 2accos5. 



6. In Formula [27] what is the 
maximum value ofi{A — B)? 

a — b_ tsLXii{A — B) 
a + 6"~tani(^ + jB)* 

The limit of -4 — B is 180°. 

.*. the limit of the maximum value 
of i(A-B) 
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7. Find the form to which For- 
mula [27] reduces, and describe the 
nature of the triangle when 

(i.) C=90°; 

(ii.) ^ - jB = 90°, and 5 = C. 

a-b _ tan jjA — B) 
o-f-6~tani(^ + lf) 

(i.) When C = 90°. 
^ + 5 = 90°. 

U = 90° - ^. 
fl-6^ tanir^-(90°--^)] 
a + b tan 45° 

_ tan (a - 45°) 
~ 1 

= tan (^ - 45°). 

Since O is a right angle, the tri- 
angle is a right triangle. 



(ii.) When^-5=90°,andJB = C. 
g — 6 _ tAni( A — B ) 
a+6""tani(^ + JB)' 
^-f-^+C=180°, 
p A + 2 B =180° 
A-B =90° 





'.SB= 90°, 






B= 30°, 






0= 30°, 




and 


A = 120°. 




a-b 


tan 46° 




0+6 


tan 76° 
tan 46° 
cot 16° 

1 






2 -f- V3 




.-. a + 6 = 


(a-6)(2-f-V3). 




Since B = 


: C, the triangle is 


isos- 


celes. 







Exercise XVIT. Page 65. 



1. Given Find 

a = 500, C = 123° 12', 

A = 10° 12', b = 2051.48, 

jB=46°36'; c = 2362.61. 

a = 500. 

A= 10° 12' 

B= 46° 36' 



A + B= 56° 48' 

.-. C = 123° 12'. 

log a = 2.69897 

colog sin ^=0.75182 

log sin 5 =9.86128 

log 6 = 3.31207 

b = 2051.48. 



log a = 2.69897 

cologsm^ = 0.76182 

log sin C = 9.92260 

log c = 3.37339 

c = 2362.61 

2. Given Fmd 

a = 796, C = 65° 20', 

A = 79° 69', b = 667.688, 

J5=44°41'; c = 663.986. 

a = 796. 

^= 79° 69' 

B= 44° 41' 



^ -f- If = 124° 40' 
.-. C = 65° 20'. 
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log a = 2.90037 




log o = 2.91381 


colog sin -4. = 0.00667 




colog sin A = 0.65398 


log sin 5=9.84707 




log sin 5 = 9.78960 


log 6 = 2.75411 




log 6 = 3.36729 


6 = 567.688 




6 = 2276.63. 


log a = 2.90037 




log a = 2.91381 


colog sin A = 0.00667 




colog sin ^ = 0.65398 


log sin C = 9.91512 




log sin C = 9.62918 


log c = 2.82216 




log c = 3.19697 


c = 663.986. 




c = 1573.89. 


3. Giv^n Find 
a = 804, C = 35° 4', 
^ = 99° 55', b = 577.31, 
J5=45°l'; c = 468.93. 


5. 

c 
A 
B 


Given Find 
= 1005, C = 47° 14', 
= 78° 19', o = 1840.6, 
= 54° 27'; 6 = 1113.8. 


0=804. 




c = 1005. 


^=99° 55' 
B= 45° r 
A+ B= 144° 56' 




A= 78° 19' 

B= 64° 27' 

A+ B= 132° 46' 


.-. C = 35° 4'. 




... C = 47° 14'. 


log a = 2.90526 

colog sin A = 0.00654 

log sin jB= 9.84961 

log 6 =2.76141 




log c = 3.00217 

cologsin C = 0.13423 

log sin A = 9.99091 

log a = 3. 12731 


6=577.31. 




a =1340.6. 


log a =2.90526 , 
colog sin A = 0.00654 
log sin C = 9.75931 
log c = 2.67111 




log c = 3.00217 

cologsin (7=0.13423 

log sin 5 = 9.91042 

log 6 =3.04682 


c = 468.93. 




6=1113.8. 


4. Given . Find 


6. 


Given Find 


a =820, C = 25°12', 


6 


= 13.67, A = 108° 60', 


A= 12° 49', 6 = 2276.63, 


B 


= 13° 67', a = 63.276, 


JB=141°59'; c= 1573.89. 


C 


= 67° 13' ; c = 47.324. 


a = 820. 




6=13.57. 


A= 12° 49' 




B= 13° 57' 


B = 141° 59' 




0= 57° 13' 


A-\-B= 154° 48' 




5+ C= 71° 10' 


.-. C= 25° 12'. 




.-. A = 108° 50'. 
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log h = 1.13268 

colog smB = 0.61786 

log sin ^ = 9.97610 

log o = 1.72663 

a =53.276. 

log a = 1.72663 

colog sin ^ = 0.02390 

log sin C = 9.92466 

log c= 1.67508 

c= 47.324. 



7. Given 
a = 6412, 

A = 70° 66', 
C=62<'9'; 

a- 

A- 

C- 

A-\-C-- 

.',B-- 

\oga- 

log sin B = 

colog sin ^ = 

log 6 = 

6 = 

logo = 

log sin C = 

colog sin ^ = 

logc = 

c = 

8. Given 
6=999, 

A = 37° 68', 
C = 66°2'; 

b- 

A = 

C = 

A+ = 

.'.B = 



Find 
B = 66° 56', 
&= 6685.9, 
c = 6357.6. 

= 6412. 

: 70° 66' 

: 52° 9' 

:123° 4' 

: 56° 66'. 

: 3.80699 

: 9.92326 

= 0.02466 

: 3.76480 

: 5686.9. 

: 3.80699 

■■ 9.89742 

: 0.02465 
3.72896 

: 5367.5. 

Find 
J5=77°, 
a = 630.77, 
c = 929.48. 
999. 

: 37° 68' 
: 65° 2' 
103° 
77°. 



log h = 2.99967 

colog sin 5 = 0.01128 

log sin^ = 9.78902 

log 0=2.79987 

= 630.77. 

log 6 = 2.99957 

colog sin 5 = 0.01128 

log sin C= 9.95739 

log c = 2.96824 

c = 929.48. 

9. In order to determine the dis- 
tance of a hostile fort A from a 
place B, a line BC and the angles 
ABC and BCA were measured, and 
found to be 322.56 yards, 60° 34', 
and 66° 10', respectively. Find the 
distance AB, 

a = 322.66. 

J5= 60° 34' 

C= 56° 10' 

JB4-C=116°44' 

,.A= 63° 16'. 

log o = 2.60860 

colog sin -4 = 0.04910 

log sin C = 9.91942 

log c = 2.47712 

c = 300 yards. 

10. In making a survey by tri- 
angulation, the angles B and C of a 
triangle ABC were found to be 
50° 30' and 122° 9', respectively, 
and the length BC is known to be 
9 miles. Find ^5 and -40. 

C=122° 9' 

B= 50°30' 

JB + 0=172° 39' 

.-. A= 7° 21'. 
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log BC= 0.96424 

colog8m^= 0.89303 

log sin B = 9.88741 

log 6= 1.73468 

6 = ^(7 = 64.286. 

logBC= 0.96424 

cologsin^= 0.89303 

log sin C= 9.92771 

logc= 1.77498 

c = ^B= 59.664. 

11. Two observers 6 miles apart 
on a plain, and facing each other, 
find that the angles of elevation of 
a balloon in the same vertical plane 
with themselves are 66° and 58°, 
respectively. Find the distance 
from the balloon to each observer, 
and also the height of the balloon 
above the plain. 

.B= 68° 

A= 56° 

^ + 2?= 113° 

.-. 0= 67°. 

log c = 0.69897 

colog sin C = 0.03697 

log sm^ = 9.91336 

log = 0.64830 

o=BC= 4.4494. 

log c = 0.69897 

colog sm C = 0.03697 

log sin B = 9.92842 

log b = 0.66336 

6 = ^C= 4.6064. 



To find h. 



- = sin JB. 
a 

,',h^ a sin B. 



log a = 0.64830 

log sin B = 9.92842 

log A = 0.67072 

A = 3.7733. 

12. In a parallelogram, given a 
diagonal d and the angles x and y 
which this diagonal makes with the 
sides. Find the sides. Compute 
the results when d = 11.237, x = 
19°r, andy=42°64'. 

d= 11.237. 

«= 19° r 

y= 42° 54 ^ 

x + y= 61° 66' 

.-.2=118° 6' 

log d = 1.06066 

colog sin z = 0.06440 

log sing = 0.61301 

log a = 0.61806 

a = 4.1601. 

log d= 1.06065 

colog sin 2 = 0.06440 

log sin y = 9.83297 

log c = 0.93802 

c = 8.67. 

13. A lighthouse was observed 
from a ship to bear N. 34° £. ; after 
the ship sailed due south 3 miles, it 
bore N. 23° E. Find the distance 
from the lighthouse to the ship in 
both positions. 

c=3. 

A= 23° 

B = (180° - 34°) = 146^ 

A + B= 169° 

.-. c= - 
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log c = 0.47712 

cologsin C = 0.71940 

log sin ^ = 9.59188 

log = 0.78840 

a = 6.1433. 

log c = 0.47712 

cologsin C = 0.71940 

log sin ^=9.74756 

log 6 = 0.94408 

6=8.7918. 

14. In a trapezoid, given the 
parallel sides a and b, and the an- 
gles X and y at the ends of one of 
the parallel sides. Find the non- 
parallel sides. Compute the results 
when a=15, 6=7, x=70°, y=40°. 

Given parallel sides, 

AB=7 and 2)C= 16; 
also, ADC = 40° and BCD = 70° ; 
required AD and EC. 

Draw AE || BC ; 
then AB = EC (||s comp. bet. I|s), 
and DE = DC — AB 
= 15 - 7 = 8. 
Also^JE?D=jBCD=70°(ext. int. ^). 

Now 
1)^^=180° -(40° +70°) 
= 70°. 
But since 
AED= DAE = 70°, 
the A is isosceles, and side 
DA = DE = 8. 

Now AE = BC, and we are to 
find BC, 



AE _ 8m APE 
DE^ sin DAE 

log DE = 0.90309 

log sm A DE= 9.80807 

colog sin DAE = 0.02701 

log ^^=0.73817 

AE = BC=6A72S, 

15. Given 6=7.07107, ^ = 30°, 
C = 105°; find a and c without 
using logarithms. 

Let p and q denote the segments 
of c made by the _L dropped from C. 

A = 30°, 

C=105°, 

J5 = 45°. 

g _ sin ^ _ -j- 
"6 sin i^ ^ V2 
6 

y/2 
7.07107 



1.41421 



= 5. 



f = cos ^ = i V3 = 0.86602. 



p = bx 0.86602 
= 7.07107 X 0.86602 
= 6.12369. 

i = cos J5 = i\^ = 0.70711. 
a 

.q = ax 0.70711 

= 5 X 0.70711 = 3.53555. 
c = p + q 
= 6.12369 + 3.53555 
= 9.( 
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16. Given c = 9.662, ^ = 46°, 
B = 60°; find o and 6 without using 
logarithms. 

C=75°. 
c sin ^ 
am C 
sin C = sm (45° + 30°) 
= sm 46° cos 30° 

+ cos 46° sin 30°. 

= iV2XiV3 + iV5xi 
= i(V6+V2). 
_. 9.662 X iV2 
i(V6 + >^) 
^ 19.124 X V2 

V6-f- >^ 
^ (19.124 X >^)(V6--V2) 

6-2 
= 9.662 (V3-1) 
= 6.99986 = 7. 
, _ gsin g __ 7 X jVs 
sm j4 "" ^^2 
_7V3^7V6 

= 3.5^6 = 8.573. 

17. The base of a triangle is 600 
feet, and the angles at the base are 
30° and 120°; find the other sides 
and the altitude without using log- 
arithms. 

^5=600. 

A = 30°. 

J5=120° 
.-. (7=30° 

A=C. 

a = c = 600 feet. 



6 = 



a sin B 



sin A 
_ 600X 8in(180°-60°) 

sin 30° 
- 600X|V8 

i 
= 600 X 1.732051 
= 1039.2. 
A = a8in5=600xiV8 
= 619.6 feet. 

18. Two angles of a triangle are, 
the onQ 20°, the other 40° ; find the 
ratio of the opposite sides without 
using logarithms. 

Let X = 20°. 

y = 40°, 

and a and h be opposite sides. 

_, sin « a 
Then . — =7-- 
sm y 

nat sin x = 0.3420. 

nat sin y = 0.6428. 

.-. a : 6 : : 3420 : 6428. 

: : 866 : 1607. 

19. The angles of a triangle are 
as 5 : 10 : 21, and the side opposite 
the smallest angle is equal to 3; 
find the other sides without using 
logarithms. 

Since the angles ^, J?, C, are as 
5 : 10 : 21, 

^ = ^^ of 180° = 25°. 
-B = iJof 180°=50°. 
C = Ji of 180° = 105°. 
a sin B 3 X 0.766 



b = 



sm A 0.4226 

= 6.438. 

a sin C 3 X 0.9659 



c = 



sin A 0.4226 

= 6.857. 
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20. Given one side of a triangle 
equal to 27, the adjacent angles 
equal each to 30°; find the radius 
of the circumscribed circle without 
using logarithms. 

sm A 
sin A - sin 120° 



= sin (180° — 120°) 
= sin 60°. 
8in60° = iV3. 

27 _ 64 _ 54 X V3 
iV3~V3~ 3 
= 18V3. 
.•.E = 9V3 = 16.688. 



,'.2R = - 



1. Determine the number of solu- 
tions in each of the following cases : 
(i.) a = 80, 6 = 100, A = 30°. 

.-. a < 6, 
but a>6sin^ = 100xi, 

and ^<90°. 

.'. two solutions, 
(ii.) a = 60, h= 100, A = 30°. 

.-. a = 6 sin ^ = 100 X i. 

.-. one solution. 

(iii.) o = 40, 6 = 100, A = 30°. 

.-. o<6sin^ = 100x i, 
and ^<90°. 

.-. no solution, 
(iv.) a =13.4 6=11.46, ^=77° 20'. 
.-. a > 6. 
.-. one solution, 
(v.) a =70, 6=76, ^ = 60°. 

.-. a<6, 
but a > 6 sin ^ = 75 X | V3, 

and ^<90°. 

.'. two solutions, 
(vi.) a =134.16, 6 = 84.64, 

5=62°9'ir'. 
6<a, 
B<90°, 
nat sin J5 = 0.7897. 

84.64 < 134.16 X 0.7897. 
.'. 6 < a sin B. 
.-.no solution. 



Exercise XVIII. Page 69. 

(vii.) a = 200, 6 = 100, A = 30°. 



a>6. 
.*. one solution. 

2. Given 
a = 840, 
6 = 486, 

A = 21° 31'; 
Here a > 6. 

colog a - 

log 6 = 

log sin ^ = 

log sin B = 

B- 

.-. C = 

loga = 

log sin C- 

colog sin A - 

logc- 

c = 

3. Given 

a = 9.399, 
6 = 9.197, 
A = 120° 36'; 

colog a - 

log b- 

log sin A - 

log sin B - 

B- 



Find 

B= 12° 13' 34", 

C= 146° 16' 26", 

c= 1272.15. 

.-. one solution. 
= 7.07672 - 10 
= 2.68674 
= 9.66440 
= 9.32686 
= 12° 13' 34". 
= 146° 16' 26". 
= 2.92428 
= 9.74466 
= 0.43560 
= 3.10454 
= 1272.16. 

Find 
5 =67° 23' 40", 
C= 2° 1'20", 
c = 0.38526. 
= 9.02692 — 10 
0.96365 
: 9.93495 
9.92652 
57° 23' 40". 
I 2° 1'20". 
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loga = 

log sin C - 

colog sin A - 

lOgC: 



: 0.97308 
: 8.54761 
: 0.06606 



4. Given 
a =91.06, 
b = 77.04, 
^ = 51° O' 6"; 
colog a 
log b 
log sin A 
log sin B 

B- 
.-. C = 

log a: 

log sin C - 

colog sin A - 

log c- 



5. Given 
a= 65.66, 
6=66.66, 
B = 77° 44' 40"; 

Here 6 > a. 

log a 

log sin B 

colog b 

log sin A 

A 



log a: 

log sin C - 

colog sin A - 

logc = 



= 9.68674-10 
= 0.38526. 

Find 
B = 41° 13', 
C = 87° 37' 54", 
c= 116.82. 

= 8.04067 - 10 

= 1.88672 

= 9.89143 

= 9.81882 

= 41° 13'. 
= 87° 37' 54". 

: 1.96933 - 

9.99963 

0.10867 
■■ 2.06763 
= 116.82. 

Find 
^ = 54° 31' 13" 
C=47°44' 7" 
c = 50.481. 

.-. one solution. 

= 1.74468 
= 9.98999 
= 8.17613-10 
= 9.91080 

= 64° 31' 13". 
= 47° 44' 7". 

: 1.74468 

9.86926 
: 0.08920 

1.70313 

: 60.481. 



6. Given 

a = 309, 6 = 360, ^ = 21° 14' 25"; 
find B= 24° 57' 64", 

R= 156° 2' 6", 
C = 133° 47' 41", 
C= 3° 43' 29", 
c = 615.67, 
c'= 56.41. 
There are two solutions, 
for a<6» 

but a>6sin-4, 

and ^<90°. 

log b = 2.65630 
log sin ^ = 9.66904 

colog a = 7.510 04 - 10 
log sin 5 = 9.62538 

B= 24° 67' 64". 

.•.C= 133° 47' 41". 

log a = 2.48996 

log sin C = 9.85843 

colog sin ^ = 0.44096 

log c = 2.78936 

c = 616.67. 

Second Solution, 
B' = 180° -B C'-B-A 

= 155° 2' 6". = 3P 43' 29". 

log a =2.48996 
log sin C'= 8.81267 
colog sin ^ = 0.44096 
log c'= 1.74369 
c'= 66.41. 

7. Given a = 8.716, 6 = 9.787, 

A= 38° 14' 12"; 
find J5= 44° 1'28", 

B'= 136° 68' 32", 
C= 97° 44' 20", 
C'= 6° 47' 16", 
c = 13.964, 
c'= 1.4202. 
There are two solutions, 
for a < 6, and log sin B < 0. 
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colog a = 9.06968 - 10 


9. Given a = 34, 


log h = 0.99066 


6 = 22, 


log sin^ = 9.79163 


5= 30° 20'; 


log sin B = 9.84196 


find A= 51° 18' 27", 


B= 44° r28". 


A'= 128° 41' 33", 


R= 135° 58' 32". 


C= 98° 21' 33", 


C= 97° 44' 20". 


C'= 20° 58' 27", 


C'= 6° 47' 16". 


c = 43.098, 


log = 0.94032 


c'= 15.593. 


log sin C = 9.99602 
colog sin A = 0.20837 


Here 6 < a, but > a sin 5, ai 
5<90°. 


log c = 1.14471 


.-. two solutions. 


c = 13.954. 

log a = 0.94032 

log sin C'= 9.00366 

colog sin A = 0.20837 


log 0=1.63148 
log sin 5 =9.70332 
colog b = 8.65758 - 10 


\ofr sin w4 = 9 89238 


log c'= 0.15234 


IV/g OIll ^x V.iJfJsitfO 


c'= 1.4202. 


A= 51° 18' 27". 
A'= 128° 41' 33". 


8. Given Find 
a=4.4, • 5=90°, 
&=5.21, C= 32° 22' 43", 


.-. C = 98° 21' 33". 
.-. C"= 20° 58' 27". 


4 = 57° 37' 17"; c=2.79. 


log a =1.53148 


log sin ^ = 9.92661 


log sin C = 9.99536 


log 6= 0.71684 


colog sin ^ = 0.10762 


colog a = 9.35665 — 10 


log c = 1.63446 


log sin B = 10.00000 
5 = 90°. 


c = 43.098. 


... C = 32° 22' 43". 


log 0=1.63148 


log 6 = 0.71684 
log cos ^ = 9.72877 


log sin C = 9.55382 
colog sin ^ =0.10762 


log c = 0.44561 


log c' = 1.19292 


c= 2.7901. 


& = 15.593. 
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10. 


Given 


6=19, 
c=18, 
C= 15^49'; 




find 




B= 16° 43' 


13' 






R= 163° 16' 47' 






A = 147° 27' 


47' 






A'= OP 64' 


13' 






a = 36.619, 








a'= 1.0416. 




There are 


two solutions. 




for 




c<6, 




but 




c > 6 sin C, 




and 




C<90°. 





log b = 1.27875 
log sin C = 9.43546 

colog c = 8.74473-10 
log sin 5 =9.46894 

B= 16° 43' 13". 
R= 163° 16' 47". 
^ = 147° 27' 47". 
A'= 0° 54' 13". 

log h = 1.27875 

colog sin B = 0.54106 

log sin ^ = 9.73066 

loga= 1.65046 

a =35.519. 

log b = 1.27875 

colog sin 5' = 0.64106 

log sin^' = 8.19784 

log a' = 0.01765 

a' = 1.0415. 

11. Given a = 76, 6 = 29, B = 
16° 15' 36" ; find the difference be- 
tween the areas of the two corre- 
sponding triangles, without com- 
puting their areas separately. 



The triangle which is the differ- 
ence of the two triangles has for its 
altitude a sin B, and two of its sides 
are of length 29. 

log a = 1.87506 
log sing = 9.44715 
log (asmg) = 1.32221 
a8inJ5=21. 
292 _ 212 = (29-21) (29+21) 
= 8 X 60 
= 400. 
.-. V292 - 212 = 20. 

Hence the base of the triangle is 
2X20 = 40, and its altitude 21. 
Its area is therefore i x 40 x 21 
= 420. 

12. Given in a parallelogram the 
side a, a diagonal d, and the angle 
A made by the two diagonals ; find 
the other diagonal. 

Special case ; a = 35, d = 63, 
A = 21° 36' 30". 

a = 35. 
id = 31.6. 
A = 21° 36' 30". 



colog a - 

logid: 

log sin A - 
log sin JB = 

B- 
C- 



8.46693-10 
: 1.49831 
9.66615 
9.52039 

19° 21' 20". 
139° 2' 10". 



log a =1.54407 

log sin C = 9.81663 

colog sm ^ = 0.43385 

log id' =1.79465 



id' = 
d' = 



62,3085. 
124.617. 
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Exercise XIX. Page 73. 



1. Given Find 




i(B-C) = 10°45'. 


a =77.90, ^ = 51° 16', 




B= 60° 45'. 


6 = 83.39, B=56°30', 




C= 39° 15'. 


C=72^lb'; c = 95.24. 






6+ a = 161.38. 




log 6 = 2.94077 


6-a=5.4. 




log sin A = 9.99335 


B-{-A = 107** 46'. 




colog sin 5 = 0.05924 


i(B + A)= 53<'52'30". 


log a = 2.99336 


log (6 -a) = 0.73239 




a = 984.83. 


colog(6+ a) =7.79216- 10 






log tan ^ (B + A) = 0.13675 


3. 


Given Find 


log tan i(B- A) = 8.66129 


a 


= 17, A = 77° 12' 53", 


i{B'-A)= 2°37'30'^ 


h 


= 12, 5=43° 30' 7", 


A = 51° 16'. 


C 


= 59° 17' ; c = 14.987. 


B=56°30'. 






log h = 1.92111 




a + 6 = 29. 


log sin C = 9.97882 




a-6 = 5. 


colog sin B = 0.07889 




A 4- 5 =120° 43'. 


log c = 1.97882 




i(A-\-B)- 60° 21' 30". 


c = 95.24. 




log (a -6)= 0.69897 
colog (a + 6)= 8.63760-10 


2. Given Find 


log 


tan i (A + 5) = 10.24486 


b = 872.5, B = 60° 45 , 






c = 632.7, 0=39° 15', 


log 


tan i (A -5)= 9.48143 


A = 80°; a =984.83. 




i(A-JB) = 16°61'23". 


6 -c = 239.8. 




A = 77° 12' 53". 


6 + c = 1505.2. 




5 =43° 30' 7". 


B -h C = 100°. 




log h = 1.07918 


i{B+ C)= 50°. 




log sin = 9.93435 


log (6 -c) = 2.37985 




colog sin 5 = 0.16218 


log tan i (B + C) = 0.07619 




log c= 1.17571 


colog (& + c) = 6.82240 -10 






log tan i(B-C) = 9.27844 




c= 14.987. 
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4. Given 

6=V5, 

c = V3, 
A = 35° 63' ; 

V6: 

V3 = 

b+c-- 

6-c = 

B-\-C- 

i(B+C)-- 

I0g(6-C): 

colog (6 + c) = 
logtani(B+ C) = 

logtani(-B-C): 

B- 
C 

\ogc- 

log sin A - 

colog sin : 

log a: 



5. Given 



Find 
B = 93° 28' 36", 
C = 60° 38' 24", 
a = 1.313. 

= 2.2361. 
= 1.7321. 
= 3.9681. 
= 0.6040. 
= 144° 7'. 
= 72° 3' 30". 

= 9.70243 - 10 
= 9.40142-10 
= 10.48973 



: 9.69368 
: 21° 26' 6". 
: 93° 28' 36". 
: 60° 38' 24". 

: 0.23866 

: 9.76800 

0.11172 



0.11828 
1.313. 



a = 0.917, A 

b = 0.312, B 

C=33°7'9"; c 

a-\-b = 

a-b = 

A + B = 

i(A + B) = 

log (a — 6) = 

logtani(^ + B) = 

colog (a + 6) = 



Find 
= 132° 18' 27", 
= 14° 34' 24", 
= 0.6776. 
1.229. 
0.605. 

146° 62' 61". 
73° 26' 26". 
9.78176 — 10 
10.52674 
9.91046 - 10 



log tan i{A- B) = 

i(A-B) = 

A = 

B- 



10.21896 
68° 62' 2". 
132° 18' 27" 
14° 34' 24" 



log 6 =9.49416 -10 
log Bin C = 9.73760 

colog sin B = 0.69926 

log c = 9.83091 - 10 
c = 0.6776. 



6. Given 
a =13.716, 
c = 11.214, 
-B= 16° 22' 36" 



Find 
A = 118° 66' 49", 
C= 46° 41' 36", 
6=4.1664. 



a — c=^ 2.601. 
a + c = 24.929. 
A-\- C= 164° 37' 24" 
i(^ + C)= 82° 18' 42". 

log(a-c)= 0.39811 
log tan i (^ + C) = 10.86968 

colog (a-\-c)= 8.60330 - 10 
logtani(^-C)= 9.87109 

. \(A-C)= 36° 37' 7". 
^ = 118° 65' 49". 
C= 45° 41' 36". 

log sin B = 9.42362 

log a =1.13720 

colog sin ^ = 0.05789 

log 6 = 0.61861 

6 = 4.1664. 



7. Given 

6 = 3000.9, 

c = 1687.2, 

A = 86° 4' 4" 



Find 
B= 65° 13' 61" 
0=28° 42' 5" 
a = 3297.2. 



6 + c = 4588.1. 
6- c= 1413.7. 
B + C = 93° 55' 56". 
\(B-\- O) = 46° 57' 68". 

log(6-c)= 3.15036 
colog (6 4- c) = 6.33837 — 10 
log tan i (B + C) = 10.02983 
log tan i (B - C) = 9.61856 
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i(B-C) = 18°16'53". 
0=28° 42' 5". 
B = 65° 13' 51". 
log h = 3.47726 
log sin A = 9.99898 
colog sin B = 0.04191 
log a: 



8. Given 
a - 4527, 
6 = 3465, 
C = 66° 6' 27'' 



: 3.51815 
a = 3297.2. 

Find 
A = 68° 29' 15", 
B = 45° 24' 18", 
c = 4449. 



a-hb 

■ a— h 

A-hB 

i(A + B) 

log [a — 6) 

colog (a 4- b) 

logtani(^ + J5) 

log tan i(A — B) 

iiA-B) 

A 

B 

log sin C 

colog sin A 

log a 

log c 

c 



= 7992. 
= 1062. 
= 113° 53' 33". 
= 56° 56' 47". 
= 3.02612 
= 6.09734-10 
= 10.18659 
= 9.31005 
= 11° 32' 28". 
= 68° 29' 15". 
= 45° 24' 18". 
= 9.96109 
= 0.03136 
= 3.65581 



= 3.64826 
= 4449. 



9. Given 
a = 55.14, 
b = 33.09, 
C = 30° 24'; 



Find 
A = 117° 24' 32", 
B= 32° 11' 28", 
c = 31.431. 



a + b-- 

a — b- 

A-\-B-- 

log (a - 6) = 

colog (a + b)- 

log tan i (^ + B) = 

log ia.Jii(A — B)- 

i(A-B)-. 

A- 

B- 

\ogb- 

log sin G - 

colog Mn B- 

logc = 
c- 

10. Given 

a = 47.99, 
6 = 33.14, 
C = 175° 19' 10"; 

a4-6 
a — b 

A + B 
i(A-hB) 

log (a - b) 

colog (a + b) 

log tan i (^ + B) 

log tan i{A — B) 

i(A-B) 
A 
B 



■■ 88.23. 
: 22.05. 
: 149° 36'. 
: 74° 48'. 

: 1.34341 

: 8.05438-10 

: 10.56592 

: 9.96371 

: 42° 36' 32". 
: 117° 24' 32". 
: 32° 11' 28". 
■■ 1.51970 
■ 9.70418 
: 0.27348 



: 1.49736 
: 31.431. 



log 6 

log sin C 

colog sin B 

logc 



Find 
^ = 2° 46' 8", 
J5 = 1° 54' 42", 
c = 81.066. 

= 81.13. 
= 14.85. 
= 4° 40' 50". 
= 2° 20' 25". 

= 1.17173 

= 8.09082 - 10 

= 8.61138 

= 7.87393 

= 0° 25' 43". 
= 2° 46' 8". 
= 1° 54' 42". 

= 1.52035 
= 8.91169 
= 1.47680 



= 1.90884 
= 81.066. 
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11. If two sides of a triangle are 
each equal to 6, and the included 
angle is 60^, find the third side. 

Since a = 6, 

A = B, 

.:A = B=C=6(P. 
.-. a = 6 = c = 6. 

12. If two sides of a triangle are 
each equal to 6, and the included 
angle is 120^, find the third side. 

^ + B = 60°. 

a = 6 = 6. 

log a = 0.77815 

log sin C = 9.93763 

cologsm^ = 0.30103 

log c= 1.01671 

c= 10.392. 

13. Apply Solution I. to the case 
in which a = 6, that is, the case in 
which the triangle is isosceles. 

If a = 6, the formula 
tani(74-B) = 1^ Xtani(^+B) 
will become 

tani(4-B) = 0. 

.'.A-'B = 0, 

A = B 

= i(180°-C) 
= 90°-iC. 
__ g sin C 
"~ sin A 



14. If two sides of a triangle are 
10 and 11, and the included angle 
is 60°, find the thbd side. 

a + 6 = 21. 
a-6=l. 
^ + £=130°. 
i(^ + B)= 66°. 

log (a -6)= 0.00000 
colog(a + 6)= 8.67778-10 
log tan i(A + B) = 10.33133 

logtani(^-i?)= 9.00911 

i{A-B)= 5° 49^51". 
^ = 70O 49/ 51'^. 

J5=69°10' 9". 

log b = 1.00000 

log sin C= 9.88426 

colog sin B = 0.06617 

log c = 0.96042 

c = 8.9212. 

15. If two sides of a triangle are 
43.301 and 26, and the included 
angle is 30°, find the third side. 

a + 6 = 68.301. 
a- 6 =18.301. 
A+ B= 160°. 
i(A + B)= 76°. 

log (a -6)= 1.26247 
colog (a + 6) = 8.16557 - 10 
log tan i (^ + 2?) = 10.57195 

logtani(^-B)= 9.99999 

i(^-JB)=46°. 
A = 120°. 
B= 30°. 

.-. in isosceles triangle ABC 
c = 6 = 26. 
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16. In order to find the distance 
between two objects A and B sep- 
arated by a swamp, a station C was 
chosen, and the distances (7-4=3826 
yards, CB = 3475.6 yards, together 
with the angle ^C-B = 62° 31', were 
measured. Find the distance from 
AXxiB, 

6+ a =7300.6. 
6- a = 349.4. 
B+^=117°29'. 
i(B+^)= 68° 44' 30". 
log (6-0)= 2.64332 
colog(6+a)= 6.13664-10 
log tan \(B-\- A)- 10.21680 
logtani(B-^)= 8.89676 

\(B-A)= 4° SO' 30". 

J5=63°15'. 

A = 54° 14'. 

log 6 = 3.58263 

log sin C = 9.94799 

colog sin B — 0.04916 

log c = 3.57978 

c = 3800. 

17. Two inaccessible objects A 
and B are each viewed from two 
stations C and D on the same side 
oi AB and 562 yards apart. The 
angle AOB \& 62° 12', BCB 41° 8', 
ABB 60° 49', and ABC 34° 51'; 
required the distance AB, 

c 



h 
662" 




In triangle ACB 

A = 180° -{C-\-B) = 41° 49'. 



,6 = 



sin 34° 51' 
sin 41° 49'' 
562 sin 34° 51' 
sin 41° 49' 



log 562 = 2.74974 

log sin 34° 51' =9.76696 

colog sin 41° 49' = 0.17604 

log 6 = 2.68274 

b = 481.65. 

In triangle CBB 

JB= 180°- (C+D) 

= 43° 12'. 

a _ sin 95° 40' 

562 sin 43° 12'' 

__ 662- cos 5° 40' 

•'•**" sin 43° 12' 

log 562 = 2.74974 

log cos 5° 40' = 9.99787 

colog sin 43° 12' = 0.16460 

log a = 2.91221 

a = 816.98. 

In triangle ACB 

tan i(A-B) = ^^X tan^ {A-\-B) 

i(^ + B) = i(180°-C) 
= 58° 54'. 
a-6= 816.98- 481.65 

^ = 335.33. 
a + 6= 816.98 + 481.65 

= 1298.63. 
log (a -6)= 2.62647 
colog (a + 6)= 6.88662-10 
log tan i (^ + J5) = 10.21951 
log tan i (i4 - J5) = 9.63150 

i{A-B) =23° 10' 26". 

^ = 82° 4' 26". 

log a = 2.91221 

log sin 0=9.94674 

colog sin >1 = 0.00417 

log c = 2.86312 

c = 729.67. 
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18. Two trains start at the same 
time from the same station, and 
move along straight tracks that 
form an angle of 30°, one train at 
the rate of 30 miles an hour, the 
other at the rate of 40 miles an 
hour. How far apart are the trains 
at the end of half an hour ? 

a + 6 = 36. 
a — 6 = 6. 

i(A-^B)= 76°. 
Dj 



log(a-6) = 

colog (a + 6) = 

log tan i (^ + i?) = 

logtani(^-i?) = 

B- 

log 6 = 

log sin C - 

colog sin B - 

logc = 

c- 



'. 0.69897 

8.45693-10 
= 10.67196 

9.72086 
■ 28° 3' 62". 
: 46° 66' 8". 
= 103° 3' 62". 
1.17609 
: 9.69897 
= 0.13634 
: 1.01140 
: 10.266. 




19. In a parallelogram given the 
two diagonals 5 and 6, and the an- 
gle that they form 49° 18'. Find 
the sides. 

In the parallelogram ABDE 
let EB = 6, and AD = 6, 

and Z BCA = 49° 18'. 

In triangle J. Ci? 
let BC= a = S, 

AC=b = 2.b. 
Find AB = c. 

a — 5 = 0.5. 
a + 6= 6.6. 
A-\-B= 130° 42'. 
i(A + B)= 65° 21'. 

log (a -6)= 9.69897-10 
colog (a +6)= 9.25964-10 
log tan i (^ + 5) = 10.33829 
log tan i {A - B) = 9.29690 

^(A-'B) = 11° 12' 20". 
A = 76° 33' 20". 
^=64° 8' 40". 



(A 

log a = 0.47712 

colog sin A = 0.01207 

log sin C = 9.87976 

log c = 0.36894 

c = ^B = 2.3386. 

In triangle AEC 

EC=a = S, 
AC = b = 2.6, 
L ^C^=130°42'. 
^ + -E = 49° 18' 
\(A'^E) =24° 39'. 



log (a - 6) = 9.69897 - 10 
.colog (a + 6) = 9.25964 - 10 
log tan \{A-\-E) = 9.66171 
log tan \\a-E) = 8.62032 



i(^- 



E)- 2° 23' 20" 
^ = 27° 2' 20" 
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log a = 0.47712 

colog Bin A = 0.34238 

log sin G = 9.87976 - 10 

log c = 0.69926 

c = EA = 5.0032. 

20. In a triangle one angle equals 
139° 54^ and the sides forming the 
angle have the ratio 6:9. Find the 
other two angles. 

a = 9. 

6 = 6. 



a + 6=14. 
a - 6 = 4. 
A-hB = 4(P Q\ 

log (a -6) = 0.60206 
colog (a + 6) = 8.86387 - 10 
log tan i(^ + B) = 9.66224 
log tan i (^ - B) = 9.01817 

i(A-B)= 6° 67' 10". 
^ = 26° 0''lO". 
B=W 6' 60". 



Exercise XX. Page 77. 



1. Given a = 61, h- 
find the angles. 



:65, c = 20; 



a= 61 

6= 66 

c = _20 

2s =136 



68. 

17. 

3. 

48. 

8.16749-10 
8.76966-10 
0.47712 
1.68124 



s — 

s-b = 

s— c = 

colog s = 

colog (« — a) = 

log (8-b) = 

log {8 — c) = 

2) 19.09640 - 20 
logtani^= 9.64770 

i^ = 19°26'24". 
A = 38° 62' 48". 
colog 8= 8.16749— 10 
colog (a - 6) = 9.62288 - 10 
log (8- a) = 1.23046 
log(s-c)= 1.68124 



2 ) 20.60206 - 20 
log tan i 1^=10.30103 



iB= 63° 26' 6". 
J5=126°62' 12". 
A + B= 166° 46'. 

.-.0= 14° 16'. 

2. Given a = 78, 6 = 101, c = 29 ; 
find the angles. 

a= 78 
6=101 
c= 29 

28 = 208 

8=104. 

s — a= 26. 

8-6= 3. 

s— c = 76. 

colog 8 = 7.98297 — 10 
colog {s- a)= 8.68603 — 10 
log (8 -6)= 0.47712 
log (8-c) = 1.87606 

2) 18.92018 - 20 
logtani^= 9.46009 

i^ = 16° 6' 27". 
A = 32° 10' 64". 
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colog 8 = 7.98297 -- 10 

colog(«-6)= 9.62288-10 

log(« — a)= 1.41497 

log (« — c) = 1.87506 



2) 20.79688 - 20 



logtaiiiB= 10.39794 

iB= 68°ir66". 

B = 136° 23' 60". 

A'hB= 168° 34' 44". 

.-. C = IP 26' 16". 

3. Given a = 111, 6 = 145, c = 40 ; 
find the angles. 

a =111 

6=145 

c=_40 

2s = 296 

«=148. 
8 — a= 37. 
8-b= 3. 
« — c = 108. 

colog s= 7.82974-10 
colog (s — a) = 8.43180 — 10 
log(s-6)= 0.47712 
log(g-c)= 2.03342 

2)18.77208-20 
logtani^= 9.38604 

i^ = 13°40'16". 
A = 27° 20' 32". 

colog 8= 7.82974-10 
log(s-a)= 1.66820 
colog(«-6)= 9.62288-10 
log(s- c) = 2.03342 

2)20.95424-20 
log tan iB= 10.47712 

iB= 71° 33' 64". 

J5=143° 7' 48". 

5+^=170° 28' 20". 

/. C = 9° 31' 40". 



4. Given a = 21, 6 = 26, c = 31 ; 
find the angles. 

= 21 

6 = 26 

c = 81 

2«=78 

s = 39. 
« — a = 18. 
« - 6 = 13. 
8 — c= 8. 

colog s= 8.40894 — 10 
colog (« - a) = 8.74473 - 10 
log (a -6)= 1.11394 
log (« - c) = 0.90309 

2 )19.17070-20 
logtani^= 9.58636 

^^4 = 21° 3' 6.3". 
.-. A = 42° 6' 13". 

colog 8 = 8.40894 — 10 
log(«-a)= 1.25627 
colog (« - 6) = 8.88606 - 10 
log(« - c) = 0.90309 

2 )19.46336 - 20 
logtaniB= 9.72668 

i B = 28° 3' 18". 

.-.5=66° 6' 36". 

^ + i? = 98°12'49". 

... C= 81° 47' 11". 

5. Given a = 19, 6 = 34, c = 49 ; 
find the angles. 

a= 19 

6= 34 

c = _49 

2 8 = 102 

8= 51. 

8 — a= 32. 

8-b= 17. 

8 — c = 2. 
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colog«= 8.29243- 


•10 


iB=28°69'52". 


colog(«-a)= 8.49486- 


-10 


B=67°59'44". 


log(«-6)= 1.23046 




.-. 0=76° 10' 41". 


log(s-c)= 0.30103 






2) 18.31876 - 


20 


7. Given a = 37, 6 = 68, c= 79 : 


logtani^= 9.16938 
iA= 8° 12' 48" 




find the angles. 

a= 37 
6= 68 


A = 16° 26' 36" 




c= 79 


cologs= 8.29243- 


10 


2«=174 


colog(«-ft)= 8.76966- 


10 


«= 87. 


log(s-c)= 0.30103 




« — a = 60. 


log(s-a)= 1.60616 




« — 6 = 29. 


2) 18.86816 - 


M 


8 — c = 8. 


log tan i 5= 9.43408 






iB= 16^12'. 




colog 8 = 8.06048 - 10 


J5= 30° 24'. 




colog(s-a)= 8.30103-10 


.•.C= 133° 10' 24 


ft 


log (8 -6)= 1.46240 
log(8-c)= 0.90309 


6. Given a = 43, 6 = 60, c = 


= 57; 


2) 18.72700 — 20 


id the angles. 


logtani^= 9.36360 


a= 43 




i^ = 13°0'14". 


6= 60 




A = 26° 0' 29". 


c= 67 






2s =160 




colog 8 = 8.06048 - 10 


5= 76. 




log (8- a) = 1.69897 


a— a= 32. 




colog (8 - 6) = 8.63760 - 10 


8 — 6= 25. 




log (8- c)= 0.90309 


s—c= 18. 




2) 19.20014 - 20 


colog8= 8.12494- 


10 


logtaniB= 9.60007 


colog(8 — a)= 8.49486- 


10 


\B= 21° 42' 40". 


log(s-6)= 1.39794 




B- 43° 25' 20". 


log(s-c)= 1.26527 




.-. C= 110° 34' 11". 


2) 19.27300 - 


lo 


8. Given a = 73, 6 = 82, c = 91 ; 


logtani^= 9.63650 




find the angles. 


i^ = 23°24'47" 




a= 73 


A = 46° 49^ 36" 




6= 82 • 


colog8= 8.12494- 


10 


c= 91 


log(s-a)= L60515 




28 = 246 


colog(8-6)= 8.60206- 


10 


8 = 123. 


log (s-c)= 1.26627 




a— a- 60. 


2) 19.48742 - 


^ 


s- 6= 41. 


log tan ^5= 9.74371 




9- c^ 32. 
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colog s = 7.91009 — 10 
colog(8 — a)= 8.30103—10 
log (s — 6) = 1.61278 
log (s — c) = 1.60616 

2 ) 19.32905 - 20 
log tan i^= 9.66453 

i^ = 24°47'29''. 
^ = 49^ 34' 58". 

colog 8 = 7.91009 — 10 
log (a- a) = 1.69897 
colog (s- 6)= 8.38722-10 
log (« - c) = 1.50616 

2 ) 19.60143 - 20 
logtaniB= 9.75072 

iB = 29°23'29''. 

B = 58° 46' 68". 
.-. C = 71° 38' 4". 

9. Given a = 14.493, 6 = 65.4363, 
c = 66.9129 ; find tlie angles. 

a= 14.493 
6= 66.4363 
c= 66.9129 



2«= 136.8422 

a= 68.4211. 

a-a= 53.9281. 

«-6= 12.9848. 

«-c= 1.5082. 

colog a = 8.16481-10 
colog(«-a)= 8.26819-10 
log (a -6)= 1.11343 
log(a-c)= 0.17846 

2 )17.72489-20 
logtani^= 8.86245 

iA = 4°10'. 
-4 = 8° 20'. 



colog a = 8.16481- 10 
log(a-o)= 1.73181 
colog (a - 6) = 8.88657 - 10 
log (8-c)= 0.178 46 

2) 18.9ill"65 - 20 
logtani£= 9.48082 

iB= 16° 60'. 
B= 3;i°40'. 
.-. C = 138°. 

10. Given a=V5, 6 = V6, c=V7; 
find the angles. 

a =V6 = 2.2861 

6 = >y6 = 2.4495 

c = V7 = 2.6458 

2a = 7.3314 

a = 3.6657 
a-a= 1.4296. 
8-6 = 1.2162. 
8-c = 1.0199. 

log (a -6)= 0.08500 
log(a-c)= 0.00856 
colog a = 0.43585 — 10 
colog (8-a)= 9.8447 8 - 10 
2) 10.3741 9 - 20 
logtanii4= 9.68709 

i^ = 25°56'36". 
A = 61° 53' 12". 

colog (a - 6) = 9.91500 - 10 
log(a-c)= 0.00856 

colog a = 9.43586 — 10 
log (8-a)= 0.16622 

2)19.51463-20 
logtaniB= 9.75732 

iB = 29°46'64". 
-B = 59° 31' 48". 
.-. C=68°35'. 
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11. Given a = 6, 6 = 8, c- 


= 10; 


13. Given a=6, 6=0, c = 6; 


find the angles. 

a= 6. 
6= 8. 




find the angles. 




The triangle is equilateral and 


c=10. 




also equiangular. 


«=12. 




,;A = B= C = J of 180° = 60°. 


8-a= 6. 






8-h= 4. 




14. Given a = 6, 6 = 5, c = 12 ; 


« — c = 2. 




find the angles. 


colog8= 8.92082- 


10 




colog(5-a)= 9.22185- 


10 


The sum of the two sides a and 6 


log(8-6)= 0.60206 




is less than the side c. 


log(«-c)= 0.30103 




.'. the triangle is impossible. 


2) 19.04676 - 


^ 




logtani^= 9.62288 




15. Given a = 2, 6 = V6, c = 


i^=18°26' 6". 




VI-l; find the angles. 


^ = 36° 52' 12". 




a = 2. 


Since this is a right triangle, 
C=90°. 




6= V6 = 2.4495 


J5 = 90°-^ 




c = V3- 1 = 0.7320 


= 53« 7' 48". 


28 = 5.1815 


12. Given a = 6, 6 = 6, c = 


= 10; 


8 = 2.5908. 


find the angles. 




8 -a = 0.5908. 


a= 6 




8-6 = 0.1413. 


6= 6 




8- c= 1.8588. 


c=10 






2« = 22 




log (8- a) = 9.77144-10 


8=11. 




log (8 -6)= 9.15014-10 


s — a= 5. 




log(8-c)= 0.26923 


8 - 6 = 5. 




colog 8 = 9.58656 - 10 


8 — c= 1. 




logr2= 18.77737 -20 


colog8= 8.96861- 


10 




colog(8-c)= 0.00000 




logr = 9.38869-10 


log (8 -6)= 0.69897 




logtani^= 9.61725. 


log (8- a) = 0.69897 




log tan i If =10.23855. 


2)20.36666- 


20 


logtaniC= 9.11946. 


log tan iC= 10.17827 




iA= 22° 30'. 


iG= 56° 26' 33' 




iB= 60°. 


C = 112° 53' 6' 




iO= 7° 30'. 


Since this is an isosceles triangle. 


^= 45°. 


4 = B=^(180°-C) 


J5=120°. 


= 33° 33' 27". 




C= 15°. 
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16. Given a = 
V3 + 1 ; find the 



a 

6 = Ve = 2.4496 
c = V3+ 1 = 2.7320 

28 



2, 6 = V6, c: 
angles. 
= 2. 



8- 

8 — a- 
8-b-- 

8— C- 

log(« — a): 
log(«-6) = 
log(s — c) = 

COlOg 8 - 
10gr2: 

logr : 
log tan ^tI : 
log tan i B - 
log tan i G = 

iB-. 

iC = 
Az 
B- 
C = 



: 7.1815 
: 3.5908 
: 1.5908 
: 1.1413 
: 0.8588 
: 0.20162 
: 0.05740 
: 9.93380-10 
: 9.44481-10 
: 19.63772 - 20 
: 9.81886-10 
: 9.61724. 

9.76146. 
: 9.88497. 
: 22<» 30'. 

30°. 

: 37° 30'. 
: 45°. 

: 60° 

:75°. 



17. The distances between three 
cities A, B, and C are as follows : 
AB=166 miles, ^C=72 miles, and 
BC= 185 miles. B is due east from 
A. In what direction is C from A ? 
What two answers are admissible ? 
a =186 
b= 72 
c=166 
2« = 422 
« = 211. 
(«-a)= 26. 
(8 -6) =139. 
(8-c)= 46. 



colog 8 = 7.67572 — 10 
colog (« — a) = 8. 68603 — 10 
log(«-6)= 2.14301 
log(«-c)= 1.66276 

2)20.06652 - 20 
log tan i^ = 10.03326 

i^ = 47°ll'30". 
A = 94° 23'. 

Angle J5-4 C = 94° 23'. Subtract 
90° of the quadrant E to N, and 
we obtain 4° 23' W. of N. 

But C may be to the southward 
of A. Hence two answers are ad- 
missible : W. of N. or W. of S. 

18. Under what visual angle is 
an object 7 feet long seen by an 
observer whose eye is 5 feet from 
one end of the object and 8 feet 
from the other end ? 
a= 5 
b= 8 
c= 7 
2« = 20 
« = 10. 
« — a = 5. 
«-6= 2. 
8—c= 3. 
colog 8= 9.00000 — 10 
log(s-a)= 0.69897 
log (8 -6)= 0.30103 
colog (8—c)= 9.62288 — 10 
2 )19.62288-20 
logtaniC= 9.76144 

i C = 30°. 
C = 60°. 
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19. When Formula [28] is used 
for finding the value of an angle, 
why does the ambiguity that occurs 
in Case II. not exist ? 

When Formula [28] is used for 
finding the value of an angle, the 
ambiguity that occurs in Case II. 
does not exist because the sides 
are all known and the angle can 
have but one value ; while in Case 
II. the side opposite the angle is 
not known, and may have two val- 
ues ; therefore the angle also may 
have two values. 

20. If the sides of a triangle are 
3, 4, and 6, find the sine of the 
largest angle. 



a= 3 

b= 4 

c= ^ 

28=13 

s=6.5. 
«-a = 3.5. 
8-6 = 2.6. 
s{s—c) = 3.25. 

log(s-a)= 0.54407 
log (8 -6)= 0.3^794 
cologa(a— c) = 9.48812 — 1 
2 )20.43013 — 20 
log tan iC= 10.21607 

iC= 58° 38' 26''. 
C = 117° 16' 50". 
log sin C = 9.94879. 
sin C = 0.88877. 




ill 



21. Of three lownt? A, B, and C, 
A is 200 miles from B and 184 inilofi 
from C, B is 150 miles due nortb 
from C ; how far is A north of C ? 



s ^ 267. 
rt = 1 17. 



s 


-b^ 


m. 




S' 


-e = 


67. 




GOlog S = 


7,57S41>- 


10 


COlO^ (8 - 


-c}^ 


8.173P3- 


10 


logiS" 


-fl)^ 


2.06810 




log(fl" 


-b)^ 


i.9ions 






^l 


19.734t50- 


aa 



ttani 0= 0.8^736 
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iC = S6<>22'68". 
C = 72« 45' 56". 

Draw _L from A to BC. To find a' (part cut off by J. on BC from A), 

a' = 6 cos C. 

log h - 2.26482 

log cos C= 9^7171 

log a' =1.73653 

a' =54.616. 

Exercise XXI. Page 80. 



1. Given a = 4474.5, 6 = 2164.5, 
C = 116° 3(r 2(r' ; find the area. 

log a = 3.66075 

log 6 = 3.33636 

colog2 = 9.69897 -10 

log sin C = 9.95177 

log F= 6.63685 

F= 4333600. 

2. Given h = 21.66, c = 36.94, 
ul = 66° 4' 19" ; find the area. 
F=\hc%m.A. 
log 6 =1.33566 
log c = 1.66760 
log sin ^ = 9.96097 
log 2 F= 2.86413 
2 F= 731.36. 
i?'= 365.68. 

3. Given a = 510, c=173, B = 
162° SO' 28" ; find the area, 
log a = 2.70757 
log c = 2.23805 
log sm B = 9.47796 
colog 2 = 9.69897 — 10 
logF= 4.12264 
F= 13260. 



4. Given a = 408, h = 41, c=401; 
find the area. 

a = 408 
6= 41 
c = 401 
28=860 
8 = 425. 
8-a= 17. 
8-6=384. 
8 — c= 24. 
log 8 = 2.62839 
log(8-a) = 1.23045 
log (s- 6) = 2.58433 
log (« - c) = 1.38021 
2 )7.82338 
log F= 3.91169 
F=8160. 

5. Given a = 40, 6 = 13, c = 37 ; 
find the area. 

a = 40 

6 = 13 

c = 37 

28=90 

8=45. 

8 — 0= 5. 

8 — 6 = 32. 
8—c= 8. 
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log 8=1.65321 

log (s- a) = 0.69897 

log («- 6) = 1.60515 

log (g-c) = 0.90309 

2 )4.76042 

log if' =2.38021 

F=240. 

6. Given a=624, 6=206, 6=445; 
find the area. 

a= 624 

6= 206 

c= 446 

28=1274 

s = 637. 
« — a= 13. 
5 - 6 = 432. 
a — c = 192. 

log 8 = 2.80414 

log(s-a) = 1.11394 

log (« - 6) = 2.63648 

log (« - c) = 2.28330 

2 log F= 8.83686 

log F= 4.41843 
F= 26208. 

7. Given 6 = 149, A = 70° 42' 30", 
B = 39° 18' 28"; find the area. 

A = 70° 42' 30". 

B= 39° 18' 28". 

.-. C = 69° 69' 2". 

log 6 =2.17319 

cologsin 5 = 0.19827 

log sin ^ = 9.97490 

log a = 2.34636 



colog 2 = 9.69897 - 10 

log a = 2.34636 

log 6 = 2.17319 

log Bin C= 9.97294 

log F = 4.19146 

F= 16640. 

8. Given a =215.9, c = 307.7, 
A = 26° 9' 31"; find the area. 

a<ic and > c sin A. 
A < 90°. .-. two solutions. 

log c = 2.48813 
log sin A = 9.62862 

colog a = 7.66675 — 10 
log sin C= 9.78240 

0= 37° 17' 38". 

.-.5= 117° 32' 61". 

Or, C = 142° 42' 22". 

.'.R= 12° 8' 7". 

colog 2 = 9.69897 - 10 

log a = 2.33425 

log c = 2.48813 

log sin B = 9.94774 

log F= 4.46909 

F= 29460. 

colog 2 = 9.69897 - 10 

log a = 2.33426 

log c = 2.48813 

log sin B' = 9.32268 

log F' = 3.84403 

F' = 6982.8. 

9. Given 6 = 8, c = 6, A = 60°; 
find the area. 

F= i 6c sin A 
= i(8x 5) (0.8 
= 20 X 0.86602 
= 17.3204. 
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10. Given a = 7, c = 3, -4 = 60**; 
find the area. 

colog a = 0.15400 — 10 
log c = 0.47712 
log sin ^=0.03763 
log sin C = 0.66066 



C = 2P 47' 12''. 

^=08° 12^48". 

F= ioc sin B 

= i X 21 X 0. 

= 10.3010. 



11. Given a = 60, B = 40« 36' 12", 
area = 12 ; find the radius of the 
inscribed circle. 



i ac sin B= 12. 



24 



a sin B 



log 24 = 1.38021 
colog a = 8.22186— 10 
colog am B = 0.18660 



logc = 


9.78876 - 10 


c = 


0.61483. 


tani(^-C) 




a — c 

a-\- c 


i(^ + C) 


_ 59.38617 


tnn moo 49/ 9A 



60.61483 ^ " 

log(a-c)= 1.77368 
colog(a + c)= 8.21742-10 
log tan i (^ + C) = 10.43206 
log tan i(A-C)= 10.42316 



i{A' 


-C) = 


60« W 10" 


i(^H 




60*> 42' 24" 


• 


ISO^* 1'43" 




6 


sin B 




a 


sin^ 




.'.b = 


asin B 



sin^ 

log a = 1.77816 

log sin B= 0.81331 

colog sin ^ = 0.18331 



log b = 1.77477 

6=50.634. 

a= 60 
6= 50.534 
c= 0.61483 



2 8=120.14883 
8 = 60.07442. 
F=r8, 



8 



12 



60.07442 
= 0.10076. 

12. Obtain a formula for the area 
of a parallelogram in terms of two 
adjacent sides and the included 
angle. 

By Geometry, area of parallelo- 
gram = base X height. 

In this case, area = bh. 

But /i = a sin A. 

.'. area of CJ = db sin A. 




13. Obtain a formula for the area 
of an isosceles trapezoid in terms of 
the two parallel sides and an acute 
angle. 

Let AB=a. 

F=i(a+h)c, 

- = tan A. 

P 

c = p tan A. 

p = i(a-b). 

.-. F = i(a + 6) xi(a-6)tan^ 
= i(a2-62)tanA 

14. Two sides and included angle 
of a triangle are 2416, 1712, and 
30^; and two sides and included 
angle of another triangle are 1948, 
2848, and 160°; find the sum of 
their areas. 

Let a = 2416, c = 1712, B = 80°. 
F= iac sin B. 

loga= 3.38310 

log c = 3.23360 

colog 2 = 9.69897 - 10 

log sin B = 9.69897 

log J' =6.01464 

F= 1034000. 

Let a'=1948, 0^=2848, ^=160°. 
F' = i a'c' sin BT. 



log a' = 3.28969 

log c' = 3.46464 

colog 2 = 9.69897 - 10 

log sin B- 9.69897 

log F'= 6.14207 

^'=1387000. 
J' +^' = 2421000. 

15. The base of an isosceles tri- 
angle is 20, and its area is 100 -r VS; 
find its angles. 

a—h. 
c = 20. 

F=100-r Vs. 
100 



\ck- 



V3 



10^=i^. 
V3 



A = 



10 

Vs' 



:;— = tan A, 

log ^=0.76144 
colog i c = 9.00000 — 10 
log tan ^ = 9.76144 

^=30°. 
B = 30°. 
(7=120°. 
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16. Show that the area of a quad- 
rilateral 18 equal to one-half the 
product of its diagonals into the 
sine of their included angle. 

Let the lengths of the diagonals be 
a and h and the included angle C. 

Let the lengths of the segments of 
the diagonals made by their point 



of intersection be ai, Os and 6i, ft|, 
respectively. 

F= iai&s sin C + \a^ sin C 
+ ioj^i sin C + i 0161 sin C 
= t(ai6a +02^9 + ajt>i +O161) sin C 
= i(ai + as){6i + 62)8inC 
= io&sin C 



Exercise XXII. Page 80. 



1. From a ship sailmg down the 
English Channel the Eddystone was 
observed to bear N. 33° 46' W.; 
and after the ship had sailed 18 
miles S. 67° 30' W. it bore N. 11° 
15' E. Find its distance from each 
position of the ship. 




a = 18 miles. 
^0^ = 33° 46'. 
BOB = 67° 30'. 
ABF=\V\b\ 
ACB= 180° - (ACE + DCS) 

= 78° 46'. 
CBD = 90° - DCB 

= 22° 30'- 



ABC = 90° - (CBD + ABF) 
= 66° 16'. 
.-. B^C = 46°. 
6 _ sin B 
a ~ sin -4 
c _ sin C 
a" Bin A 

log a = 1.26627 

log sin 5=9.91986 

colog sin A = 0.16061 

log b = 1.32663 

6 = 21.166. 

log a = 1.25627 

log sin C = 9.99167 

colog sin J. = 0.16051 

log c = 1.39736 

c = 24.966. 

2. Two objects, A and B, were 
observed from a ship to be at the 
same instant in a line bearing N. 
15° E. The ship then sailed north- 
west 6 miles, when it was found 
that A bore due east and B bore 
northeast. Find the distance from 
A U)B. 
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s'4 




^46' 



)*> 


76«»/ 


\ 


1 
1 




^4 


S'A 


sin ASS' 


SS' 


sin S'AS 



log SS' = 0.69897 

colog sin SAS' = 0.01506 

log sin ASS' = 9.93763 

logS'^ = 0.66156 



AB 

S'A 



sin BS'A 



sin S'BA 

logS'^ = 0.66156 

colog sin S'BA = 0.30103 

log sin BS'A = 9.84949 

log AB = 0.80208 

AB = 6.3399. 



3. A castle and a monument 
stand on the same horizontal plane. 
The angles of depression of the top 
and the bottom of the monument 



viewed from the top of the castle 
are 40° and 80° ; the height of the 
castle is 140 feet. Find the height 
of the monument. 




HC = height of castle. 
AB= height of monument. 

MCB = 40°. 

HCA = 10°. 

fl:4C = 80°. 

irc= 140 ft. 

140 



AC- 



sin A 



log 140 = 2.14613 

colog sin ^ = 0.00666 

log ^C= 2.15278 

HCA = 10°, 

MCB = 40°. 
.•.^C-B= 40°, 

C^J?=10°. 
.-. ABC- 130°. 

^Csin C 



AB = 



sin B 



log ^0=2.15278 

log sin = 9.80807 

colog <sin 5 = 0.11575 

log ^5 =2.07660 

^J?= 119.29. 
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4. If the sun's altitude is 6(P, 
what angle must a stick make with 
the horizon in order that its shadow 
in a horizontal plane may be the 
longest possible ? 

The shadow of the stick will be 
the longest when the stick is per- 
pendicular to the rays of the sun. 

Let BC represent the stick, and 
AC the horizontal plane. 
B=9QP. 

A^eop. 

.-. C = 30^ 

5. If the sun's altitude is 30^ find 
the length of .the longest shadow 
cast on a horizontal plane by a 
stick 10 feet in length. 

Let a be a stick ± to rays of sun, 
and c be the longest shadow. 

- = sm ^ = 4. 
c 

c = 2 a = 20. 

6. In a circle with the radius 3 
find the area of the part comprised 
between parallel chords whose 
lengths are 4 and 6. (Two solu- 
tions.) 

X 




In triangle BOC, 



A = V3a-2a 

= V5. 
F=iX V6X4 
= 2 Vs. 
Bin iBOC= J. 

log 2 = 0.30103 
colog 3 = 0.62288- 10 
log sin i BOC = 0.82391 

iBOC=41«48'38". 
50C= 83^37' 16". 

By Table V., 

12 = 3. 

.-. area © = 28.274. 
Area of sector BOC 
83<» 37' 16- 



360° 

301036 
1296000 

76259 



X 28.274 



X 28.274 



324000 



X 28.274. 



log 76259 = 4.87656 

log 28.274 = 1.46139 

colog 324000 = 4.48945 - 10 

log area = 0.81740 

Area = 6.6675. 

Area of segment ByC 

= 6.6675- 2 Vs 
= 6.6676-4.4722 
= 2.0963. 
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In triangle DO A, 



A=: V32-2.52 

= 1.6583. 
F=ix 1.6683 X 5 

= 4.1458. 
sin i DOA = |. 

log 5 = 0.69897 
colog 6 = 9.22185 - 10 
log sin i 2)0^ = 9.92082 

iDOA= 66° 26' 33". 
D0^ = 112° 63' 7". 

Area of sector DOA 
406387 



1296000 



X 28.274. 



log 406387 = 6.60894 

log 28.274 = 1.45139 

colog 1296000 = 3.88739 - 10 

log area = 0.94772 

Area sector = 8.8658. 

Area segment DxA 

= 4.72. 

Area segment DACB 

= area © - [ByC + DxA] 
= 21.4587. 

Area segment DAC^R 
= DxA - B^Cy 
= 2.6247. 




7. A and B^ two inaccessible ob- 
jects in the same horizontal plane, 
are observed from a balloon at C 
and from a point D directly under 
the balloon, and in the same hori- 
zontal plane with A and B. If CD 
= 2000 yards, Z^CD = 10° 15' 10", 
Z BCD = 6° r 20", Z ADB = 49° 
34' 60", find AB. 

AD=DCxta,nACD. 

log tan ^CD= 9.25739 
log DC = 3.30103 
log .42) =2.66842 



^i)= 361.76. 
DB=DCx tan BCD. 



log DC = 3.30103 

log tan BCD = 9.03046 

log 2)5 =2.33148 

2)5 = 214.53. 



tani(B-^) 
6 — a 



b + a 



X tan i (B + A). 
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i(J?+^)=66°12'36". 

log (6 -a) = 2.16800 
colog (b + a) = 7.23936 - 10 
log tan i (B+A) = 0.33549 
log tan i {B—A) = 9.74285 

i (B—A) = 28° 56' 58" 



B=94<»9'33'' 

log i4Z) = 2.66842 

colog sin ii = 0.00116 

log sin D= 9.88156 

log c = 2.44113 

c=^B = 276.14. 




8. A and B are two objects whose 
distance, on account of intervening 
obstacles cannot be directly meas- 
ured. At the summit C of a hill, 
whose height above the common 
horizontal plane of the objects is 
known to be 517.3 yards, }, ACB 
is found to be 15° 13' 15". The 
angles of elevation of C viewed 
from A and B are 2P 9' 18" and 
23° 15' 34" respectively. Find the 
distance from A to B, 

In triangle DCA, being a rt. A, 
T = sm A, 





sin A 



log d = 2.71374 
colog sin A = 0.44262 

log 6 = 3.15636 

b = 1433.4. 

In right triangle CDB, 

- = sm B. 



sin B • 

log d = 2.71374 

colog sin B = 0.40352 

log a = 3.11726 

a = 1310. 
taniiB-A) 

= l^^^t^nHB+A). 

i(B+^) = 82°23'22.6". 

log (6- a) = 2.09132 
colog (6 -f- a) = 6.561 71 — 10 
log tan i (B-{-A) = 10.87415 
log tan i (B-^) = 9.62718 

i{B-A)= 18° 36' 21". 
JB= 100° 59' 43.5". 
A= 63° 47' 1.6". 
__ asin C 
"~ sin ^ 

log a = 3.11726 

log sin C = 9.41920 

colog sin A = 0.04714 

log c = 2.58360 

c = 383.35. 
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Miscellaneous Examples. Page 82. 



2. The angle of elevation of a 
tower is 48° W 14'', and the distance 
of the baste from the point of obser- 
vation is 95 ft. Find the height of 
the tower, and the distance of its 
top from the point of observation. 

Given A = 48° 19' 14", 6 = 96 ft. ; 
required a and c. 

a = b tan A, 
c = 6 sec A, 

log 6= 1.97772 

log tan A = 10.05045 

loga= 2.02817 

a =106.70. 

log 6 =1.97772 

log sec A = 0.17720 

log c = 2.16492 

c = 142.86. 

Height of tower, 106.70 ft.; dis- 
tance of top from point of observa- 
tion, 142.86 ft. 

3. From a mountain 1000 ft. 
high, the angle of depression of a 
ship is 77° 36' 11". Find the dis- 
tance of the ship from the summit 
of the mountain. 

Given B = 12° 24' 49", a = 1000 
ft. ; required c. 

c = a sec B. 

log a = 3.00000 

log sec B = 0.01027 

log c = 3.01027 

c = 1023.9. 

Required distance, 1023.9 ft. 



4. A flag-staff 90 ft. high, on a 
horizontal plane, casts a shadow of 
117 ft. Find the altitude of the sun. 

Given a = 90 ft., 6 = 117 ft.; re- 
quired A. 

tan -4 = r • 



log a =1.96424 
colog b = 7.93181 - 10 
log tan A = 9.88605 

A = 37° 34' 6". 

Altitude of sun, 37° 34' 5". 

5. When the moon is setting at 
any place, the angle at the moon 
subtended by the earth's radius 
passing through that place is 57' 3". 
If the earth's radius is 3956.2 miles, 
what is the moon's distance from 
the earth's centre ? 

Let C represent the place, A the 
moon, and B the eatth's centre. 
Then in the right triangle ABC, 
given A = 67' 3", a = 3966.2 miles ; 
required c. 

c = a CSC A. 

log a =3.59728 

log C8cA = 1.78004 

log c = 6.37732 

c = 238400. 

Moon's distance, 238400 miles. 

6. The angle at the earth's centre 
subtended by the sun's radius is 
16' 2", and the sun's distance is 
92,400,000 miles. Find the sun's 
diameter in miles. 



TEACHERS' EDITION. 



123 



Let A represent the centre of the 
earth, B that of the sun, and C a 
point on the edge of the sun^s disk. 
Then in the right triangle ABC^ 
given A = 16' 2'% c tn 92,400,000 
miles; required 2 a. 

a = c sin ^. 

log c = 7.96667 

log sin w4 = 7.66876 

log a = 6.63442 

a = 430940. 

Sun's diameter, 861880 miles. 

7. The latitude of Cambridge, 
Mass., is 42° 22' 49". What is the 
length of the radius of that parallel 
of latitude ? 




Let O be the centre of the earth, 
'i^B the axis, NAS the meridian of 
Cambridge, A the position of Cam- 
bridge, and C the centre of its 
parallel of latitude. Then, in the 
right triangle OAC, given 0=90° 
-42° 22' 49"= 47° 37' 11", OA 
= 3966.2 miles ; required AC, 
AC — AO%m 0. 
log ^0 = 3.69728 
log sin 0= 9.86846 
log ^0=3.46674 
^0 = 2922.4. 
Radius of parallel of latitude, 
2922.4 miles. 



8. At what latitude is the cir- 
cumference of the parallel of lati- 
tude half of that of the equator ? 

The radius of the parallel will be 
half of the radius of the earth. 

In the figure of Ex. 7, given AC 
= i^0; required 90° — angle 0, 

i.e. angle A, 

An 

f 



A ^0 



.-. A = 60°. 
The required latitude is 60°. 

9. Li a circle with a radius of 
6.7 is inscribed a regular polygon 
of thirteen sides. Find the length 
of one of the sides. 




Let be the centre of the circle, 
AB B. side of the polygon, and C 
the middle point. Then in the 

360° 



right triangle OCB, given = 



26 



= 13° 60' 46", 05 = 6.7; required 
AB = 2 CB. 

CB= OB Bin BOC, 

log 05= 0.82607 
log sm BOC = 9.37897 

log 05 = 0.20604 
05=1.6034. 
^5=3.2068. 
Length of a side of the polygon, 
3.2068. 
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10. A regular heptagon one side 
of which is 5.73 is inscribed in a 
circle. Find the radius of the circle. 

In the figure of Ex. 9, given 
5C = i X 6.73 = 2.865 and angle 

BOC = ^ = 26° 42' 51"; required 
OB. 

OB =BC CSC BOC, 

log BC = 0.45712 

log CSC ^00 = 0.36263 

log 05 = 0.81975 

05=6.6031. 

Radius of curcle, 6.6031. 

11. A tower 93.97 ft. high is 
situated on the bank of a river. 
The angle of depression of an object 
on the opposite bank is 25° 12' 54''. 
Find the breadth of the river. 

Given ^ = 90° - 25° 12' 54" = 
64° 47' 6", b = 93.97 ; required a. 

a = 6 tan A. 

log 6= 1.97299 

log tan ^ = 10.32708 

loga= 2.30007 

«= 199.56. 

Breadth of river, 199.56 ft. 

12. From a tower 58 ft. high the 
angles of depression of two objects 
situated in the same horizontal line 
with the base of the tower, and on 
the same side, are 30° 13' 18" and 
45° 46' 14". Find the distance be- 
tween these two objects. 

(i.) Given ^ = 90° - 30° 13' 18" 
= 59° 46' 42", 6 = 58 ; required a. 



a = 6 tan A, 

log 6= 1.76343 

log tan ^ = 10 .23469 

loga= 1.99812 

d = 99.568. 

(ii.) Given A'= 90° - 45° 46' 14" 
= 44° 13' 46", b = 58, required a'. 
o'= b tan A\ 
log b = 1.76343 
log tan A'= 9.98832 
log a'= 1.75175 
a'= 56.461. 
a -a'= 43.107. 
Distance between the objects, 
43.107 ft. 

13. Standing directly in front of 
one comer of a flat^roofed house 
which is 150 ft. in length, I observe 
that the horizontal angle which the 
length subtends has for its cosine 
V^, and that the vertical angle 
subtended by its height has for its 

sine -j=^ What is the height of 

the house ? 

Let a = distance of observer from 
house, 
b = height of house, 
B = horizontal angle subtended 

by length of house, 
5'= vertical angle subtended 
by height of house. 
Then, a = 150 cot B, 

h= a tan R 
= 150 cot 5 tans'. 
But cos 5 = Vi, 

hence sin 5 = Vl — J 
_ 2 

= V5* 
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cot JB = 



cos^ 



Also, sin 5^= 
.•. cos B' = 



ainB 

= h 
3 

V34 
6 

tan^ = |. 
Hence, 6 = 160 X i X f 

= 46. 
Height of house, 46 ft. 

14. A regular pyramid with a 
square base has a lateral edge 160 
feet in length, and the length of a 
side of Its base is 200 ft. Find the 
inclination of the face of the pyra- 
mid to the base. 




Let A be the vertex of the pyra- 
mid, BCDE its base, the centre 
of the base, and M the middle point 
of the side BC. Required the angle 
AMO, 
In the right triangle AOB, 
^J?=160, 
OB = iBD 
= 100>/^. 



.'.AO-^AB^-Off 
= 60. 



tan OMA = 



6344 



In the right triangle AOMy 
AO 
OM 

= 0.6. 
OMA = 26° 34'. 
Inclination of face of pyramid to 
base, 26° 34'. 

15. From one edge of a ditch 
36 ft. wide the angle of elevation 
of a wall on the opposite edge is 
62° 30^ 10''. Find the length of a 
ladder which will reach from the 
point of observation to the top of 
the wall. 

Given 6 = 36, ^ = 62° 39' 10"; 
required c. 

c = 6 sec ^. 

log 6 =1.56630 

log sec ^ = 0.33783 

log c= 1.89413 

c= 78.367. 

Length of ladder, 78.367 ft. 

16. The top of a flag-staff has 
been broken off, and touches the 
ground at a distance of 15 ft. from 
the foot of the staff. The length of 
the broken part being 39 ft. , find the 
whole length of the staff. 

Given c = 39, 6 = 16 ; required 
c + a. 



a= V(c-h6)(c-6). 
= VI296 
= 36. 
c + a = 75. 
Whole length of flag-staff, 76 ft. 
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17. From a balloon, which is 
directly above one town, is observed 
the angle of depression of another 
town, 10° 14' 9". The towns being 
8 miles apart, find the height of the 
balloon. 

Given ^ = 90°- 10° 14' 9" = 
79° 46' 61", a = 8 ; required 6. 

6 = a cot A, 

log a = 0.90309 

log cot A = 9.25666 

log 6 = 0.16976 

6=1.4446. 

Height of balloon, 1.4446 miles. 

18. From the top of a mountain 
3 miles high the angle of depression 
of the most distant object which 
is visible on the earth's surface is 
found to be 2° 13' 50." Find the 
diameter of the earth. 




Let A be the top of the mountain, 
C the object observed, B the centre 
of the earth. Then given B= 90° 
- ^ = 2° 13' 60", AD= 3; re- 
quired a. 

BC = AB cos B, 

a = (a 4- 3) cos B, 

.-. a (1 — cos 5) = 3 cos B, 



__ 3cos B 
~ 1 — cos jB 

_ 3C08B 

2sin2f 

log 1 = 0.17609 
log cos J? =9.99967 

TO 

colog sin2 — = 3.42152 

log a = 3.69728 
a =3956.2. 
Diameter of earth, 7912.4 miles. 

19. A ladder 40 ft. long reaches 
a window 33 ft. high on one side of 
a street. Being turned over upon 
its foot, it reaches another window 
21 ft. high, on the opposite side of 
the street. Find the width of the 
street. 

Width of the one part of the 
street 

= V402-332 

= VsiT 

= 22.606. 
Width of other part 



= V402-2ia 

= Vll69 
= 34.044. 
Total width of the street, 66.649 ft. 

20. The height of a house sub- 
tends a right angle at a window 
on the other side of the street, and 
the elevation of the top of the house 
from the same point is 60°. The 
street is 30 ft. wide. How high is 
the house ? 
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Given CC'= 30, ^CC'= 60°, 
BCC'= 30°; required AB. 

AC'=CC'ta,nACC' 
= 30 Vs. 

BC = CC tSLH BCC 

1 



= 30X 



V3 



= 10V3. 
.-. ^B=40V3. 

= 69.282. 
Height of house, 69.282 ft. 

21. A lighthouse 54 feet high is 
situated on a rock. The elevation 
of the top of the lighthouse, as 
observed from a ship, is 4° 52', and 
the elevation of the top of the rock 
is 4° 2\ Find the height of the 
rock and its distance from the ship. 

Let h = height of rock. 

a = distance of ship. 
A + 54 tan 4° 62' 



Then 



h tan 4° 2' 

54 _ tan 4° 52' 

^^ h~ tan4°2'* 



64. 

h ' 



tan 4° 52' - tan 4° 2' 



A=54 



= 54 



= 64 



tan 4° 2' 
tan 4° 2' 



tan 4° 52' — tan 4° 2' 
cos 4° 52' sin 4° 2' 
Bin (4° 52'- 4° 2') 
cos 4° 52' sin 4° 2' 



sin 50' 
log 54 = 1.73239 
log cos 4° 52' = 9.99843 
log sin 4° 2' =8.84718 
colog sin 50' = 1.8.3732 
log h = 2.41532 
h = 260.21. 
Also a = ^ ctn 49 2\ 

\ogh= 2.41532 
log cot 4° 2'= 11.15174 
loga= 3.56706 
a = 3690.3. 
Height of rock, 260.21 ft.; dis- 
tance of ship, 3600.3 ft. 

22. A man in a balloon observes 
the angle of depression of an object 
on the ground, bearing south, to be 
35° 30'; the balloon drifts 2^ miles 
east at the same height, when the 
angle of depression of the same 
object is 23° 14'. Find the height 
of the balloon. 

A' 




O a B 
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Let A and A' be the first and 
second positions of the balloon, re- 
spectively, C and C the points on 
the ground directly under A and 
A\ and B the object observed. 

Then ^ = 64° 30^, 

A'= 66° 46', 
CC = AA' 
= 2i. 
a = A tan -4, 
a'= ^ tan A\ 
a^-a2 = (2i)2. 
^« tan*^'- A2 tan2^ = (2^)2. 



h^ = 



tan2^'- tan2^ 

2i 



h = -, 

Vtan2^'- tan2^ 

But tan2^' — tan2^ 
= (tan -4'+ tan ^) (tan ^'— tan -4) 

_ sin(^'+^) sin (A'- A) 
C08^'COS-4. cos^'cos-4 
_ sin {A'+ A) sin jA'— A) 

C0S2^' C0S2J. 

Hence 

, 2Jco8^41^2?j4 

"" Vsin (A'+A) sin (A' -A) 

log 2i = 0.39794 

log cos A'- 9.59602 

log cos ^ =9.76395 

colog ysin(2^+^) = 0.03408 

cologVsinj^'-^) = 0.33636 

log ^=0.12835 

A =1.3438. 
Height of balloon, 1.3438 miles. 

23. A man standing south of a 
tower, on the same horizontal plane, 
observes its elevation to be 64° 16' ; 



he goes east 100 yds., and then 
finds its elevation is 60° 8'. Find 
the height of the tower. 




Let -4C be the tower, B and IT 
the first and second positions of the 
observer. 

Then, BB"- 100. 

a'= h cot ABC, 
a"= h cot AB'C, 

62 (cot2^B'C - cot2^J?C) = 1002. 

100 

Vcot2 60° 8'- cot2 64° 16' 
_ 100 sin 54° 16' sin 50° 8' 
Vsin 104° 24' sin 4° 8' 

log 100 = 2.00000 

log sin 64° 16'= 9.90942 

log sin 60° 8'= 9.88610 

colog Vsin 104° 24'= 0.00693 

colog Vsm 4° 8'= 0.57110 

log h = 2.37266 

h = 236.80. 

Height of tower, 236.80 yds. 
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24. The elevation of a tower at 
a place A south of it is 80°; and 
at a place B, west of A^ and at a 
distance a from it, the elevation is 
IS"". Show that the height of the 

tower is — , » the tangent of 



18° being 



V2 + 2V5 
V5-I 



V10 + 2V6 
With the figore and notation of 
the last example, 

ft 
6 = 



Butcot218°= 



Vco^l8°--cot^30° 
IO + 2V6 



6-2 V6 
_ (104-2 V6)(6+2\/6) 



63-(2V5)2 



= 5 + 2V6, 
and cot2 30°= 3. 



Hence h = 



V2 + 2V6 



25. A pole is fixed on the top of 
a mound, and the angles of eleva^ 
tion of the top and bottom of the 
pole are 60° and 30°, respectively. 
Prove that the length of the pole is 
twice the height of the mound. 

Let I = length of pole. 

h. = height of mound. 
a = horizontal distance of 
observer. 
Then A = a tan 30°. 
h-\- Z = a tan 60°. 
fe + ^ _ tan 60° 
A "" tan 30° 



" 1 

Vs 
= 3. 

A + / = 3A. 
.-. /=2A. 

26. At a distance (a) from the foot 
of a tower, the angle of elevation {A) 
of the top of the tower is the com- 
plement of the angle of elevation of 
a flag-staff on top of it. Show that 
the length of the staff is 2 a cot 2 ^. 

Let h = height of tower. 

I = length of staff. 
Then A = a tan ^. 
& + i = a cot ^. 

i = a (cot A — tan A) 

cot2 A — \ 
= a -—; — 

cot -4 

= 2 a cot 2 ^. 

27. A line of true level is a line 
every point of which is equally dis- 
tant from the centre of the earth. 
A line drawn tangent to a line of 
true level at any point is a line of 
apparent level. If at any point 
both these lines are drawn and ex- 
tended one mile, find the distance 
they are then apart. 




130 



TRIGONOMETRY. 



assume 
that AB 


as a close approximation 
= BC. Then 




AA'=AB-BC 




AC^ 
2BC 




-7912.4°^^ 




5280 X 12 . , 
= — innhpji. 



7912.4 

log 6280 = 3.72263 

log 12 = 1.07918 

colog 7912.4 = 6.10169-10 

log ^^'=0.90350 

AA'= 8.0076 inches. 
The required distance is 8 inches. 



Given CA = 1 mile, BC = radius 
of the earth = 3956.2 miles; required 
AA'=AB-CB. 

The required distance is much 
too small to be obtained by the 
usual process of solution. It is 
most easily found as follows : 

AlS'=Aff-W 

= (AB-BC)(AB+BC). 
A(^ 

Now, 9& AB differs very little 
from BC^ and both are very large 
in comparison with AC^^ we may 

28. In problem 2, determine the effect upon the computed height of 

the tower, of an error in either the angle of elevation or the measured 

distance. 

With the notation of Ex. 2, suppose that the error in the angle is e\ 

and that in the measured distance is e^. Then the formulas 

a = 6 tan A, c = 6 sec -4 

become a = (6 + eg) tan (^ + ei), c = (6 + 62) sec (-4 + ei), 

and the error in the computed value of a is 

(6 + 62) tan (A + Ci) — 6 tan A 

= h {tan {A + ei) — tan A} + €2 tan (A + ei) 

b sin ei • x / >i 1 \ 

= 77 -; — r 7 + ^tan {A + ci), 

cos (^ + ei) cos -4 ^ ^'' 

or, approximately, for small errors, 

where ei is measured in radians. 
The error in c is 

b {sec (A + ei) — sec -4} + €2 sec (A + Ci) 

COS (-4 + ei) cos -4 ^ y 1/ 

^ 26 8in(^ + ie,)sin(ie,) ^^^^^^ ^ 
•^ ■■ COS (-4 + ei) COS -4 ^ " 

or, approximately, for small errors, 

^ ^ . — I- 62 sec -4 = (bei tan A + 62) sec A. 
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29. To determine the height of 
an inaccessible object, situated on 
a horizonal plane, by observing its 
angles of elevation at two points in 
the same line with its base, and 
measaring the distance between 
these two points. 




Let AC he the object, B and R 
the two points of observation. Then 
given the angles B" and ABC, and 
the side BR; required AC. 



AB=BR 



= BBf 



sinjy 
sinBAW 

smBf 



em(ABC—Br^ 
AC=AB%mABC 

,8in B'sm ABC 



= BR 



sin {ABC -R) 



30. The angle of elevation of an 
inaccessible tower, situated on a 
horizontal plane, is 63° 26'; at a 
point 500 ft. farther from the base 
of the tower the elevation of its 
top is 32° 14'. Find the height of 
the tower. 

From the solution of Ex. 29, 

, sin 32° 14' sin 63° 26' 



AC=5O0 



= 600 



sin (63° 26'- 32° 14') 

sin 32° 14' sin 63° 26' . 
sin 31° 12' 



log 600 = 2.6fl897 

log sin 32° 14'= 9.72703 

log sin 63° 26'= 9.95164 

colog sin 31° 12'= 0.28666 

log ^C= 2.66319 

^C = 460.46. 

Height of the tower, 460.46 ft. 

31. A tower is situated on the 
bank of a river. From the oppo- 
site bank the angle of elevation of 
the tower is 60° 13', and from a 
point 40 ft. more distant the eleva- 
tion is 50° 19'. Find the breadth of 
the river. 

In the figure for the solution of 
Ex. 29, 

CB = ABcobABC 

„^sin R COB ABC 



Hence, 
CB = iO 



Bin (ABC -R) 

sin 60° 19' cos 60° 13' 
"sin 9° 54' 



log 40 = 1.60206 

log sm 60° 19'= 9.88626 

log cos 60° 13'= 9.69611 

colog sin 9° 64'= 0.76466 

log Cl?= 1.94908 

CB= 88.936. 

Breadth of river, 88.936 ft. 

32. A ship sailing north sees two 
lighthouses 8 miles apart, in a line 
due west; after an hour's sailing, 
one lighthouse bears S. W., the other 
S. S. W. Find the ship's rate. 

In the figure for the solution of 
Ex. 29, let B and R be the light- 
houses, C the original position of 
its ship, and A its final position. 
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Then CAB = 22*» 30' and CAB'= 45°; 
hence ABC = 67° SO' and R= 45° 



AC = S 



sin 46° sin 67° 30' 



sin 22° 30' 
= 8 sin 46° cot 22° 30'. 

log 8= 0.90309 

log sin 46°= 9.84949 

log cot 22° 30'= 10.38278 

log^C= 1.13636 

^C= 13.667. 

Ship's rate, 13.667 miles per hour. 

33. To determine the height of 
an accessible object situated on an 
inclined plane. 




Let CBR be the inclined plane, 
AC the object, B and R two points 
of observation, AC the perpen- 
dicular from A on CBR. Then, 
given CB, B^,'and the angles ABC, 
R, required AC, 

From the solution of Ex. 29, 

A r./_ RR/ sm R sin ABC 
^^-^^sin(^BC-5')' 
sin^'cos^-BC 
sin (ABC — R)' 
Then C'C=C'B-CB, 



and C'B=BR 



and 



AC = ^AC'^+C^. 



34. At a distance of 40 ft. from 
the foot of a tower on an inclined 



plane, the tower subtends an angle 
of 41° 19'; at a point 60 ft. farther 
away, the angle subtended by the 
tower is 23° 46'. Find the hei^t 
of the tower. 
From the solution of Ex. 33, 

sin 23° 45' sin 41° 19' 



AC'= 60 



CB = 60 



sin 17° 34' 
sin 23° 46' cos 41° 19' 



log 60 = 

log sin 23° 46'= 

log sin 41° 19'= 

colog sin 17° 34'= 



sin 17° 34' 

1.77815 
9.60503 
9.81969 
0.62026 



log ^C= 1.72313 
4C'= 52.860. 



log 60 = 

log sin 23° 45'= 

log cos 41° 19'= 

colog sin 17° 34'= 



1.77816 
9.60503 
9.87568 
0.52026 



log C'B= 1.77912 



C'B = 
CC = 

UunACC- 

AC = 



60.134. 
20.134. 
AC 

cc' 

ACc8cACC\ 



1.72313 
8.69607 - 10 



log^C'= 
colog C'C = 

log tan ^CC'= 0.41920 

^CC'= 69° 8' 56". 



log^C'= 
log CSC ACC'= 

log AC = 

AC = 

Height of tower, 



1.72313 
0.02941 

1.75254 
56.664. 
66.564 ft. 
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35. A to^wer makes an angle of 
113° 12' with, the mclined plane on 
which it stajids; and at a distance 
of 89 ft: from its hase, measured 
down the plane, the angle suhtended 
by the tower is 23° 27'. Fmd the 
height of the tower. 

In the triangle ACB, given CB = 
89 ft, C= 113*^ 12', B=23<» 27'; 
required AC. 

^ = 180°-(B+C) 
= 43° 21'. 
.sin B 



AC^CB 



sin^ 



log 89 = 1.94939 

log sin 23° 27'= 9.69983 

colog sin 43° 21'= 0.16339 

log 4C = 1.71261 

AC = 61.696. 

Height of tower, 61.696 ft. 

36. From the top of a house 
42 ft. high, the angle of elevation 
of the top of a pole is 14° 13'; at 
the bottom of the house it is 23° 19'. 
Find the height of the pole. 

Let A be the top of the pole, B 
and R the top and bottom of the 
house, and C the foot of the per- 
pendicular from A on BR; re- 
quired RC. 

From the solution of Exs. 29 and 
31, 

CB = BJy "^"^ ARC COS ABC 
Bm(ABC-ARC) 

sin 66° 41' cos 76° 47' 



= 42 



sm9°6' 



log 42 = 1.62326 
log sin 66° 41'= 9.96300 
log cos 76° 47'= 9.39021 
colog shi 9° 6'= 0.80091 

log CB= 1.77737 

CB= 59.892. 
RC=CB-^BR 
= 69.892 + 42 
= 101.892. 
Height of pole, 101.892 ft. 

37. The sides of a triangle are 
17, 21, 28 ; prove that the length of 
a line bisecting the greatest side 
and drawn to the opposite angle 
is 13. 

Let 

o = 28, 6 = 21, c = 17, 
then [26], 

172= 282 + 212-2 X 28 X 21 cos C; 
to prove that 

132 = 142 + 212 - 2 X 14 X 21 cos C. 
Subtract the first equation from 
twice the second, 

2X 132- 172= 2 X 142-282-1-212 
= 212 - 2 X 142^ 

2 X 169 - 289 = 441 - 2 X 196, 
49 = 49. 

38. A privateer, 10 miles S. W. of 
a harbor, sees a ship sail from it in 
a direction S. 80° E. at a rate of 
9 miles an hour. In what direction, 
and at what rate, must the privateer 
sail in order to come up with the 
ship in H hours ? 

Let A be the harbor, B the 
original position of the privateer, 
and C the point where the vessels 
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are to meet. Then ^=125°, 6=13^, 

d 

c = 10 ; required B and --• 

tani(5-C) = |^tani(B+ C) 

= |^tan27O30'. 

log 3.6 = 0.64407 
colog 23.6 = 8.62893 - 10 
log tan 27° 30'= 9.71648 

log tan i (B— (7) = 8.88948 

i(B~C)= 4° 26' 
B-C= 8^62' 
B+C7=66° 



B = 31° 66' 

. sin A 

a = b- — = 

sin B 

_ sin 126° 

-^^•^ sin 31° 58' 



log 13.6= 1.13033 

log sin 126° =9.91336 

colog sin 31° 66'= 0.27660 

log a =1.32029 

a = 20.907. 



H 



= 13.938. 



Privateer's course, 31° 66' E. of 
N.E., or N. 76° 66' E.; rate 13.938 
miles per hour. 

39. A person goes 70 yards up a 
slope of 1 in 3i from the edge of a 
river, and observes the angle of 
depression of an object on the op- 
posite bank to be 2^°. Find the 
breadth of the river. 

Let A and B be the original and 
final positions of the observer, and 



C the object observed. Then, given 
c = 70, C = 2i°, A= 180° — 

tan-^ — ; required 6. 
of 

^ = 180°-tan-i^ 
= 180°- tan-i 0.2867 
= 180° -16° 66' 40" 
= 164° 3' 20". 

B=180°-(^+C) 

= 13° 41' 40". 

. sin B 
6 = c-7— t;- 
sm C 

log 70 =1.84610 

log sin 13° 41' 40"= 9.37428 

colog sin 2° 16'= 1.40606 

log 6 = 2.62643 

6 = 422.11. 

Breadth of river, 422.11 yds. 



40. The length of a lake sub- 
tends, at a certain point, an angle 
of 46° 24', and the distances from 
this point to the two extremities of 
the lake are 346 and 290 feet. Find 
the length of the lake. 

Given A = 46° 24', 6 = 846, c = 
290 ; required a. 

tani(B-0) = ^-^tani(5+ C) 

= ^^ tan 66° 48'. 

log 66= 1.74819 
colog 636= 7.19664-10 
log tan 66° 48' = 10.36796 
log tan i (B - C) = 9.31268 

i(B-C)= 11° 36' 33" 
B-C= 23° 13' 6" 
B+ C=133°36' 



B= 78° 24' 



TEACHERS' EDITION. 



136 



a=b 



= 346 



sin A 
sin B 

sin 46° 24" 



sin 78<' 24' 33" 

log 346 = 2.63908 

log sin 46° 24'= 0.85984 

colog sin 78° 24' 33"= 0.00896 

log a = 2.40787 

a = 256.78. 

Length of lake, 255.78 ft. 

41. Two ships are a mile apart. 
The angular distance of the first 
ship from a fort on shore, as oh- 
served from the second ship, is 
35° 14' 10"; the angular distance 
of the second ship from the fort, 
ohserved from the first ship, is 
42° 11' 53". Find the distance m 
feet from each ship to the fort. 

Given B = 35° 14' 10", C = 
42° 11' 53", a = 6280; required b 

^^^' A = 1S0-{B+C) 
= 102° 33' 57". 
sin B 



h=a 



sin^ 
^^n C 



sin A 
log 5280 = 3.72263 
log sin 35° 14' 10"= 9.76114 
colog sin 102° 33' 57"= 0.01053 
log b = 3.49430 
6=3121.1. 
log 5280 = 3.72263 
log sin 42° ir 53" =9.82717 
colog sin 102° 33' 67" = 0.01053 
log c = 3.56033 
c = 3633.5. 
Distance of first ship from fort, 
3121.1 ft. ; of second ship from 
fort, 3633.6 ft. 



42. Along the bank of a river is 
drawn a base line of 600 ft. The 
angular distance of one end of this 
line from an object on the opposite 
side of the river, as observed from 
the other end of the line, is 63°; 
that of the second extremity from 
the same object, observed at the 
first, is 79° 12'. Find the perpen- 
dicular breadth of the river. 

Given iJ=53°, C=79° 12', a=600 ; 
required p, the perpendicular from 
A on a. 

sin B 

sin A 

p = 6 sin C 

sin B sin C 



b= a 



= 600 



sin A 

sin 53° sin 79° 12' 

sin 47° 48' 



log 600 = 2.69897 

log sin 53°= 9.90236 

log sin 79° 12'= 9.99224 

colog sm 47° 48'= 0.13030 

logp = 2.72386 

p = 529.49. 

Perpendicular breadth of river, 
529.49 ft. 

43. A vertical tower stands on 
a declivity inclined 15° to the hori- 
zon. A man ascends the declivity 
80 ft. from the base of the tower, 
and finds the angle then subtended 
by the tower to be 30°. Find the 
height of the tower. 

Let A and B be the top and bot- 
tom of the tower, and C the position 
of observation. Then, given a = 80, 
B = 76°, C = 30° ; required c. 
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= 76° 
.-. the triangle is isosceles, and 
c = 2 a cos B 
= 160 cos 75<». 
log 160 = 2.20412 
log cos 76<» = 9.41300 

log c = 1.61712 
c = 41.411. 
Height of tower, 41.411 ft. 

44. The angle subtended by a 
tower on an inclined plane is, at 
a certain point, 42° 17'; 326 ft. 
farther down, it is 21° 47'. The 
inclination of the plane is 8° 63'. 
Find the height of the tower. 




AB=BBf 



AC- 



sin jy 
sin BAW 
sin y 
sin (B-BT)' 
ABbujB 
sin C 



= BR 



= BBf 



sin B sin W 
sin C^m(B—B^ 



= Qor sin 42° 17' sin 21° 47' . 

sin 98° 63' sin 20° SO' * 

log 326 = 2.51188 

log sin 42° 17'= 9.82788 

log sin 21° 47'= 9.56949 

colog sin 98° 53'= 0.00524 

colog sin 20° 30'= 0.46567 

log ^C= 2.37016 
^C= 234.51. 
Height of tower, 234.61 ft. 



45. A cape bears north by east, 
as seen from a ship. The ship sails 
northwest 30 miles, and then the 
cape bears east How far is it from 
the second point of observation ? 

Let A be the cape, B and C the 
first and second positions of the 
ship. Then, given B = 66° 15% 
C = 46°, a = 30 ; required b, 

^ = 180°-(B+ C) 

= 78° 46'. 
, a sin £ 
sin A 
_ 30 sin 66° 16' 
sin 78° 46' 

log 30 = 1.47712 

log sm 66° 15'= 9.91986 

colog sin 78° 46'= 0.00843 

log b = 1.40640 

b = 25.433. 

Distance of cape from second 
point of observation, 26.433 miles. 

46. Two observers, stationed on 
opposite sides of a cloud, observe its 
angles of elevation to be 44° 66' and 
36° 4'. Their distance from each 
other is 700 ft. What is the linear 
height of the cloud ? 

Given A = 44° 66', B = 36° 4', 
c = 700 ; required the perpendicu- 
lar p from C on c. 

C=180°-(^ + B) 

= 99°. 
p = 6 sin -4 
_ sin 5 sin A 



= 700 



sin C 

sin 30° 4' sin 44° 66' 
sin 99° 
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log 700 = 2.84510 

log sin 36*» 4'= 9.76991 

log sin 44° 56'= 9.84898 

colog sin 99*^ = 0.0053 8 

log p = 2.46937 

p = 294.69. 

Linear height of cloud, 294.69 ft. 

47. From a point B at the foot 
of a mountain, the elevation of the 
top ^ is 60°. After ascending the 
mountain one mile, at an inclina- 
tion of 30° to the horizon, and 
reaching a x>oint C, the angle ACB 
is found to be 135°. Find the height 
of the mountain in feet. 
A 




CD = CB sin CBD 

= 5280 X J 
= 2640. 
^^=^Csin ECA 

_ CB sin CBA sin EC A 
" sin CAB 

_ 5280 sin 30° sin 75° 
"" sin 15° 

_ 5280 X ^ cos 15° 

sin 15° 
= 2640 cot 15°. 
log 2640= 3.42160 
log cot 15° = 10.57195 
log^^= 3.99355 
AE = 9852.6. 
AF=AE+'CD 
= 12492.6. 
Height of the mountain, 12492.6 ft. 



48. From a ship two rocks are 
seen in the same right line with the 
ship, bearing N. 15° E. After the 
ship has sailed northwest 6 miles, 
the first rock bears east, and the 
second northeast. Find the dis- 
tance between the rocks. 




Let A and B be the two rocks, 
C and C the first and second posi- 
tions of the ship. Then given 
C = 60°, CC'B = 45°, CC^ = 90°, 
CC'= 5 ; required AB, 

AC= CCaec C 
= 5 X 2 = 10. 

sm cue 
_ sin 45° 
~ sin 75°' 

log 5 = 0.69897 

log sin 45° = 9.84949 

colog sin 75° = 0.01506 

log BC = 0.56352 

BC = 3.6603. 
AB = AC-'BC 
= 6.3397. 

Distance between rocks, 6.3397 
miles. 
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49. From a window on a level 
with the bottom of a steeple the 
elevation of the steeple is 40**, and 
from a second window 18 ft. higher 
the elevation is 37° 30'. Find the 
height of the steeple. 

Let A and B be the windows, 
and C the top of the steeple. Then 
given c = 18, ^ = 60°, B = 127° 30'; 
required height of steeple, h — 
b sin 40°. 

C = 180°-(^ + B) 
= 2° 30'. 
sin B 



b = c 



= 18 



sin C 
sin 127° 30' 



^=18 



sin 2° 30' 
sin 127° 30' sin 40° 
sin 2° 30' 
log 18 =1.25527 
log sm 127° 30' = 0.89947 
log sin 40° =9.80807 
colog sin 2° 30' = 1.36032 
log k = 2.32313 
h = 210.44. 
Height of steeple, 210.44 ft. 

50. To determine the distance 
between two inaccessible objects by 
observing angles at the extremities 
of a line of known length. 




a D 

Let A and B be the inaccessible 
objects, C and D the extremities of 



the given line. Then, given CD, 
ACD, BCD, ADC, and BDC ; re- 
quired AB, 

BiaADC 



AC=CD 



BC=CD 



sin CAD 
sin BDC 



sin CBD 
Then, in the triangle CAB, two 
sides and the included angle are 
known, and the third side can be 
computed as usual. 

51. Wishing to determine the 
distance between a church A and a 
tower B, on the opposite side of a 
river, I measure a line CD along 
the river (C being nearly opposite 
A), and observe the angle ACB, 
68° 20'; ACD, 96° 20'; ADB = 
63° 30', BDC, 98° 45'. CD is 600 
feet. What is the distance required ? 

From the solution of Ex. 51, 



AC=CD 



= 600 



BC=CD 



= 600 



sin ADC 
sin CAD 
sin 45° 16' 
sin 39° 26'* 
smBDC 
sin CBD 
sin 98° 45' 



sin 44° 15' 

log 600 = 2.77816 

log sin 45° 15'= 9.86137 

colog sin 39° 25'= 0.19726 

log ^0 = 2.82678 

^C= 671.09. 

log 600 - 2.77816 

log sin 98° 45'= 9.99492 

colog sin 44° 15'= 0.15627 

log BC = 2.92934 

J?C= 849.81 
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taji i(CAB—CBA) 

j>rt A ft 



178.75 



tan 60° 6(K. 



1520.93 

log 178.75= 2.25224 
colog 1520.93 = 6.81789-10 
log tan 60° 50' = 10.25327 
logtani(C7-4B-CiJ-4) 



9.32340 

i (CAB — CBA) = 11° 53' 28" 
i (CAB + CBA) = 60° 50^ 

CAB = 72° 43' 28" 



AB =BC 



= 849.84 



sin ^ eg 
sin CAB 

sin 58° 20' 



sin 72° 43' 28" 



log 849.84 = 2.92934 

log sin 58° 20'= 9.92999 

colog sin 72° 43' 28"= 0.02005 

log 4^=2.87938 

45=757.50. 

Required distance, 757.50 ft. 

52. Wishing to find the height of 
a summit 4, I measure a horizontal 
base line CD, 440 yds. At C, the 
elevation of 4 is 37° 18', and the 
horizontal angle between B and the 
summit is 76° 18'; at D the hori- 
zontal angle between C and the 
summit is 67° 14'. Find the height. 

Let A' be the point directly under 
A, in the same horizontal plane 
with CB. Then in the triangle 

4'CA 

sin B 



A'C=^CB 



= 440 



sin A' 
Bin 67° 14' 
Sin 36° 28'" 



Also, 
44'=4'Ctan AC A' 

log 440 = 2.64345 

log sin 67° 14'= 9.96477 

log tan37° 18'= 9.88184 

colog sm 36° 28'= 0.22595 

log 44'= 2.7 1601 

44'= 520.01. 

Height, 520.01 yds. 

53. A balloon is observed from 
two stations 3000 ft. apart. At the 
first station the horizontal angle of 
the balloon and the other station is 
75° 25', and the elevation of the 
balloon is 18°. The horizontal angle 
of the first station and the balloon, 
measured at the second station, is 
64° 30'. Find the height of the 
balloon. 

Let B be the first station, C the 
second, 4 the position of the balloon, 
and 4' the point directly under 4, 
in the same horizontal plane as BC. 
Then, 

44'=4'Btan4'g4 

_ „_sin4'CB^ .,-, . 

= 3000?2L^'tanl8=. 
sm 40° 5' 

log 3000 = 3.47712 

log sin 64° 30'= 9.95549 

log tan 18°= 9.51178 

colog sin 40° 5'= 0.19118 

log 44'= 3.13557 

44'= 1366.4. 

Height of balloon, 1366.4 ft, 
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54. Two forces, one of 410 pounds, 
and the other of 320 pounds, make 
an angle of ^1° ST. Find the in- 
tensity and the direction of their 
resultant. 

B 




Let AB and AD represent the 
forces, and AC their resultant. 
Then, in the triangle ABC, given 
c = 410, a = 320, B = 180^ - 
61° 37'= 128° 23'; required b and A, 



tani(C+^) 



tani(C-4) 

_ c — a 

~ c-\- a 

90 
= ^ tan 26° 48' 30". 

log 90 = 1.95424 
log tan 26° 48' 30"= 9.68448 

colog 730 = 7.13668-10 
tan i(C-^) = 8.77640 

HC-A)= 3° 24' 43" 
i(C+^) = 25°48'30" 
A = 22° 23' 47" 
sin B 



b= a 



= 320 - 



sin^ 

sin 61° 37' 



sin 22° 23' 47" 



log 320 = 2.60516 

log sin 61° 37'= 9.89426 

colog sin 22° 23' 47"= 0.41906 

log 6= 2.81846 

6 = 668.36. 

Intensity of resultant, 658.36 
pounds; angle between resultant 
and first force, 22° 23' 47". 



55. An unknown force, combined 
with one of 128 pounds, produces a 
resultant of 200 pounds, and this 
resultant makes an angle of 18° 24' 
with the known force. Find the 
intensity and direction of the un- 
known force. 

In the figure for the solution of 
Ex. 54, given, in the triangle ABC, 
c = 128, A = 18° 24', 6 = 200 ; re- 
quired a and B. 

tan i (B- C7) = 1^ tani(B+ C) 

= 3^1 tan 80° 48'. 
log 72= 1.85733 
log tan 80° 48'= 10.79058 

colog 328 = 7.48413 - 10 
log tan i (B - C) = 10. 13204 

i(B-C)= 63° 34' 44" 
i(g+C)= 80° 48' 

B = 134° 22' 44" 
180°- B= 45° 37' 16". 
b sin A 



a = 



sin B 



= 200 



sin 18° 24 



sin 134° 22' 44" 
log 200 = 2.30103 
log sin 18° 24'= 9.49920 
colog sin 134° 22' 44"= 0.14686 
log a = 1.94609 
a = 88.326. 
Intensity of unknown force, 
88.326 pounds ; angle between known 
and unknown forces, 46° 37' 16". 

56. At two stations, the height 
of a kite subtends the same angle 
A. The angle which the line 
joining one station and the kite 
subtends at the other station is B; 
and the distance between the two 
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Stations Is a. Show that the height 
of the kite is ^a sin AaecB. 

Let C be the position of the kite, 
D and E the stations, and C the 
point directly under C in the same 
horizontal plane with DE. 

Since the elevation of the kite 
is the same at D and Ey the triangle 
CDE is isosceles, and 

Cl>=CE = iaaecB. 

Also CCr= CD sm A 

= iaam AaecB. 

57. Two towers on a horizontal 
plane are 120 ft. apart. A person 
standing successively at their bases 
observes that the angular elevation 
of the one is double that of the 
other ; but when he is half way 
between them, the elevations are 
complenaentary. Prove that the 
heights of the towers are 90 and 
40 ft. 

Let A and B be the tops of the 
towers. A' and R their bases, and 
C the point half way between them. 
Then the triangles AA'C and BRC 
are similar, and 

AA'_A'C 
RC ~ BR 
AA'X BR- RC X A'C 
= 3600. 
Also, ARA'=2BA'B\ 

2 tan BA'R 



.: tan ARA'=^ 

AA' ^ 
120 



l-tan2B4'^ 
BR 
120 



1- 



BR^ 



1202 

240 BR 

1202 - BR^ 



A A' (120« - BR^ = 120 X 240 BJT. 

^(1202-55^ = 120 X 240 BB'. 
Bo 

120*-BB'* = 8BB'^ 

5b^ = 402. 

BR = 40. 

AA' = 90. 

58. To find the distance of an 
inaccessible point C from either of 
two points A and B, having no in- 
struments to measure angles. Pro- 
long CA to a, and CB to 6, and 
join AB, Ahy and Ba, Measure 
AB, 600; aA, 100; aB^ 660; 6B, 
100 ; and Ah, 660. 

C 




In the triangle aAB, 

5 = ^(500 + 100 + 660) 
= 680. 




180 X 480 
680 X 20 



tan i aAB 



log 96= 1.98227 
colog 29 = 8.63760-10 
2 ) 0.61987 
log tan i aAB = 10.26993 

aAB = 122° 24' 40". 
CAB= 67^36' 20". 

In the triangle MB, 

8 = ^(500+660+100) 
= 676. 
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tan i bBA 



: 475 
;x 25 

log 67= 1.75587 

colog 23 = 8.63827 - 10 

2 ) 0.39414 

log ta.ni bBA = 10.19707 

bBA = 115'' 9\ 

CBA= 64° 51'. 

In the triangle ABC, 

A = 57° 35' 20", 
B = 64° 51', 
C = 57° 33' 40". 
,8in A 



BC = AB 



= 500 



AC=AB 



sin C 
sin 57° 36' 20" 
8in57°33'40"' 
sin B 
sin C 
sin 64° 51' 



= 'son 

sin57°33'40" 

log 500 = 2.69897 

log sin 67° 35' 20"= 9.92646 

colog sin 57° 33' 40"= 0.07368 

log BC = 2.69911 

^0=500.16. 

log 500 = 2.69897 

log sin 64° 51'= 9.95674 

colog sin 57° 33' 40"= 0.07368 

log ^C = 2.72939 

^C= 536.27. 

Distances of C from A and B, 
536.27 ft.; 500.16 ft. 

59. Two inaccessible points A 
and B are visible from 7), but no 
other point can be found whence 
both are visible. Take some point 



C, whence A and D can be seen, 
and measure CD, 200 ft.; ADC, 
89°; ACD, 50° 30'. Then take 
some point E, whence D and B are 
visible, and measure DE, 200; 
BDE, 54° 30'; BED, 88° 30'. At 
D measure ADB, 72° 30'. Com- 
pute the distance AB. 




^D=CD«4^^^^ 



= 200 



sin CAD 
Bin 50° SO' 



log 200 = 

log sm 50° 30'= 

colog sin 40° 30'= 

log AD = 

AD = 



BD = DE 



sin 40° 30' 
2.30103 
9.88741 
0.18746 
2.37590 
237.63. 

sin BED 



= 200 



sin DBE 
sin 88° 30' 



log 200 = 

log sm 88° 30'= 

colog sin 37° = 

logBjD = 

BD = 



sin 37° 
2.30103 
9.99985 
0.22054 
2.52142 
332.22. 



t&n^ (DAB — DBA) 

BD -AD ^^^ ^ (2)^5 -{-DBA) 



BD+AD 
94.59 



569.85 



tan 53° 45'. 
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log 94.59= 1.97686 

colog 669.86= 7.24424 

log ton 63° 46'= 10.13476 



log tan i (DAB -DBA) = 9.36486 

i {DAB — DBA) = 12° 46' 21" 
i (DAB + DBA) = 63° 46' 

2)^B=66°30'21" 

ab^bd'^'"''^ 



= 332.22 - 



sin 72° 30' 



sin 66° 30' 21" 



log 332.22 = 2.62142 

log Bin 72° 30'= 9.97942 

colog sin 66° 30' 21"= 0.03768 

log ^5 =2.63842 
-45=346.48. 
Distance AB, 346.48 ft. 

60. To compute the horizontal 
distance between two inaccessible 
points A and B, when no point can 
be found whence both can be seen. 
Take two points C and D, distant 
200 yds., so that A can be seen 
from C, and B from D. From C 
measure CF, 200 yds. to F, whence 
A can be seen ; and from D, meas> 
ure DE, 200 yds. to E^ whence B 
can be seen. Measure AFC, 83°; 
ACD^bS^'SO'; ACF, 64° 31'; BDE, 
64° 30'; BDC, 166° 26'; DEB, 
88° 30'. 
F A, B 




AC=CF 



= 200 



sin ^F C 
sin CAF 
sin 83° 
sin 42° 29'* 



log 200 = 2.30103 

log sin 83° =9.99676 

colog sin 42° 29'= 0.17046 

log ^C = 2.46823 

^C = 293.92. 

sm DBE 

-^^ sin 37° 
= 332.22. (cf. Ex. 69). 
taLni(ADC-CAD) 

log 93.92= 1.97276 
colog 493.92= 7.30634-10 
log tan 68° 15'= 10.29763 

log tan i (ADC— CAD) 

= 9.57663 

i (ADC - CAD) = 20° 40' 8" 
i (ADC + CAD) = 63° 16' 

^i)C= 83° 65' 8" 



AD = AC 



Bin A CD 
sin ADC 

sin 53° 30' 



= 2^^-^%in83°55'8" 

log 293.92 = 2.46823 

log sin 63° 30' = 9.90518 

colog sin 83° 56' 8" = 0.00246 

log ^I> = 2.37586 

AD = 237.61. 

BDA = BDC - ADC 

= 156° 25' -83° 56' 8" 
= 72° 29' 62". 
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Utai {DAB — DBA) 

log 94.61= 1.975&4 
colog 669.83= 7.24426-10 
log tan 53° 46' 4" = 10. 13478 
logt8Lni(DAB-DBA) 

= 9.36498 
i {DAB - DBA) = 12° 46' 36" 
i(7)^fi + DBA) = 63° 46^ 4'^ 
D^B = 66°30'39" 



AB = BD 



sin ADB 
smBAD 



= 332.22 



sin 72° 29^52" 



sin 66° 30' 39" 

log 332.22 = 2.62142 

log sin 72° 19' 62" = 9.97941 

colog sin 66° 30' 39" = 0.03767 

log^^ = 2.53840 

AB = 346.46. 

Distance AB, 345.46 yds. 

61. A column in the north tem- 
perate zone is east-southeast of an 
observer, and at noon the extremity 
of its shadow is northeast of him. 
The shadow is 80 ft. in length, and 
the elevation of the column, at the 
observer's station, is 46°. Find the 
height of the column. 

Let A be the observer's position, 
B the extremity of the shadow, and 
C the base of the column. Then, 
given A = 67° 30', C = 67° 30', 
a = 80 ; required b = height of 
column. 

sin B 



b = a 



= 80 



sin A 
sin 46° 



sin 67° 30' 



log 80 = 1.90309 
log sin 45° =9.84949 
colog sin 67° 30' = 0.03438 
log6 = 1.78696 
h = 61.23. 
Let R be the top of the column. 
Then ^ARC is isosceles 
sin ^ = B' = 45°. 
.-. height of column is 61.23 ft. 

62. From the top of a hill the 
angles of depression of two objects 
situated in the horizontal plane of 
the base of the hill are 46° and 30°, 
and the horizontal angle between 
the two objects is 30°. Show that 
the height of the hill equals the dis- 
tance between the objects. 

Let A be the top of the hill, A' 
the point directly under A in the 
horizontal plane of the base of the 
hill, B and C the objects observed. 

Then 

A'B=A'A. 
^'C= ^'4 tan 60° 
= V3 A'A. 



BC' = A'B^-\'A'C' 

- 2 A'BXA'C COB BA'C 

= a^ + sa^-za7a? 

= A^\ 
BC = A' A. 



63. Wishing to know the breadth 
of a river from Ato B^l take AC, 
100 yds. in the prolongation of BA, 
and then take CD, 200 yds. at right 
angles to AC. The angle BDA is 
37° 18' 30". Find AB, 
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AC 
tan ADC = ^ 

log tan ADC = 9.( 

^1)0 = 26^ 33' 54''. 
BDC = ADB + ADC 
= 63** 62' 24". 
^C = Ci) tan Bi)C 
= 200 tan 63° 62' 24" 
log 200= 2.30103 
log tan 63° 62' 24" = 10.30939 
logBC= 2.61042 
BC = 407.77. 
AB = BC-AC 
= 307.77. 

64. The sum of the sides of a 
triangle is 100. The angle at ^ is 
double that of B^ and the angle at 
B is double that at C. Determine 

the sides. 

B = 2C, 

4 = 2B=4C. 

^ + B+C=7C=180° 

.-. C= 25°42'61f". 
B= 51°25'42f". 
A = 102° 61' 25^'. 
a__ sin A 
c ~ sin (7 

log sin A = 9.98897 
cologsinC = 0.36263 

log - = 0.35160 



- = 2.247. 
c 

a = 2.247 c. 

b_ 8in B 

c ~ sin C 

log 8inB = 9.89811 
cologBinC = 0.36268 

log - = 0.26674 

-=1.802. 
c 

b = 1.802 c. 

a + 6 + c = (2.247 + 1.802 + 1) c 

= 6.049 c. 

100 



= 19.806 

= 44.604 
= 36.690 



• * 6.049 
a = 2.247 c 
b = 1.802 c 

a + 6 4- c = 100.000 
The sides are 19.8, 36.7, 44.6. 

65. If sin2 A -\- 6 co6^ A = 3, 
find^. 

sin2 ^ + 6 cos2 ^ = 3. 

sinS ^ + 5 - 6 8in2 ^ = 3. 

4 8in2 A = 2. 

sin2 A = i. 

sin ^ = ± Vf 

.'.A = ± 45°, ± 136°. 

66. If sin2 ^ = m cos ^ — n, 
find cos A. 

sin2 ^ = m cos ^ — n. 

1 — cos2 ^ = m cos -4 — n. 
cos2 ^ + m cos ^ = n + 1. 



, -m±Vm2 + 4(n+l) 
3^ = ^ ^ ^- 
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67. Given Bin A = m sm B, and 
tan A = n tan B ; find sin A and 
cos^. 

tan A = n tan B. 

sin -4 _ sin B 

cos A cos B 

m sin B _ n sin B 

cos A cos B 

cos A = — cos 5. 
n 

C082^ = ^C0S2B 

singA = mgsingg 

1 = ~ cos2B+m2sin2JB 

cos2 B + m2 (1 - cos2 J5) = 1. 



m2 



C06^B = 



l-m2 



_ (l-m2)riV 
(l-n2)7n2' 

_ n h — m^ 



cos B 



C0S2^= ^COS^B 



sin2 ^ = 1 



1 - my 
1 - n2 ' 
l-m2 



sin ^ 



l-n2 
_m2_— ri2 
~ 1 - n2 ' 

V m2~n2 
l-n2 ' 



68. If tan2 ^ + 4 sin2 ^ = 6, 
find^. 

tan2^4-4sin2-4 = 6. 

sin2 A 



1— sin2A 



4-4sin2^ = 6. 



sin2 ^4-4 sin2 ^ — 4 sin* A 
= 6 — 6sin2^. 
4 sin* ^ - 1 1 sin2 ^ 4- 6 = 0. 
(4 sin2^ - 3) (sin2^ - 2) = 0. 
sin2^ = |. 
smA=±i\/^. 
^=±60°, ±120°. 

69. If sin ^ = sin 2^, find A. 

sin ^ = sin 2 -4 

= 2sin^cos-^. 
,-. sin -4 (1—2 cos A)= 0. 
.-. sin A =0, 
or 1 — 2 cos A = 0° 

A =0°,180^±60°. 

70. If tan 2 A = 3 tan -4, find A. 

tan 2 A = 3 tan A. 

2 tan A o* A 
1 — : — n^ = 3 tan A. 
1 — tan2 A 

2 tan A = 3 tan -4 — 3 tan^ A. 

tan A (3 tan2 A — 1) = 0, 

tan A = 0, 

or 3 tan2 -4 — 1 = 0. 

A = 0°, 180°, 30°, 210°. 

71. Prove that tan 60° + cot 50° 
= 2 sec 10°. 

tan 60° + cot 60° = tan 50° + -^-r 
tan 50° 

_ tan2 60° + 1 

" • tan 50° 

_ 8ec2 60° 

"■ tan 60° 

1 



sin 60° cos 60° 
2 
■ 2 sin 60° cos 60° 



sin 100° 
= 2 CSC 100° 
= 2 sec 10°. 
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72. Given a regular polygon of 
n sides, and calling one of them a, 
find expressions for the radii of the 
inscribed and circumscribed circles 
in terms of n and a. 

If r, H, D he the sides of a 
regular inscribed pentagon, hexa- 
gon, decagon, prove P^ = H^ + D*. 

(1.) Angle subtended by each side 

360° 

a at the centre of the circle is 

n 

Hence, if r is the radius of the cir- 
cumscribed circle, and B that of 
the inscribed circle, 

a . 180° 

— = sm 

2r n 

a ^ 180° 

a 180° 

.-. r = -cfic 

2 n 

p a 180° 

JJ = - cot 

2 n 

(ii.) Let r = 1 ; then 
P = 2 sm 36°. 
H ='2 sin 30° =1. 
i) = 2 8ml8°. 

To prove P2 = Jff a 4- D^, 
or, 4sin236°=l + 4sinai8° 

sin 36° = cos 54°, 
or, sin 2 X 18° = cos 3 X 18°. 
2 sin 18° cos 18°=4 cos« 18°— 3cos 18°. 
2 sin 18° = 4 cos* 18° - 3 

= 4-4 sin2 igo _ 3 
= 1-4 sin2 18°. 
.-. 4 sin2 18° = 1 - 2 sm 18° 
= 1 - 2 cos 72°. 
1 + 4 8in2 18° = 2 - 2 cos 72° 
= 2 (1 - cos 72°) 
= 4 sin2 36°. 



73. Obtain the formula for the 
area of a triangle, given two sides 
&, c, and the included angle A. 

Let p be the length of the perpen- 
dicular from B on b. Then 
area = ipb 

= ic sin Axb 
= i6c sin A, 



74 


Obtain the formula for 


the 


area 
A,B 


Df a triangle, given two angles 
and the included side c. 




sin^ 
sm C 






. sinB 
^ = %in-c' 






Area = | oft sin C 






, sin A sin B 
"^'^ sin (7 






_ , sin -4 sin B 





75. Obtain the formula for the 
area of a triangle, given the three 
sides. 

sin £ = 2 sin I B cos i B 

-1 / 

(§ 40.) 
Area =iac sin B 



= Vs (« — a) (a — 6) (s — c). 
76. If a is a side of an equilateral 



, . , ., . a2V3 

triangle, its area is — - — 

4 

Area = i 6c sin A 
= i a2 sin 60° 
= ia2x iV3 

4 
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77. Two consecutive sides of a 
rectangle are 62.25 ch. and 38.24 ch. 
Find its area. 

Area = 52.25 X 38.24 sq. ch. 
log 52.25 = 1.71809 
log 38.24 = 1.58252 
log area = 3.30061 
Area = 1998 sq. ch. 

= 199 A. 3 R. 8 P. 

78. Two sides of a parallelogram 
are 59.8 ch. and 37.05 ch., and the 
included angle is 72° 10'. Find the 
area. 

Area = 59.8 X 37.05 sin 72*^ 10'. 
log 59.8 = 1.77670 
log 37.05 =1.56879 
log sin 72^* 10'= 9.97861 
log area = 3.32410 
Area = 2109.1 sq. ch. 
= 210A. 3R. 26P. 

79. Two sides of a parallelogram 
are 15.36 ch. and 11.46 ch., and the 
included angle is 47° 30'. Find its 
area. 

Area= 15.36 X 11.46 sin 47° 30'. 
log 15.36 =1.18639 
log 11.46 = 1.05918 
log sin 47° 30'= 9.86763 
log area = 2.11320 
Area= 129.78 sq. ch. 
= 12 A. 3 R. 36 P. 

80. Two sides of a triangle are 
12.38 ch. and 6.78 ch., and the in- 
cluded angle is 46° 24'. Find the 
area. 

Area = ix 12. 38x6. 78 sin 46° 24'. 



log 6.19 = 0.79169 

log 6.78 = 0.83123 

log sin 46° 24'= 9.85984 

log area = 1.48276 

Area = 30.392 sq. ch. 

= 3 A. R. 6 P. 

81. Two sides of a triangle are 
18.37 ch. and 13.44 ch., and they 
form a right angle. Find the area. 

log 18.37 = 1.26411 
log 13.44 = 1.12840 

2.39261 . 
2 X area = 246.89 sq. ch. 
Area = 123.46 sq. ch. 
= 12 A. IR. 16 P. 

82. Two angles of a triangle are 
76° 64' and 57° 33' 12", and the in- 
cluded side is 9 ch. Find the area. 

From [34], 

sin 76° 54' sin 57° 33' 12" 
sin 134° 27' 12" 
log 40.5 = 1.60746 
log sm 76° 54'= 9.98855 
log sin 57° 33' 12"= 9.92629 
colog sin 134° 27' 12"= 0.14641 
log area =1.66871 
Area = 46.634 sq. ch. 
= 4 A. 2 R, 26 P. 

83. Two sides of a triangle are 
19.74 ch. and 17.34 ch. The firat 
bears N. 82° 30' W.; the second 
S. 24° 15' E. Find the area. 

Included angle = 121° 46'. 
log 19.74 =1.29635 
log 17.34 = 1.23905 
log sin 121° 45'= 9.92960 
2.46400 
2 X area = 291.07 sq. ch. 
Area= 145.54 sq. ch. 
= 14 A. 2 R. 9 P. 



Area = i92- 
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84. The three sides of a triangle 
are 49 ch., 50.25 ch., and 25.69 ch. 
Find the area. 

From the solution of Ex. 75, 



Area = V« (s — a)(s — b) (s — c). 
« = i(49 + 50.26 + 25.69) 
= 62.47. 

a- a = 13.47. 
a - 6 = 12.22. 
a- c = 36.78. 
log 62.47 = 1.79567 
log 13.47 = 1.12937 
log 12.22 = 1.08707 
log 36.78 = 1.56561 
2 ) 6.57772 
log area =2.78886 
Area = 614.97 sq. ch. 
= 61 A. 2 R. 

85. The three sides of a triangle 
are 10.64 ch., 12.28 ch., and 9 ch. 
Find the area. 

s = 1(10.64 +12.28 + 9) 
= 15.96. 

s — a =5.32. 
a- 6 = 3.68. 
a — c =6.96. 
log 15.96 = 1.20303 
log 5.32 = 0.72591 
log 3.68 = 0.56586 
log 6.96 = 0.84261 
2 )3.33740 
log area = 1.66870 
Area = 46.633 sq. ch. 
= 4 A. 2 R. 26 P. 

86. The sides of a triangular field, 
of which the area is 14 acres, are in 
the ratio of 3, 5, 7. Find the sides. 

Let the sides, measured in chains, 
be3x, 62, 7x. 



Then 



« = 

8-b = 

8 — C = 



i(3x + 6a5 + 7aj) 

7.5x. 

4.5 X. 

2.5x. 

0.5x. 



140 = V7.5XX 4.5XX 2.5xx 0.5x 



X2 



= ^Vl5X 9X6 
4 



15x2 



Vs. 



.-. x» = 

log 112 = 
colog3V3 = 

logx = 

x = 

3x = 

5x = 

7x = 

Sides are 13. 

32.50 ch. 



4 X 140 _ 112 
I5V3 3V3 
2.04922 
9.28432 - 10 
1.33364 



0.66677 

4.6427. 

13.9281. 

23.2135. 

32.4989. 

.93 ch.. 



i.21 ch.. 



87. In the quadrilateral ABCD 
we have AB, 17.22 ch.; AD, 7.45 
ch.; CD, 14.10 ch.; BC, 5.25 ch.; 
and the diagonal AC, 15.04 ch. 
Required the area. 
In the triangle, A BC, 
a = 1(17.22 + 5.25 +15.04) 
= 18.755. 

a — a= 1.535. 

a-b = 13.505. 

a-c = 3.715. 

log 18.755 =1.27312 

log 1.535 = 0.18611 

log 13.506 =1.13049 

log 3.716 = 0.66996 

2 )3.16968 

log area =1.57984 

Area = 38.005. 
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In the triangle ACB^ 
5 = ^(15.04+14.10 + 7.45) 
= 18.295. 

B — a= 3.255. 
5-6= 4.195. 
s-c = 10.845. 
log 18.295 = 1.26233 
log 3.255 = 0.51255 
log 4.195 = 0.62273 
log 10.846 = 1.03523 
2 )3.43284 
log area = 1.71642 
Area = 52.050. 
Area ABC = 38.006 
Area^Ci) = 52.050 
Area ABCD = 90.055 sq. ch. 
= 9 A. OR. IP. 

88. The diagonals of a quadri- 
lateral are a and 6, and they inter- 
sect at an angle D. Show that the 
area of the quadrilateral is ^ ah sin D. 

Let the parts into which the diag- 
onals are divided by their intersec- 
tion be ai, 02) and &i, &2f so that 
a = ai + Oa and 6 = 6i + 62- Then 
the areas of the four triangles into 
which the diagonals divide the quad- 
rilateral are 

i ai6i sin D, \ a^i sin D, 
i aibq sin D, ^ 0262 sin D. 
The area of the quadrilateral is 
therefore 

i ai (61+ &2) sin i) + i 02 (61+62) sin D 
= i (oi + 02) (61 + 62) sin D 
= ia6sinD. 

89. The diagonals of a quadri- 
lateral are 34 and 56, intersecting 
at an angle of 67°. Find the area. 

Area = i X 34 x 56 x sin 67°. 



log 17 = 1.23045 

log 56 = 1.74819 

log sin 67° = 9.96403 

log area = 2.94267 

Area = 876.34. 

90. The diagonals of a quadri- 
lateral are 75 and 49, intersecting 
at an angle of 42°. Find the area. 

log 75 =1.87606 

log 49 = 1.69020 

log sin 42° = 9.82551 

3.39077 

2 X area = 2459. 

Area = 1229.5. 

91. Show that the area of a regu- 
lar polygon of n sides, of which one 

. na^ , 180° 

IS a, IS —r cot 

4 n 

Lines joining the vertices to the 

centre divide the polygon into n 

equal isosceles triangles, the bases 

of which are a, and the vertical 

, 360° 

angles . 

n 

triangles are 



The altitudes of the 



, a ^ 180° . 

and their areas are 

, . a2 180° 

^ah= — cot • 

4 n 

Hence the area of the polygon is 

na2 ^ 180° 

—7- cot 

4 n 



92. One side of a regular pentagon 
is 25. Find the area. 



Area = 



5x 252 



cot 



180° 



4 — 5 
= 781.25 cot 36^ 
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log 781.26= 2.89279 
log cot 36° = 10.13874 
log area = 3.03153 
Area =1076.3. 

93. One side of a regular hexagon 

is 32. Find the area. 

6 X 322 180° 
Area = — z — cot - - 
4 o 

= 1636 cot 30°. 

log 1636= 3.18639 

log cot 30° = 10.23866 

log area = 3.42496 

Area = 2660.4. 

94. One side of a regular decagon 

is 46. Find the area. 

10 X 463 isQo 
Area=— p-cot — 

= 6290 cot 18°. 
log 6290= 3.72346 
log cot 18° = 10.48822 
log area = 4.21168 
Area =16281. 

95. Find the area of a circle 
whose circumference is 74 ft. 

2icr = 74. 

37 
r= — 
ie 

Area = ttt® 

__37? 

log 372 = 3.13640 
colog It = 9.60286 — 10 
log area = 2.63926 
Area = 436.76 sq. ft. 

96. Find the area of a circle 
whose radius is 126 ft 



Area = nx 1262. 
log 1262 = 4.19382 
log 7t = 0.49716 
log area = 4.69097 

Area = 49088 sq. ft. 



97. In a circle 
of 126 ft. find the 
with an arc of 22°. 

Area of sector 
= 22 : 360. 
.'. area of sector = 



log 11 = 

log 1262 = 

colog 720 = 

log 7t = 

log area = 

Area = 



with a diameter 
area of a sector 

: area of circle 

11 X 1262 

720 ^' 
1.04139 
4.19382 
7.14267 - 10 

0.49716 

2.87603 

749.96 sq. ft. 



98. In a circle with a radius of 
44 ft. find the area of sector with 
an arc of 26°. 

Area=^5;r442 
_1210£ 
9 
log 1210 = 3.08279 
log It = 0.49716 
colog 9 = 9.04676 — 10 
log area = 2.62670 
Area = 422.38 sq. ft. 

99. In a circle with a diameter of 
60 ft. find the area of a segment 
with an arc of 280°. 

Area of segment = area of sector 
with same arc + area of triangle 
with two sides equal to radius, and 
included angle of 80°. 
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Area of sector = Jf J it 26^ 
_ 4376 ic 
9 



3.64098 
0.49716 
9.04676 - 10 



log 4376 

log It 

colog 9 

log area = 3.18389 

Area of sector 

Area of triangle 



log 312.5 = 

log sin 80° = 

log area = 

Area of triangle = 

Area of segment = 



: 1627.2. 
: i 262 sin 80° 
: 312.6 sin 80°. 
: 2.49486 
: 9.99336 
: 2.48820 
307.76. 
: 1834.96 sq. ft. 



100. Find the area of a segment 
(less than a semicircle) of which the 
chord is 20, and the distance of the 
chord from the middle point of 
the smaller arc is 2. 




tan AEB = V- = 6. 
log tan AED = 10.69897. 

AED= 78° 41' 24". 
ACD=IS0''-2AED 
= 22° 37' 12". 
AC=ADcbgACD 
= 10csc22°37'12" 
log 10 = 1.00000 
log CSC 22° 37' 12"= 0.41497 
log ^(7 =1.41497 
^C=26. 



Area of sector CAB = icA&, 

^CB = 46°14'24" 

= 162864". 
360° = 1296000". 
Area of sector = mU^nl'^ 
= ^\J%^262. 

log 377 = 2.67634 
log It = 0.49716 
log 262 = 2.82994 
colog 3000 = 6.62288 - 10 
log area =2.42631 

Area of sector = 266.87. 

Area of triangle CAB 

= ADx CD 
= 10(26-2) 
= 240. 
Area of segment = 26.87. 

101. If r is the radius of a circle, 

the area of a regular circumscribed 

180° 

polygon of n sides is nr^ tan 

n 

The area of a regular inscribed 

, . n „ . 360° 

polygon IS -r2 sm 

z n 

Lines drawn from the vertices to 

the centre divide the polygon into 

n equal isosceles triangles, the bases 

of which are the sides of the poly- 

q^AO 

gon and the vertical angles • 

71 

In the circumscribed polygon. 



each side = 2 r tan 



180° 



and the 



altitude of each triangle is r. 
Hence the area of each triangle is 



r2tan 



180° 



and the area of the 



180° 

polygon nr^ tan • 

n 
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In the inscribed polygon, each 

180° 
side = 2 r sin > and the altitude 

^ 180° 

of each triangle is r cos Hence 

n 

the area of each triangle is 

. . 180° 180° ra . 360° 

r* sin cos = - sm » 

n n 2 n 

and the area of the polygon is 

nt^ . 360° 



102. If a is a side of a regular 
polygon of n sides, the area of the 

inscribed circle is -r- cot^ 

4 n 

The area of the circumscribed 

. , . jra2 «180° 

circle IS —7- CSC* 

4 n 

If r is the radius of the inscribed 

circle, _ ^ 180° 

' a=2rtan 

n 

a 180° 
...r = -cot— . 

^^ = Z^eot»l?5^. 
4 n 

If iS is the radius of the circum- 
scribed circle, 

oD • 180° 

o = 2 /« sm 

n 

180° . 

n 



^2 ?ra2 « 180° 
4 n 



103. The area of a regular poly- 
gon inscribed in a circle is to that 
of the circumscribed polygon of the 
same number of sides as 3 to 4. 
Find the nnmber of sides. 



n , . 360° 
2 n 



nr2tani^=3 
n 



n n 

o • ^^° o* 180° 

2 sm = 3 tan 

n n 

. 180° 

sm 

. . 180° 180° ^ n 

4 sm cos = 3 -T—' 

n n 180° 
cos 

n 



180° 



= 30°. 



n = 6. 

104. The area of a regular poly- 
gon inscribed in a circle is a geo- 
metric mean between the areas of 
an inscribed and a circumscribed 
regular polygon of half the number 
of sides. 

Area of inscribed polygon of 2 n 

sides „ . 180° 

= nr^ sm 

n 

Area of inscribed polygon of n 

sides n „ . 360° 

= -r^sm 

2 n 

Area of circumscribed polygon of 



n sides 



= nr^ tan 



180° 



n . . 360°^ .^ 180° 

- r2 sm X nr^ tan 

2 n n 

nV* . 360°, 180° 

= -T- sm tan 

2 n n 

.. . 180° 180°® 

= n V sm cos 

n n 



180° 



= n2r* sin2 



180° 
n 
180°\2 



cos • 



180° 



= («,^Bin^) 
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105. The area of a circumscribed 
regular polygon is an harmonic 
mean between the areas of an in- 
scribed regular polygon of the same 
number of sides and of a circum- 
scribed regular polygon of half that 
number. 

Area of circumscribed polygon of 
2 n sides 

QQO 

= a — 2 nr^ tan 

n 

Area of inscribed polygon of 2 n 

sides 180° 

= 6 = nr^ sin • 

n 

Area of circumscribed polygon of 
n sides 



= c = nr'^ tan 



180° 



To prove 
a c 



b c 



„ . 180° „^ 180° 

nr^ sm nr^ tan 

n n 



1 + cos 



180° 



nr'^ sin 



180° 



2cos2 



90° 



^ „ . 90° 90° 
2 nr^ sm — cos — 



cot- 



90° 



nr^ 



90° 
2 nr2 tan — 
n 



106. The perimeter of a circum- 
scribed regular triangle is double 
that of the inscribed regular triangle. 

Each side of circumscribed tri- 
angle = 2r tan 60° = 2 Vs r. 
Each side of inscribed triangle 
= 2rsin60° = V3r. 

107. The square described about 
a circle is four-thirds the inscribed 
dodecagon. 

Area of square = 4 r^. 

A *A A 12^ . 360° 

Area of dodecagon = — r^sm ^r^ 

= 6r2 sin 30° 
= 3r3. 

108. Two sides of a triangle are 
3 and 12, and the included angle is 
30°. Find the hypotenuse of an 
isosceles right triangle of equal area. 

Area of given triangle 

= i X 3 X 12 sin 30° 

= 9. 
Side of required triangle 

= V2X 9 

= 3\^. 
Hypotenuse of required triangle, 



= V2(3>^)2 

= V36 
= 6. 
Required hypotenuse, 6. 

110. Taking the earth's equato- 
rial diameter to be 7925.6 miles, 
find the length in feet of the arc of 
one minute of a great circle. 

Circumference of great circle 
= 7ex 7925.6. 
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Length of are of 1', in feet 
_ TT X 7925.6 X 6280 

360X 60 
_ 7925.6 X 5280 ;r 
21600 
log 7925.6 = 3.89903 
log 5280 = 3.72263 
log % = 0.49716 
colog 21600 = 5.66666-10 
3.78436 
Are of 1', 6086.4 ft 

111. A ship sails from latitude 
43° 45' S., on a course N. by E., 
2345 miles. Find the latitude reached 
and the departure made. 

Course, 11° 15' E. 
DifE. in lat. = 2345 cos 11° 15'. 
Depart. = 2345 sin 11° 15'. 

log 2345 = 3.37014 

log cos 11° 15'= 9.99157 

logdiff. lat. = 3.36171 

DifE. lat. = 2299.9' 
= 38° 20'. 
log 2345 = 3.37014 
log sin 11° 15'= 9.29024 
log depart. = 2.66038 
Depart. =457.49. 
Latitude reached, 6° 25' S.; de- 
parture, 457.6 miles. 

112. A ship sails from latitude 
1° 45' N., on a course S.E. by E., 
and reaches latitude 2° 31' S. Find 
the distance and the departure. 

Course, 56° 16'. 
Diff. in lat. = 4° 16' = 266 miles. 
Dist. = 256 sec 56° 15'. 

Depart. = 266 tan 56° 15'. 



log 256 = 2.40824 

log sec 66° 15'= 0.25526 

log dist. = 2.66350 

Dist. = 460.79. 

log 266= 2.40824 

log tan 56° 15'= 10.17511 

log depart. = 2.58335 

Depart. = 383.13. 

Distance, 460.8 miles; departure, 
383.1 miles. 

113. A ship sails from latitude 
13° 17' S., on a course N.E. by E. 
f E., until the departure is 207 
miles. Find the distance, and the 
latitude reached. 

Course, 64° 41' 15". 
Depart., 207 miles. 

Dist. = 207 CSC 64° 41' 15". 

Diff. in lat. = 207 cot 64° 41' 15". 

log 207 = 2.31597 

log CSC 64° 41' 15"= 0.04383 

log dist. = 2.35980 

Dist. = 228.98. 

log 207 = 2.31597 

log cot 64° 41' 15"= 9.67483 

logdiff. lat. = 1.99080 

Diff. lat. = 97.904' 
= 1° 38'. 
13° 17'- 1° 38'= 11° 39'. 

Distance, 229 miles; latitude 
reached, 11° 39' S. 

114. A ship sails on a course be- 
tween S. and E., 244 miles, leaving 
latitude 2° 52' S., and reaching lati- 
tude 5° 8' S. Find the course and 
the departure. 
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Di8t.= diff. lat. x sec (course) 
= 1133 sec 28^ 47' 26". 

log 1133 = 3.06423 

log see 28° 47' 26"= 0.06730 

log dist. = 3.11163 

Dist.= 1292.8. 

Bearing, N. 28° 47' E. ; distance, 
1293 miles. 



126. Leaving latitude 49° 67' N., 
longitude 16° 16' W., a ship sails 
between S. and W. till the depart- 
ure is 194 miles and the latitude is 
47° 18' N. Find the course, dis- 
tance, and longitude reached. 

Diff. lat. = 2° 39'= 169 miles. 
Mid. lat. = 48° 37' 30". 
Depart. = 194 miles. 
Diff. long.= 194 sec 48° 37' 30". 

log 194 = 2.28780 

log sec 48° 37' 30"= 0.17981 

log diff. long. = 2.46761 

Diff. long. = 293.60' 
= 4° 63'. 
tan (course) = {^. 

log 194= 2.28780 
colog 169 = 7.79860 - 10 
log tan (course) = 10.08640 

Course = 60° 39' 44". 
dist.= 169sec60°39'44". 

log 169 = 2.20140 

log sec 60° 39' 44"= 0.19799 

log dist.= 2.39939 

Di8t.= 250.83. 

Course S. 60° 40' W.; distance, 
250.8 miles; longitude reached, 
20° 9' W. 



127. Leaving latitude 42° 30' N., 
longitude 68° 61' W., a ship sails 
S.E. by S. 300 miles. Find the 
position reached. 

Course, 33° 46'. 
Diff. lat. = 300 cos 33° 45'. 

log 300 = 2.47712 
log cos 33° 46'= 9.91986 



log diff. lat. = 2.3 

Diff. lat. = 249.44' 
= 4° 9'. 

Mid. lat. = 40° 26' 30". 
Depart. = 300 sin 33° 46'. 
Diff. long.= 300 sin 33° 46' 
sec 40° 25' 30". 

log 300 = 2.47712 

log sin 33° 46'= 9.74474 

log sec 40° 26' 30"= 0.11847 

log diff. long. = 2.34033 

Diff. long. = 218. 94' 
= 3° 39'. 

Latitude of position reached, 38° 
21' N.; longitude, 56° 12' W. 

128. Leavmg latitude 49° 67' N., 
longitude 30° W., a ship sails S. 
39° W., and reaches latitude 47° 44' 
N. Find the distance and longitude 
reached. 

Course, 39°. 

Diff. lat.= 2° 13'= 133 miles. 
Mid. lat. = 48° 60' 30". 
Dist. = 133 sec 39°. 

log 133 = 2.12386 
log sec 39° =0.10960 

log dist. = 2.23336 

Dist. = 171.14. 
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Depart. = 133 tan S9^. 
Diff. long.= 133 tan 39° 

sec 48° 5(K SCT'. 

log 133 = 2.12386 

log tan 39° =9.90837 

log sec 48° 60' 30"= 0.18168 

log diff. long. = 2.21390 

Diff. long.= 163.64' 
= 2° 44'. 

Distance, 171 miles; longitude 
reached, 32° 44' W. 

129. Leaving latitude 37° N., 
longitude 32° 16' W., a ship sails 
between N. and W. 300 miles, and 
reaches latitude 41° N. Find the 
course, and longitude reached. 

Diff. lat. = 4° = 240 miles. 
Mid. lat. = 39°. 
Dist. = 300. 



cos (course) = 

log 240 = 
colog 300 = 

log cos (course) = 
Course = 
Depart. = 



2.38021 
7.62288 - 10 



9.90309 
36° 62' 12". 

V300'^-2402 



= VOO X 640 
= 180. 

Diff. long.= 180 sec 39°. 

log 180 =2.25527 
log sec 39° = 0.10960 

log diff. long. = 2.36477 

Diff. long.= ! 



Course, N. 36° 62' 
reached, 36° 8' W. 



: 231.62' 
: 3° 62'. 
W.; longitude 



130. Leaving latitude 60° 10' S., 
longitude 30° E., a ship sails E.S.E., 
making 160 miles departure. Find 
the distance and position reached. 

Course, 67° 30'. 
Depart. = 160 miles. 
Dist. = 160 CSC 67° 30'. 
Diff. Iat.= 160cot67°30'. 

log 160 = 2.20412 

log CSC 67° 30'= 0.03438 

log dist. = 2.23860 

Dist. = 173.18. 



log 160 = 

log cot 67° 30'= 

log diff. lat.= 

Diff. lat. = 

Lat. reached = 61° 

Mid. lat. = 50° 

Diff. long. = 160 

log 160 = 

log sec 50° 43'= 

log diff. long. = 

Diff. long.= 



2.20412 

9.61722 

1.82134 

66.273' 

1°6'. 

16'. 

43'. 

sec 60° 43'. 

2.20412 

0.19849 

2.40261 

252.70' 

4° 13'. 



Distance, 173 miles; latitude of 
position reached, 61° 16' S. ; longi- 
tude, 34° 13' E. 

131. Leaving latitude 49° 30' N., 
longitude 26° W., a ship sails be- 
tween S. and E. 216 miles, making 
a departure of 167 miles. Find the 
course, and position reached, 
sin (course) = JfJ. 

log 167 = 2.22272 
colog 216 = 7.66766 — 10 
log sin (course) = 9.89028 

Course = 60° 67' 48". 
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Diff. lat. = V2162 - 167-^ 



= V48 X 382 
log 48 =1.68124 
log 382 = 2.58206 
2 )4.26330 
log diff. lat. = 2. 13166 
Diff. lat. = 135.41' 
= 2° 15'. 
Mid, lat. = 48° 22' 30". 
Diff. long.= 167 sec 48° 22' 30". 
log 167 = 2.22272 
log sec 48° 22' 30"= 0.17767 
log diff. long.= 2.40039 
Diff. long. = 251.41' 
= 4° 11". 
Course, S. 50°68'E.; latitude of 
position reached, 47° 15' N., longi- 
tude, 20° 49' W. 

132. Leaving latitude 43° S., lon- 
gitude 21° W., a ship sails 273 
miles, and reaches latitude 40° 17' 
S. What are the two courses and 
longitudes, either one of which will 
satisfy the data ? 

The two courses make equal angles 
with the meridian on opposite sides. 
Diff. lat.= 2° 43'= 163 miles. 
Dist. = 273 miles, 
cos (course) = ^^. 
log 163 = 2.21219 
colog 273 = 7.66384 - 10 
log cos (course) = 9.77603 

Course = 53° 20' 21". 



Depart. = V2732— 1632 

= VllOX 436. 
Mid. lat.= 41°38'30". 



Diff. long.= VllO X 436 

sec 41° 38' 30". 



logVriO= 1.02069 

logV436 = 1.31975 

log sec 41° 38' 30"= 0.12649 

log diff. long.= 2.46693 

Diff. long. = 293.04' 

= 4° 53'. 

(i.) Course N. 63° 20' E.; longi- 
tude of position reached, 16° 7' W. 

(ii.) Course N. 63° 20' W.; longi- 
tude of position reached, 25° 53' W. 

133. Leavmg latitude 17° N., 
longitude 119° £., a ship sails 219 
miles, making a departure of 162 
miles. What four sets of answers 
do we get ? 

The four courses all make the 
same angle with the meridian, 
sin (course) = Jf }. 

log 162 = 2.20962 
colog 219 = 7.65956 - 10 
log sm (course) = 9.86908 

Coui-se = 47° 42' 33". 
Diff. lat.= V2192-1622 



= V57 X 381. 

log 57 = 1.75587 

log 381 = 2.58092 

2) 4.33679 

log diff. lat. = 2.16839 

Diff. lat. = 147.36' 

= 2° 27'. 

(i.) Mid. lat. = 18° 13' 30". 

Diff. long.= 162 sec 18° 13' 30". 

log 162 = 2.20952 

log sec 18° 13' 30"= 0.02235 

log diff. long. = 2.23187 

Diff. long. = 170.56' 

= 2° 61'. 
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(ii.) Mid. lat. = 16° W 30". 

DifE. long. = 162 sec 16° 46' 30". 

log 162 = 2.20962 

log sec 16° 46' 30"= 0.01667 

log diff. long.= 2.22619 

Diff. long. = 168.34' 

= 2° 48'. 

(i.) Course N. 47° 42.5' E.; lati- 
tude of position reached, 19° 27' N., 
longitude 121° 61' E. 

Course N. 47° 42.6' W.; latitude 
of position reached, 19° 27' N., lon- 
gitude 116° 9' E. 

(ii.) Course S. 47° 42.5' E.; lati- 
tude of position reached, 14° 33' N., 
longitude 121° 48' E. 

Course S. 47° 42.6' W.; latitude 
of position reached, 14° 33' N., lon- 
gitude 116° 12' E. 

134. A ship in latitude 30° sails 
due east 360 statute miles. What 
is the shortest distance from the 
point left to the point reached ? 

Solve the same problem for lati- 
tudes 46°, 60°, etc. 
Radius of parallel 

= 3962.8 cos lat. 
Arc sailed, in degrees 

__ 360 X 360° 
~ 2 TTX 3962.8 cos lat." 
log 3602 = 5.11260 
colog 2 ;r = 9.20182 — 10 
colog 3962.8 = 6.40200 - 10 
0.71642 
Arc sailed, in degrees 

= 6.205° sec lat. 
Arc sailed, in minutes 

= 312.30' sec. lat. 



Chord of arc 
= 2 rad. of parallel sin (^ arc) 
= 2 X 3962.8 cos lat. sin 

(156.16' sec lat.) 
= 7925.6 cos lat. sin 

(156.16' sec lat). 



(i.) 



lat. = 30°. 



log 166.15 = 

log sec 30° = 

log (i arc) = 

i arc: 

' log 7926.6 = 

log sin 3° 0' 18"= 

log cos 30° = 

log chord = 

Chord = 



2.19354 
: 0.06247 
: 2.26601 

: 180.30' 
; 3° 0' 18" 

3.89903 
8.71952 
9.93753 
2.65608 

: 359.82. 



(ii.) lat. = 45°. 

log 156.16 = 2.19354 
logsec45° = 0.15061 
log (iarc) = 2.34405 

i arc = 220.82' 
= 3° 40' 49". 



log 7925.6 = 

log sm 3° 40' 49": 

log cos 45° : 

log chord : 

Chord : 



3.89903 
: 8.80746 

9.84949 
: 2.55698 

: 359.73. 



(iii.) lat. = 60°. 

sec lat.= 2. 
i arc = 312.30' 
= 6° 12' 18". 

log 7925.6 = 3.89903 

log sin 5° 12' 18"= 8.96770 

log cos 60° = 9.69897 

log chord = 2.55570 

Chord = 359.50, 
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Shortest distance, in lat. 30°, 
369.82 miles; in lat. 46°, 369.73 
miles; in lat. 60°, 369.60 mUes; 
in general 7926.6 cos lat. X sin 
(166.16' sec. lat.). 

137. A ship leaves Cape Cod 
(Ex. 126), and sails S.E. by S. 
114 miles, N. by E. 94 miles, W N. W. 
42 mUes. Solve £us in Ex. 136. 

First course, 33° 46'. 
Diff. lat.= n4cos33°45'. 
Depart. = 114 sin 33° 46'. 

log 114 = 2.06690 
log cos 33° 46'= 9.91986 

log difE. lat. = 1.97676 

Diff. lat. = 94.787 8. 

log 114 = 2.05690 
log sin 33° 45'= 9.74474 

log depart. = 1.80164 

Depart. = 63.334 E. 

Second course, 11° 16'. 
Diff. lat.= 94cosll°16'. 
Depart. = 94 sin 11° 15'. 

log 94 = 1.97313 
log cos 11° 16'= 9.99157 

log diff. lat. = 1.96470 

Diff. lat. = 92.194 N. 

log 94 = 1.97313 
log sin 11° 16'= 9.29024 

log depart. = 1.26337 

Depart. = 18.339 E. 

Third course, 67° 30'. 
Diff. lat. = 42 cos 67° 30'. 
Depart. = 42 sin 67° 30'. 



log 42 = 1.62325 
log cos 67° 30'= 9.68284 

log diff. lat.= 1.20609 
Diff. lat. = 16.073 N. 

log 42 = 1.62326 
log sin 67° 30'= 9.96662 

log depart. = 1.68887 
Depart.= 38.804 W. 

Total diff. lat. = 13.48' N. 

= 13' 29" N. 
Lat. of C. Cod = 42° 2'. 
Lat. reached = 42° 16' N. 
Mid. lat. = 42° 8' 44'. 

Total depart. = 42.869 E. 
Diff. long. = 42.869 sec 42° 8' 44^^ 

log 42.869 = 1.63214 
log sec 42° 8' 44"= 0.12992 

log diff. long.= 1.76206 

Diff. long. = 67.817' E. 

= 68' E. 

Long, of Cape Cod = 70° 3' W. 

Long, reached = 69° 5' W. 

, , , 42.869 

tan (course) = ^3 ^q ' 

log 42.869= 1.63214 
colog 13.48 = 8.87031 - 10 

log tan (course) = 10.60246 

Course = 72° 32' 40". 
Dist.= 13.48 sec 72° 32' 40". 

' log 13.48 =1.12969 
log sec 72° 32' 40"= 0.62293 

log dist.= 1.66262 
Dist.= 44.939. 

Course N. 72° 33' E.; distance, 
45 miles ; latitude reached, 42° 16' 
N., longitude 69° 6' W. 



TEACHERS' EDITION. 



163 



138. A ship leaves Cape of Good 
Hope (latitude 34° 22' S., longitude 
18° 3(K E.) and sails N.W. 126 
miles, N. by E. 84 miles, W.S.W. 
217 miles. Solve as in Ex. 136. 

First course, 45°. 
Diff. lat.= 126cos45°. 
Depart. = 126 sin 45°. 

log 126 = 2.10037 
log cos 45° =9.84949 

log diff. lat.= 1.94986 

Diff. lat.= 89.096 N. 
Depart. = 89.096 W. 

Second course, 11° 15'. 
Diff. lat.= 84cosll°15'. 
Depart. = 84 sin 11° 15'. 

log 84 = 1.92428 
log cos 11° 15'= 9.99157 

log difE.lat.= 1.91585 

Diff. lat.= 82.386 N. 

log 84 = 1.92428 
log sin 11° 15'= 9.29024 

log depart. = 1.21452 
Depart. = 16.388 K. 

Third course, 67° 30'. 
Diff. Iat.= 217cos67°30'. 
Depart. = 217 sin 67° 30'. 

log 217 = 2.33646 
log cos 67° 30'= 9.58284 

log. diff. lat.= 1.91930 

Diff. lat.= 83.042 S. 



log 217 = 2.33646 
log sin 67° 30'= 9.96562 

log depart. = 2.30208 

Depart.= 200.49 W. 

Total diff. lat.= 88.440' N. 

= 1° 28' 26" N. 
Lat. reached = 32° 53' 34" S. 
Mid. lat. = 33° 37' 47". 

Total depart. = 273.198 W. 
Diff. long. = 273.20 sec 33° 37' 47" W. 

log 273.20 = 2.43648 
log sec 33° 37' 47" = 0.07954 

log diff. long. = 2.51602 

Diff. long. = 328.11' 

= 5° 28'. 

Long, reached = 13° 2' E. 

, , , 273.20 

tan (course) = -^g^ • 

log 273.20= 2.43648 
colog 88.44= 8.06335-10 

log tan (course) = 10.48983 

Course = 72° 3' 43" 

Dist.= 88.44 sec 72° 3' 43". 

log 88.44 = 1.94665 
log sec 72° 3' 43"= 0.51147 

log di8t.= 2.45812 

Dist.= 287.16. 

Course, N. 72° 4' W. ; distance, 
287 miles ; latitude reached, 32° 54' 
S., longitude 13° 2' E. 
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Problems in Goniometrt. Page 99. 

1. Prove that sin a; -I- cos x = V2 cos (x — i n), 

sin X + cos X = V2 ( — = sin x H — ;= cos x j 

= V2 (sin i jr sin X H- cos i jr cos x) 
= V2cos(x — i;r). 

2. Prove that sin x — cos x = — V2 cos (x + i tt). 

sin X — cos X = \^( — ^ sin X -=. cos x ) 

\\^ V2 / 

= \^ (sin i^ Tf sin X — cos i AT cos x) 

= — V2cos(xH-i-;r). 

3. Prove that sin x + Vs cos x = 2 sin (x + i n). 

sin X H- Vs cos x = 2 f ^ sin x + — cos x j 

= 2 (cos i TT sin X H- sin i AT Qos x) 
= 2sin(x + ^7r). 

4. Prove that sin (x + i tt) + sin (x — ^n) = sin x. 

sin (x H- i ;r) = sin x cos ^ ;r + cos x sin J ;r 

= i sin X + -r- COS X. 

am (x — J ;r) = ^ sin X — cos x. 

sin (x H- i ;r) H- sin (x — i ;r) = sin x. 

5. Prove that cos (x + J ;r) + cos (x — J ^) = V3 cos x. 

cos (X + i TT) = — r- COS X — ^ Sin X. 

COS (x — i ;r) = -^ COS X H- ^ sin x. 

cos (x + J ;r) H- COS (x — J TT) = V3 cos x. 

6. Prove that tan x H- sec x = tan (i x H- i n). 

. sin X , 1 

tan X H- sec X = 1 

cos X cos X 

_ sin X + 1 

~" cosx 
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7. Prove that tan x H- sec x = 



__ 1 — cos {z-\- jn) 
~ sin (x + i tt) 

_ 2 8inH(g + i^) 

2 sin i (x + iTT) cos ^(x H- i it) 
_ sin (jxH-jTr) 
~cos(ixH-i7r) 
= tan(ixH-i7r). 

1 



sec X — tan x 
sec^x = 1 + tan^x. 
sec^x — tan^x = 1. 

1 



sec X H- tan X = 



sec X — tan x 



8. Prove that 



1 — tan X cot X — 1 



1 + tanx 



cot X + 1 
1 



cot X — 1 _ tan X 
cot X + 1 



-1 



1 



+ 1 



tan X 

. 1 — tan X 

1 H- tanx 



9. Prove that : 



sm X 



1 + cos X 



= 2 CSC X. 



1 + cos X sin X 
sinx 1 + cos X _ sin-^ + (1 H- cos x)^ 
1 + cos X sin X "~ sin x (1 + cos x) 

_ sin^ -h cos^ H- 2 cos x + 1 
~" sin X (1 + cos x) 

1+ 2 cos X + 1 



sin X (1 + cos x) 
= 2 (1 -f cos x) 
sin X (1 + cos x) 
2 



sm X 
= 2 CSC X. 



10. Prove that 
tan X -h cot X : 



: 2 CSC 2 X. 



, ^ sm X , COS X 

tan X + cot X = h - — 

COS X sin X 

__ sin^x H- cos^x 
sin X cos X 



1 


sin X cos X 
2 


2 sin X cos x 
2 



sin 2x 
= 2 CSC 2 X. 
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11. Prove that 

cot X — tan x = 2 cot 2 x. 

cos X sin X 

ot X — tan X = -. -— — 

sin X cosx 

_ cos^ -- sin^ 

~ sin X cos X 

_ 2cos2x 

~ sin2x 

= 2 cot 2 X. 

12. Prove that 

1 -h tan X tan 2 x = sec 2 x. 
1 + tan X tan 2 x 

sin X sin 2 X 



= 1 + 
= 1 + 
= 1 + 



cosxcos2x 
2 sin^x cos x 



14. Prove that 
2 sec 2 X = sec (x +45°) sec (x — 45°). 

2 sec 2 X 
_ 2 
cos2x 
2 



cos X (1 — 2 sin^x) 

2sin^ 
1 — 2 sin^x 

1 



1 — 2 sin^x 

1 



cos2x 
= sec 2 X. 



13. Prove that 
sec 2 X = 



sec^ 
2 — sec^x 



sec 2x = 



1 



cos2x 
1 



2 cos2x — 1 

1 

cos^x 

cos^x 
_ sec% 
" 2 — sec^x 



cos^x — sin^x 



(cos X — sin x) (cos x 4- sin x) 

(Exs. 1 and 2): 

2 

~ 2 cos (x + 45°) cos (X — 45°) 
= sec (x + 45°) sec (x — 45°). 

15. Prove that 

X « L o cos X + sin X 
tan 2 X + sec 2 X = : 



tan 2 X + sec 2 X 
sin2x 



cos X — sin X 



1 



cos2x cos2x 
_ sin 2 X + 1 
~" cos 2 X 
_ l-cos(2x+90°) 

sin (2 x + 90°) 
_ 2 sing (xH- 45°) 

2 sin (x + 45°) cos (x + 46°) 
_ sin (x + 45°) 
~ cos (X -h 45°) 

Vj sin X + Vj cos X 
Vi cos X — Vi sin X 

_ cos X + sin X 
"" cos X — sin X 

2 tan X 
16. Prove that sin 2 x = —7- — r- 
l+tan2x 

2 tanx _ 2 tan x 

l+tan2x~~ sec^x 

= 2 tan X cos^ 

= 2 sin X cos X 

= sin 2 X. 
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17. Prove that 28ina5 + sm2x= :; 

1 — cosx 

2 sin X + sin 2 X = 2 sin x + 2 sin x cos X 

= 2 sin X (1 + cos x). 

But 1 — cos^x = sin^. 

sin^x 



1 + cos X = 



2 sin X + sin 2 X = 2 sin X 



1 — cosx 

sin«x 



1 — cos X 
2 sin'^x 



18. Prove that sin 3 x = 



1 — cos X 
sin22x— sin^x 



sinx 

By [20], sin 2 X H- sin X = 2 sin }x cos ix. 

By [21], sin 2 X — sin X = 2 cos f x sin i x. 

.'. sin^ 2 X — sin^ = 2 sin } x cos } x X 2 sin ix cos ^x 
= sin 3 X sin x. 
sin2 2 X — sin^x 



19. Prove that tan 3 x = 



[14], 

20. Prove that 

By [24], 



sin 3 X = : 

smx 


3 tan 


X — tan^ 


1- 


Stan^x 


tan3x= tan(2x-hx) 




tan 2 X -h tan X 




1— tan2x tanx 




2tanx , , 
- — : — r- + tan x 
1 — tan^x 




2 tanx , 
1 "" 1 X o tan X 
1 — tan2x 




3 tan X — tan^x 



1-3 tan2x 
tan 2 x + tan x _ sin 3 x 
tan 2 X — tan x ~ sin x 
sin ^ H- sin ^ _ tan i (^ + g) . 



sin -4. — sin 5 tan i(A — B) 

. sin ^ _ tan i (^ + -B) + tan i ( A - g) 
'*' sin 5 tan i (^ + -B) - tan i (^ - 5) ' 
Let -4. = 3x, B=x; then 

sin 3 X _ tan 2 x + tan x 
sin X ~" tan 2 x — tan x 
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21. Prove that sin (jc + y) + cos (x — y) = 2 sin (x + i n) am (y + i n). 

sin (x + y) = sin X cos y -h cos x sin y. 
cos (x — y) = cos X cos y + sin x sin y. 
sin (X + y) H- cos (x — y) = (sin x + cos x) cos y + (cos x + sin x) sin 2/ 
= (sin X + cos x) (sin y + cos y). 

But sin X + cos X = V2 ( — = sin x H — p cos x ) 

\^ V2 / 

= V2sin(x + i-7r). 

Similarly, sin y + cos y = V2 sin (y + i n). 

.\ sin (x + y) + cos (x — y) = 2 sin (x H- i ;r) sin {y + i tc), 

22. Prove that sin (x + y) — cos(x — y)=— 2sin(x — ijr)sin(y — i^-). 

sin (x + y) = sin X cos y + cos x sin y. 
cos (x — y) = cos X cos y + sin x sin y. 
sin (x + y) — cos (x — y) = (sin x — cos x) cos y -h (cos x — sin x) sin y 
= (sin X — cos x) (cos y — sin y) 
= — 2 sin (x — i «^) sin (y — J zr). 

«« -o- XV * X I * sin (X + y) 

23. Prove that tan x + tan y = ^ — • 

cos X cos y 

, ^ sin X , sin y 

tanxH-tany = 1 

cos X cos y 

__ sin X cos y + cos X sin y 

cos X cos y 

__ sin (x + y) . 

cos X cos y 

«^ T>_ XV X * / 1 X sin2x + 8in2y 

• 24. Prove that tan (x H- y) = — — — ^ • 

^ ' cos2x + cos2y 

By [20J, sin 2 xH-sin 2 y = 2 sin (x + y) cos (x — y). 

By [22], cos 2X+C0S 2 y = 2 cos(x + y) cos (x — y). 

sin 2 X + sin 2 y _ 2 sin (x H- y) cos (x — y^ 

* * cos 2 X 4- cos 2 y 2 cos (x -I- y) cos (x — y) 

= tan (X + y). 

_ ^ , sin X + cos y _ tan [j (x H- y ) + 45^] 
25-^^e^a^sinx-cosy-tan[i(x-y)-460]* 

sin X + cos y = sin x H- sin (y -f 90°) 
[20], = 2 sin i (x + y + 90°)cos i(x - y - 90°). 

sin X - cos y = 2 cos i (X + y + 90°) sin i (x - y - 90°). 
Bin X + cos y _ tan i (X + y + 90°) 
* * Bin X — cos y tan i (x — y — 90°) 
tanri(g + y) + 45°1 
"'tan[i(x-y)-46°]* 
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26. Prove that sin 2 x + sin 4x = 2 sin 3x cos x. 

By [20], sin A 4- sin B = 2 sin i (A + J?) cos i (A - B), 
.-. sin 2 X + sin 4 X = 2 sin 3 X cos x. 

27. Prove that 8in4x = 48inxco8x — 8 sin'te cos x 

= 8 COS'X sill X — 4 SID X COB X. 

sin4x = 2sm2xco6 2x 

= 4sinxcosx(l — 2 sin^x) 
= 4 sin X cos x — 8 sin^x cos x ; 
= 4 sin X cos x (2 cos^x — 1) 
= 8 cos'^c sin X — 4 sin X cos x. 

28. Prove that cos 4 x = 1 — 8 cos^x + 8 co8*x 

= 1 — 8 sin^x + 8 sin*x. 

C08 4x = 2 C08^2X — 1 

= 2 (2 cos^x - 1)2 - 1 

= 8 cos*x — 8 cos2x + 2 — 1 

= 1 — 8cos2x-f 8cos*x; 

= 1 — 2sin2 2x 

= 1 — 2(4 sin^xcosftc) 

= 1 — 8 sin2x (1 — sin*x) 

= 1 — 8 sin^x + 8 sin*x. 

29. Prove that cos 2x + cos 4 x = 2 cos 3 x cos x. 

By [22], cos -4 + cos B = 2 cos i (A + JB) cos i(A — B). 
.'. cos 2 X + cos 4 X = 2 cos 3 x cos x. 

30. Prove that sin 3x— sin x = 2 cos 2x sin x. 

By [21], amA-BhiB = 2co8i(A+ B)a\ni{A - B). 
.-. sin 3 X — sin X = 2 cos 2 X sin x. 

31. Prove that sin^x sin 3 x + cos'te cos 3 x = cos^ 2 x. 

sin^x sin 3 X = sin X sin^x sin 3 x 

= sin X (1 — cos^x) sin 3x 
= sin X sin 3x — sin X cos^x sin 3x. 
cos'x cos 3x = cos X cos 3x — cos x sin^x cos 3x. 
.-. sin^x sin 3 X + cos^x cos 3 x 

= SID X sin 3 X -h cos x cos 3 x 

— sin X cos^x sin 3 X — cos x sin^x cos 3 x 
= cos 2 X — sin X cos x (cos x sin 3x + sin x cos 3 x) 
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= COS 2x — ainx cos x sin 4 x 
= cos 2x — isin2xsin4x 
= cos 2 X — sin^ 2 x cos 2 x 
■= cos 2 X (1 — siii2 2 x) 
= cos82x. 

32. Prove that co8*x — sm*x = cos 2x, 

cos*x — sin*x = (cos* + sin^x) (cofl%B — sin%B) 
= 1 X cos2x 
= cos 2 X. 

33. Prove that cos*x H- sin*x = 1 — i sin* 2 x. 

cos*x + sin^x = (cos^x + sin^x)* — 2 sin^x cos^ 
= 1 — 2 sin^x cos^x 
= l-i8m22x. 

34. Prove that cos«x — sin^x = cos 2 x (1 — sin^x cos^x). 

cos^ — sin^x = (cos^ — sin^x) (cos*x + cos^x sin^x + sin*x) 
= cos 2 X [(cos^x + sin^x)* — cos^ sin^x] 
= cos 2 X (1 — cos^x sin^x). 

35. Prove that cos^x + sin^x = 1 — 3 sin^x cos^x. 

cos^x H- sin'^x = (cos^x H- sin^x) (co8*x — cos*x sin^ + sm*x) 
= cos*x — cos^x sin^x + sm*x 
= (cos*^ H- sin^x)* — 3 cos^x sin^x 
= 1 — 3 cos^x sin^x. 

A« T^ ^, ^sm3x + sin 6x 

36. Prove that ^ :— = cot x. 

cos3x — cos ox 

By [20], sin 3 X + sin 5 X = 2 sin 4 X cos x. 

By [23], cos3x — cos5x= 2 sin 4x sin X. 

sin 3 X + sin 5 X cos x 



cos 3 X — cos 5 X sin X 



= cot X. 



on -D ^, ^ sm3x + sin 6x . „ 

37. Prove that — : ; — : — jr~ = 2 cos 2 x. 

sm X + sm 3 X 

By [20], sin 3x H- sin 6x = 2 sin 4x cos x. 

sin X + sin 3 X = 2 sin 2x cos x. 
sin 3 X H- sin 5 X __ sin 4x 
sin X + sin 3 X " sin 2 X 

_ 2 sin 2 X cos 2 X 
~ sin2x 

= 2 cos 2 X. 
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38. ProTe that C8c x — 2 cot 2 z cos x = 2 sin x. 

COS 2 X 

CSCiC — 2cot2xC08X = CSCX— 2 -; — r— COS X 

sin 2x 

cos 2 X 

= CSC X : 

smx 

— ^ cos2x 
sin X sin X 
_ 1 — cos 2 X 
~ sinx 
__ 2sin»x 
~" sin X 
= 2 sin X. 

39. Prove that (sin 2 x — sin 2 y) tan (x + y) = 2 (sin^ — sin^y). 

sin 2 X — sin 2 y = 2 cos (x + y) sin (x — y). 
(sin 2 X — sin 2 y) tan (x + y) = 2 sin (x + y) sin (x — y). 

sin X + sin y = 2 sin i (X + y) cos i (x — y). 

sin X — sin y = 2 cos i (X + y) sin i (x — y). 

.-. sin^x — sin2y = 4 sin i (x + y) cos i (x + y) 

sin i (x — y) cos i (x — y) 

= sin (x + y) sin (x — y). 

2 (sin^x — sin^y) = 2 sin (x 4^ y) sin (x — y) 

= (sin 2 X — sin 2 y) tan (x + y). 

-_ _. Ai. ^ /, I ^ I J. V / • V sec X CSC X 

40. Prove that (1 + cot x + tan x) (sm x — cos x) = — —- 

^ ' ^ ' csc^x sec^x 

(1 + cot X H- tan x) (sin x — cos x) = sin x — cos x + cos x . — 

^ ' ^ • o sin X 

, sm^x 

H sm X 

cosx 



sin2x 


cos^x 


cosx 


Sin X 


sec X 
csc'^ 


CSC X 

sec^x 


in fi 3t = 


sin2 3x 



41. Prove that sin x H- sin 3x + sin 5x = - 

smx 

By [20], sin X + sin 5 X = 2 sin 3 X cos 2 X. 

,•. sin X H- sin 3 X + sin 6 X = sin 3 X + 2 sin 3 X cos 2 x 
= 8in3x(l + 2cos2x). 
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Also, sin 3 a; — sin « = 2 cos 2 x sin x. 

8in3x ^ __ - _ 

—. 1 = 2 cos 2 X. 

sin X 

... - sin 3 X 

1 + 2 cos 2 X = —. 

sinx 

1 . o 1 . ir . o sin 3x 

.'. sm X H- sin 3x H- sm 6 X = sin 3x — ; 

sin X 

sin2 3x 



A,% T^ ^, ^ 3cosx+cos3x ^, 

42. Prove that ^—. :—^- = cot^x. 

3 sin X — sm 3x 

By [22], 3 cos X + cos 3x = 2 cos x + (cos x + cos 3x) 

= 2 cos X + 2 cos X cos 2 X 
= 2 cos X (1 -h cos 2 x) 
= 4 cos*x. 

By [21], 3 sin X — sin 3x = 2 sin X + (sin x — sin 3x) 

= 2 sin X — 2 sin X cos 2 X 
= 2 sin X (1 — cos 2 x) 
= 4 sin^x. 
3 COB X + cos 3 X __ 4 cos^ 
" 3 sin X — sin 3 X 4 sin^ 
= cot^x. 

43. Prove that sin 3 x = 4 sin x sin (60° + x) sin (60° — x). 

sin (60° + x) = i Vs cos X + i sin x. 
sin (60° — x) = i^ V3 cos x — i sin x. 
sin (60° + X) sin (60° — x) = f cos2x — i sin^x 

_ 3 (1 — sin'^x) — sin^ 
- 4 

_ 3 - 4 sin^x 
4 
4 sinx sin (60° + x) sin (60° — x) = sin x (3 — 4 sin^x) 

= 3 sin X — 4 sin'^x 
= sin 3 X. 

44. Prove that sin 4 x = 2 sin x cos 3 x + sin 2 x. 
By [21], sin 4 X — sin 2 X = 2 cos 3 X sin x. 

.-. sin 4 X = 2 cos 3 x sin x + sin 2 x. 

45. Prove that sin x + sin (x — |^ ;r) -I- sin (^ ;r — x) = 0. 

By [20], sin(x — f ;r) + sin(i7r — X) = 2 sin (— i ;r) cos (x — i tt) 

= — sin X. 
.-. sin X -h sin(x — j-TT) + sin (iTt — x) = 0. 
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46. Prove that cos xsin (y — z)+coa y sin (z — x)+co8 « sin (x — y)=0. 

cosx sin (y — 2) = cosx sin y cos « — cos x cos y sin «. 
cos y sin (2 — x) = cos y sin z cos x — cos y cos z sin x. 
cos z sin (X — y) = cos « sin X cos y — cos « cos X sin y. 
.-. cosx sin (y — «) + cos y sin (« — x) + cos « sin (x — y) = 0. 

47. Prove that 

cos (X + y) sin y — cos (x + «) sin z = sin (x + y) cos y — sin (x + z) cos z. 

sin (x + y) cos y — cos (x + y) sin y = sin x. 

sin (x + z) cos z — cos (x + z) sin z ^ sin x. 
.-. sin (x + y) cos y — cos (x + y) sin y 
= sin (x + z) cos z — cos (x H- z) sin z. 

cos (x -h y) sin y — cos (x + z) sin z 
= sin (x + y) cos y — sin (x + z) cos z. 

48. Prove that 

cos (x 4- y + z) H- cos (x + y — z) + cos (X — y + z) + cos (y + z — x) 
= 4 cos X cos y cos z. 

By [22], cos [(x -\-y)-\-z'] + cos [(x + y) — z] = 2 cos (x + y) cos z. 
cos [z + (x — y)] + cos [z — (x — y)] = 2 cos z cos (x — y). 
.-. cos (x + y + z) + cos (x H- y — z) + cos (x — y -I- z) 
+ cos (y + z — x) = 2 cos (x + y) cos z + 2 cos (x — y) cos z 
= 2 cos z [cos (x + y) + cos (x — y)] 
= 2 cos z (2 cos X cos y) 
= 4 cos X cos y cos z. 

49. Prove that sin (x H- y) cos (x — y) + sin (y + z) cos (y — z) 

-f sin (z + x) cos (z — x) = sin 2x + sin 2 y + sin 2 z. 
By [20], sin (x + y) cos (X — y) = i (sin 2 x + sin 2 y). 
sin (y + z) cos (y — z) = i (sin 2 y + sin 2 z). 
sin (z + x) cos (z — x) = i (sin 2 z + sin 2 x). 
.-. sin (x + y) cos (x — y) + sin (y + z) cos (y — z) + sin (z + x) cos (z — x) 

= sin 2 X H- sin 2 y + sin 2 z. 

^^ ^ .^. . sin 76° + sin 15° , ^^^ 

50. Prove that . --q r— rr^ = tan 60*». 

sin 76° — sm 15° 

By [20], sin 76° + sin 15° = 2 sin 45° cos 30°. 

By [21], sin 75° - sin 15° = 2 cos 46° sin 30°. 

sin 75° + sin 15° _ 2 sin 45° cos 30° 
sin 75° — sin 15° 2 cos 45° sin 30° 

= tan 45° cot 30° 

= tan 60°. 
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51. Prove that cos 20° + cos 100° + cos 140° = 0. 

By [22], cos 20° + cos 100° = 2 cos 60° cos 40° 

= cos 40°. 

Also cos 140° = cos (180 - 40°) 

= — cos 40°. 

.-. cos 20° + cos 100° + cos 140° = 0. 

52. Prove that cos 36° +siii 36° = V2 cos 0°. 



1 



cos 36°+ sin 36°= V2 (^ cos 36° + -^ sin i 

VV2 V2 / 

= V2 (cos 45° cos 36° + sin 46° sin 36°) 
= V2cos(45°-36°) 
= V2 cos 9°. 

53. Prove that tan 11° 16' + 2 tan 22° 30' + 4 tan 46° = cot 11° 16'. 

By Ex. 11, cot 11° 15' - tan 11° 15' = 2 cot 22° 30'. 
2 cot 22° 30' - 2 tan 22° 30' = 4 cot 46°. 
. cot 11° 16'- tan 11° 16' - 2 tan 22° 30' = 4 cot 45° = 4 tan 46°. 
tan 11° 15' + 2 tan 22° 30' + 4 tan 46° = cot 11° 15'. 

54. ItAjBj C are the angles of a plane triangle, prove that 

sin 2 -4 4- sin 2 5 -h sin 2 C = 4 sin -4 sin J5 sin C. 

^ + B+C=180°. 
By [20], sin 2A+ sin2i?= 2 sin (A + J?)cos(^ - B) 

= 2 sin C cos (A — B). 
. sin2-4+sin25 + sin2 C=2sin Ccos(-4 — J5) — 2sin Ccos C 
= 2sin 0[cos(^-i?)-co8(^ + jB)] 
= 4 sin O sin ^ sin £. 

55. Jf A, B, C are the angles of a plane triangle, prove that 

cos 2 -4 -h cos 2 5 + cos 2 O = — 1 — 4 cos -4 cos J5 cos C 

By [22], cos2^ + cos2B = 2cos(^ + B)cos(^-B) 

= — 2 cos C cos (^ — J?). 
. cos2J. + cos25 + cos2C= — 2 cos Ccos(-4 — B) + cos2C 

= - 2 cos C cos (A-B)+ (1 + cos 2 C) — 1 
= — 2 cos C cos (A—B)+ 2 cos^C — 1 
= 2 cos C [cos C — cos (-4 — J5)] — 1 
= 2 cos C [- cos (^+5) — cos {A-B)] — 1 
= 2 cos C (— 2 cos -4 cos B) — 1 
= — 4 cos -4. cos 5 cos 0—1. 
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56. li A^ B, C are the angles of a plane triangle, prove that 

sin 3 -4 + sin 3J5 + sin3C= — 4 cos -^ cos -t~ cos -t- • 

By [20] , sin 3 ^ + sin 3 B = 2 sin J (^ + 5) cos i (^ - B) 
= 2 sin i (180« - C)cos i(^ - -B) 
= — 2 cos f C cos f (^ — B). 
sin 3 C = 2 sin j C cos J C 

= 2 sin J (180- ^ - J?) co^ '• C 
= — 2 cos f (^ + B)cos t C. 
.-. sin 3 ^ + sin 3 B + sin 3 C = - 2 cos J C [cos J U - iJ) + cos i (il 4- B)] 

= — 2 cos f O (2 cos 1-4 cos f 5) 
= — 4 cos 1-4 cos f J5 cos JC 

57. li A, By C are the angles of a plane triangle, prove that 
008^.4 + cos*-B + cos^C = 1 — 2 cos -4 cos -B cos C. 

^. H-cos2^ 



cosaB = 

cos2C = 

co^A + cos'B + cos^O = 



2 
1 + cos 2 B 

2 
1 H- cos 2 C 

2 
3 + cos2-4+cos2BH-cos2C 



2 

But, Ex. 56, 
cos 2 -4 + cos 2 B + cos 2 C = — 1 — 4 cos -4 cos B cos 0. 

9A , o»_i_ 9i^ 3 — 1 — 4 cos .4 COS B COS C 
.-. cosM +cos?B + cos^C = r 

= 1 — 2 COS -4 COS B COS C. 

58. If -4 + B + C= 90% prove that 

tan-4tanB + tanBtanCH-tanOtan-4 = l. 

tan-4tanBH-tanBtanO+tanCtan-4 

= tan -4 tan B + (tan -4 + tan B) tan C 

tan A H- tan B 



= tan J. tan B + 
= tan A tan B + 



tan (A + B) 
tan A + tan B 
tan A H- tan B 
1 — tan A tan B 

= tan A tan B + 1 — tan -4 tan B 
= 1. 
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59. UA + B'¥C = 90°, prove that 

sm2^ + siii25 + sin2C = 1 — 2 sin ^ sin B sin C. 

sin O = cos (^ + 5) 

= cos A cos £ ~ sin ^ sin £. 
sin C7 + sin -4 sin 5 = cos A cos B. 
sin^C + 2 sin -4 sin 5 sin C + sin^^ sin25 
= cos2^ cos^B. 
sin2C + 2 sin ^ sin 2? sin O = cos^^ cos2B - sin*^ sin^B 

= (1 — sin2^) (1 - sin2J5) - sin^^ sin^B. 
= 1 — sin2^ — sin2B. 
.-. sin2^ -f 8in2J5 + sin2C = 1 — 2 sin ^ sin 5 sin C. 

60. If ^ + J? + O = 90°, prove that 

sin 2 ^ + sin 2 J5 + sin 2 C = 4 cos A cos B cos C7. 

By [20], sin 2^ + sin 2-8 = 2 sin (^ + B)cos(^- 5) 
= 2 cos C cos {A — B). 

.-. sin2^H-sin2B + 8in2C = 2cos Ccos(^ — ^ + 2 sin C cos C 
= 2 cos C [cos (^ — 2?) + sm C] 
= 2 cos O [cos (A-B)-\- cos (A-\-B)-] 
= 4 cos A cos B cos C. 



61. Prove that sin (sin-i x + sin-i y) = x Vl — y2 + y Vl — x^. 

sin (sin-i x + sin-^ y) = sin (sin-^ x) cos (sin-i y) 

H- cos (sin-i x) sin (sin-^ y) 
= xVl — y2 + yVl — x2. 

X 4" y 

62. Prove that tan (tan-i x H- tan-i y) = — • 

1 xy 

By [6], tan(tan-ix+tan-iy) = tan (tan-i x) -f tan (tan-i y) 
uy Luj , ui,u vuMi .i>-r tan y; 1 _ tan (tan-1 x) tan (tan-i y) 

"" 1 — xy 

2x 

63. Prove that 2 tan-i x = tan-i : 



l-x2 



Tj ri>n * /n* i v 2tan(tan-ix) 

By [14], tan(2 tan-ix) = ^ , ^^l (^an-i x) 



_ 2x 

1-X2' 

2x 
.-. 2 tan-i X = tan-i ^ • 
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64. Prove that 2 sin-i x = 8in-» (2 x Vl — x^). 

sin (2 sin-i x) = 2 sin (sin-i x) cos (sin-i x) 
= 2xVl-xa. 



.-. 2 sin-i X = sin-i 2 x Vl — x*. 

65. Prove that 2 cos-J x = cos-i (2 x^ — 1). 

cos (2 cos-i X) = 2 cos^ (cos-^ x) — 1 

= 2x2-1. 

.-. 2 coff-i X = cos-J (2 x2 — 1). 

66. Prove that 3 tan-ix = tan-i '?^T^^! - 

1 — 3x2 



tan (3 tan-i x) = ^^'^ <^^"' ^) "^ ^° <^ ^^'^"^ ^) 
^ ' l-tan(tan-ix)taji(2tan-ix) 



X + tan (2 tan-^x 
1 — X tan (2 tan-^ x) 
2x 



x + 



(Ex.63), 



l-x2 



2x 

1 — X: 



. 3 tan-^ X = tan-i 



l-x2 
3x — x« 
1-3x2' 

3x — x» 



1-3x2 



67. Prove that sin-i \r = tan-i \/— ^ 
Let sin-i \ - = n. 

Then \/- = sin n. 

ly — X 

'- = cos n. 



4. 



■ = tan n. 



y — X 

'. n = tan- 



in-ix^=tan-i\/^ 
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68. Prove that sin-i \/^ — ^ = tan-i \/^ — ^ • 

V x — y 
= sin n. 
X— 2 



Let 
Then 



4 



ly — z 

= cos n, 

X — z 



tan n. 



\y — z 
\x — z \y — z 



69. Prove that tan-i 



1 



l-2x + 4x2 



+ tan-i 



l + 2x + 4x2 



= *»"-' 2^- 



tan ( tan-i ; — - — . . „ + tan-i r-r— r — . . ^ ) 
\ 1—2x4-4x2 14-2x + 4x2/ 



l-2x + 4x2 l + 2x-f 4x2 



1- 



.-. tan-i 



(l-2x + 4x2)(l + 2x + 4x2) 
l-f2x + 4x2+l-2x + 4x2 
(1 - 2x + 4x2) (1 + 2 X + 4x2) - 1 
2 + 8x2 
'4x2+ 16x* 

1 
2x2' 

1 . .. , 1 



l-2x + 4x2 



+ tan-i 



l + 2x + 4x2 ^° 2x2* 



70. Prove that 

sin-^ X = sec-i 



1 



Vl - X2 



Let sin-^ x = n. 
Then x = sin n. 
Vl — x2 = cos n. 



1 



: sec n. 



Vl-x2 

n = sec-i - 

.*. sin-^ X = sec— 1 



Vi7-x2 
1 
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71. Prove that 

2 sec-i X = taoi-^ 



2Vx2-l 



2-x-« 



Let 2 8ec-ix = w. 
Then x = sec i n. 



- = cos i n. 

X 



2-x2 



2Q\ -l = cosn. 



x3 
72. Prove that 



= cosn. 



x« 
2-xa" 



G-^,)'-^='^"^- 



4x^-4 
(2 - x2)a 



= tan2n. 



tan n = 



.2 Vxg-l 
2-x« 



n = tan-i 



2Vxg-l . 
2-x-» 



tan-i i + tan-i i = 46°. 



73. Prove that 



tan (tan-i i + tan-i i) = j-^^yi^ 

= 1. 
.-. tan-i i + tan-i i = tan-' 1 
= 46° 

tan-i i + tan-i i = tan-^ if. 

tan (tan-i i + tan-H) = -^yi^ 

.-. tan-i i + tan-i i = tan-i f 



74. Prove that sin-i | + sin-i i| = sin-^ ^K 

sin(8in-if + sin-i J-f ) = | X A + I X }f 

= fi . 
.-. sin-i f + sm~4J =8in-iff. 

1 4 

75. Prove that sin-i — p= + sm-i -p= = 46°. 

V82 Vil 

sin ( sin-i —7= + sin-i — ^=: ) = —r^ X — = H — r= X —==. 
V V82 Vil/ V82 V4I V82 V41 



.*. sin-i —i^ 4- sin-i 
V82 





6 

41 VS 


:+- 


36 




1 








V2 






4 

V4I 


= sm-i 
= 46°. 


1 
V2 
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76. Prove that sec-i f + sec-i |} = 750 45/^ 

sec-i f + sec-i f f = cos-i f + cos-i f f 
cos (cos-i J + cos-i if ) = f X If - J X ^ 

.-. CO8-I I + COS-l ij = C08-1 Jf 

sec-i J + sec-i Jf = sec-i f f = 76« 45^ 

77. Prove that tan-i (2 + V3) - tan-i (2 - V3) = sec-i 2. 
Let tan-i (2 + V3) — tan-i (2 — V3) = n. 

Then taiin= (^ + VS) - (2 ~ Vs^ 

l+(2 + V3)(2-V3) 
2V3 



= V3. 
.-. n = 60°. 
sec n = 2. 
•. tan-i (2 + V3) - tan-i (2 - V3) = 8ec-i2. 

78. Prove that tan-i i + tan-i J + tan-i f + tan-i^ = 46° 



Let 

and 

Then 



tan-ii + tan-i|=7i, 
tan-i I + tan-i i = v. 

tann= , ^"^^ ■ 

= f 
tanv=-iii 



= tV 

tan (w + v) = ^"^^r . 
1-fXA 
= 1. 

n 4- V = tan-i 1 
= 45°. 
tan-i i + tan-i J + tan-i f + tan-i i = 46° 



79. Given cos x = |, find sin ix 
and cos^x. 

cosx = 2 cos^l — 1. 
2 

.•.2C08»^=1 + |. 



X . 2 
•V6 V5 
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80. Given tan x = i, find tan i«. 

2 taniaj 

tan X = — • 

1-tanHx 

_ 2 tanja 

1 — tan^^x = 4 tan 1^ X. 
tan2ix4-4 tanix— 1 
= 0. 
.-. tan i X = ± Vs — 2. 

81. Given sin x + cos x = Vi, 
find cos 2 X. 

sin X + cos X = Vj 
sin^x + 2 sin X cos X + cos ^z 

= h 
1 + 2 sin X cos X = i. 
2sinxco8X=— ^. 
8in2x=— i. 
.-. cos2x= ±iV3. 

82. Given tan 2 x = ^, find sin x. 

tan 2 X = ^. 
sec22x= H-tana2x 

C0822X=^^. 

cos2x= ±^. 
1 — 2 sin2x = ± ji^. 
sin2x = 3fVorif. 
sin X = ± f or ± f 

83. Given cos 3 x = f », find 
tan2x. 

cos 3 X =4 cos'x— 3 cosx. 
4 cos^x — 3 cos X = ^. 
By trial one solution is 
cos X = — J. 
4 cos^x — 3 cos X — ff 
= (cos x+i) (4 cos2x- J cos x-^) 
From 4 cos^x — J cos x — ^^ = 
we have 2cosx = ^±fV6. 

But i + fV6>l, 
and i->V6<-l. 



Hence the only solution is 

cos X = — i. 
Then sin x = ± f V2. 
tan X = ± 2 "s^. 
tan^x=-2tenx_ 
1— tan^x 

1-8 

= ±jV2. 

84. Given 2 cscx — cotx = VS, 
find sin ix. 

2cscx — cotx= Vs. 

_2___C08X__ r^ 

sin X sin X 

2 — cosx = Vssinx. 
4 — 4 COSX + cos^x = 3 sm^. 

= 3-3 cos^x. 

4 coB^ — 4 cos X + 1 = 0. 

cos X = i. 

1— 2 8in2|x = i. 

sin2ix = i. 

sin ix = i. 

85. Find sin 18° ; cos 36° 
(i.) 64° =90° -36°. 

3 X 18°= 90° — 2 X 18°. 
cos (3 X 18°) = sin (2 X 18°). 
4 COS" 18° -3 cos 18° 

= 2 sin 18° cos 18°. 
4cos2l8° — 3 = 2sin 18°. 
4 — 4sin2 18° — 3 = 2 sin 18°. 
4sin218° + 2 8inl8°— 1 

4 

(ii.) cos 36° = 1 — 2 sin2 18° 

_ V6+1 
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86. Solve the equation 

sin X = 2 sin (i TT + x). 

sin X = 2 sin (i TT 4- x). 
= VScosx+sinx. 
Vs cos X = 0. 
cos X = 0. 
.-. X = i AT or J Tt, 

87. Solve the equation 

sin 2 X == 2 cos x. 

sin 2 X = 2 cos x. 
2 sin X cos X = 2 cos X. . 
2 cos X (sin X — 1)= 0. 

(i.) cos X = 0. 

x = 90o, 270° 

(ii.) sin X = 1. 

x=90°. 
.-. X = 90« or 270°. 

88. Solve the equation 

cos 2 X = 2 sin X. 

cos 2 X = 2 sin X. 
1 — 2 sin^x = 2 sin X. 
2sin2x4-2sinx— 1 = 0. 

-1±V3 



sinx = - 



sin x = 



-1 + V3 



x = sin-i ^-^ 
2 

89. Solve the equation 
sin x4- cosx= 1. 

sin X 4- cos X = 1. 

sin^x + 2 sin X cos X + cos^x 

= 1. 

2 sin X cos X = 0. 

(i.) sin X = 0. 

x = 0°, 180°. 



(ii.) cos X = 0. 

X = 90°, 270°. 
.-. X = 0°, 90°, 180° or 270°. 
But X = 180°, 270° do not satisfy 
the given equation. 
Hence x = 0° or 90°. 

90. Solve the equation 

sin X + cos 2 X = 4 sin^. 

sin X + cos 2 X = 4 sin^x. 
sinx + 1 — 2 sin2x = 4 sin^x. 
6 sin^x — sin X —1 = 0. 

sin X = i or — i. 

X = 30° or sin-i (— i). 

91. Solve the equation 

4 cos2x + 3 cosx= 1. 

4 cos2x + 3 cosx= 1. 
8cos2x — 4 + 3cosx=l. 
8 cos^x 4- 3 cos X — 5 = 0. 

cos X = — 1 or f. 

X = 180° or cos-J f . 

92. Solve the equation 

sin X + sin 2 X = sin 3 X. 

sin X + sin 2x = sin 3x. 
sin X 4- 2 sin X cos x 

= 3 sin X — 4 sin^x. 

4 sin^x — 2 sin X 4- 2 sin X cos x = 0. 

sin X (2 sin^x — 1 4- cos x) = 0. 

sin X (1 — 2 cos^x 4- cos x) = 0. 

(i.) sinx = 0. 

X = 0, 180°. 

(ii.) 2cos2x— cosx-1 

= 0. 
cos X = 1, —^, 

X = 0°, 120°, 240°. 
.-. X = 0°, 120°, 180°, or 240°. 
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93. Solve the equation sin 2 x = 3 sin^jc — cosmic. 

sin 2 X = 3 sin^x — cos^x. 
2 sin X cos X = 3 sin^x — cos'-'x. 
3 sin^ — 2 sin X cos X — cos^x = 0. 
(3 sin X + cos x) (sin x — cos x) = 0. 

(i.) 3 sin X + €os x = 0. 

3 tan X + 1 = 0. 
tan X = — ^. 

(ii.) sin X — cos X = 0. 

tan X = 1. 

X = 46° or 226°. 
.-. X = 46°, 226°, or tan-i (- i). 

94. Solve the equation tan x + tan 2 x = tan 3 x. 

tan X + tan 2 x = tan 3 x. 

■ 2 tan X _ 3 tan X -- tan'x 

1 - tan^x "" 1-3 tan2x 

/^ . 2 3-tangx \ . 

tmx{l'\- - — - — T- — - — — - — — ) = 0. 
\ 1 — tan-'x 1 — 3 tan^x/ 

(L) tan X = 0. 

X = 0°, 180° 

r\ 1 I ^ 3-tan2x _ 

(u.) ^"^i-tan^x l-3tan2x 

(1 - tan^x) (1-3 tan%) + 2 (1 - 3 tan^x) - (1 - tan2x) (3 - tan2x) 

= 0. 

— 6 Un2x + 2 tan*x = 0. 

tan^x (tan2x — 3) = 0. 

tan X = or ± Vs. 

x = 0°, 180°; ±60°, ±120°. 
.-. X = 0°, ± 60°, ± 120°, or 180°. 

95. Solve the equation cot x — tan x = sin x 4- cos x. 

cot X — tan X = sin X 4- cos x. 
cos X sin X 



sin X cos X 
cos^x — sin^x 



= sin X 4- cos x. 
= sin X 4- cos x. 



sm X cos X 
cos^x — sin^x = sin x cos x (sin x 4- cos x). 
(sin x4- cos x) (coe x — sin x — sin x cos x) = 0. 
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(i.) sin ic 4- cos a; = 0. 

taiix= — 1. 

X = 136°, - 46°. 
(ii.) cos aj — sin X — sin x cos x = 0. 

cos X — sin X = sin X cos x. 
cos^x — 2 sin X cos x 4- sin^x = sin^x cos^x. 
1 — 2 sin X cos x *= sin^x cos^x. 
sin^x cos^x + 2 sin X cos X — 1 = 0. 

sin X cos X = — 1 ± V2. 
sin2x=-2^-2^^. 
2x = sin-i{2V2 — 2). 
x = isin-i(2%^-2). 
.-. X = - 46°, 136°, or i sin-i (2 V2 - 2). 

96i Solve the equation tan^x = sin 2 x. 

tan^x = sin 2 x. 
tan^x = 2 sin X cos x 
= 2 tan X cos^x. 
__ 2 tanx 
"" sec^x 
2 tanx 



~ 1 + tan2x 
tan^x + tan*x = 2 tan x. 
tan X (tan'x + tan x — 2) = 0. . 
(i.) tan X = 0. 

x = 0°, 180°. 
(ii.) tanSx + tan x — 2 = 0. 

(tan X - 1) (tan2x + tan x + 2) = 0. 
tanx= 1. 

X = 45° or 226°. 
.-. X = 0°, 45°, 180°, 225°. 

97. Solve the equation tan x 4- cot x = tan 2 x. 
tan X + cot X = tan 2 x. 
1 2 tan X 



tanx4- 



tan X 1 — tan^x 
tan^x + 1 _ 2 tan X 
tan X ~ 1 — tan^ 
1 — tan*x = 2 tan^x. 
tan*x + 2 tan2x — 1 = 0. 

tansx = - 1 ± V2 
= - 1 + V2. 
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sec^ = 1 + tan^x 
= V2. 

cos^ = — p- 



cos 



( 



. X = cos-1 1 ± 

van X 
98. Solve the equation t— — = cos 2 x. 



1 — tanx 


1 + tanx 
1 — tanx 


1 + tanx 
cos X — sin X 



= cos 2 X. 

, . = cos^x — sin^x 
cos X + sin X 

= (cos X — sin x) (cos x + sin x). 

cos X — sin X = (cos x — sin x) (cos x 4- sin x)2. 

(cos X — sin X) [1 — (cos x + sin x)^] = 0. 

(i.) cos X — sin X = 0. 

tanx= 1. 

x = 46°, 225^. 

(iL) 1 — (cos X + sin x)2 = 0. 

1 — (cos^x + 2 sin X cos X + sin^x) = 0. 

1 — (1 + 2 sin X cos x) = 0. 

sin X cos X = 0. 

X = 0°, 90°, 180°, 270°. 

.-. X = 0°, 45°, 90°, 180°, 226°, 270°. 

99. Solve the equation sin x + sin 2 x = 1 —• cos 2 x. 

sin X + sin 2 X = 1 — cos 2 X. 
sin X 4- 2 sin x cos x = 2 sin^x. 
sin X (1 4- 2 cos X — 2 sin X) = 0. 
(i.) sin X = 0. 

X = 0, 180°. 

(ii.) 1 4- 2 cos X — 2 sin X = 0. 

sin X — cos X = i. 

sin^ — 2 sin X cos x 4- cos^x = i. 

2 sin X cos X = f. 

sin 2 X = f . 

X = i sin-i ^. 
.-. x = 0°, 180°, orisin-if. 
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100. Solve the equation sec 2 x + 1 = 2 cos a;. 

sec 2 X + 1 = 2 cos x. 

— h 1 = 2 cos X. 

cos2x 

1 + cos 2 X = 2 cos X cos 2 x. 

2 cos^ = 2 cos X cos 2 X. 

cos X (cos X — cos 2 x) = 0. 

(i.) cos X = 0. 

x = 90°, 270^ 

(ii.) cosx — cos2 x = 0. 

cos X = cos 2 X. 

x=±2x + n360°. 

X = 0°, 120°, 240° 

.•.x = 0°, ±90°, ±120° 

101. Solve the equation tan 2 x + tan 3 x = 0. 

tan2x + tan3x = 0. 

tan 2 X = — tan 3 x = tan (— 3x). 
2x= — 3xorl80° — 3x. 
(i.) 6x = 0° + n360. 

X = 0°, 72°, 144°, 216°, 288°. 
(ii.) 6x=180° + n360°. 

X = 36°, 108°, 180°, 252°, 334° 
.•.x = 0°, ±36°, ±72°, ±108°, ±144°, 180°. 

102. Solve the equation tan (i ;r ± x) + tan (i ^r — x) = 4. 

tan(iflr + x) + tan (iit — x)-4. 
1 + tan X 1 — tan x _ 
1 — tanx 1 4- tanx~" 
(1 + tan x)2 + (1 - tan x)2 = 4 (1 - tan^x). 
2 + 2 tan2x = 4-4 tan^x. 
6 tan2x = 2. 

tan X = ± — = • 

V3 
x=±i7r, ±iit. 



103. Solve the equation Vl + sin x — Vl — sin x = 2 cos x. 



Vl + sin X — Vl — sin X = 2 cos x. 
1 + sin X — 2 Vl — sin^ + 1 — sin x = 4 coi^. 
2 4- 2 cos X = 4 cos^x. 
2 cos^x + cos X — 1 = 0. 

cos X = i or 1. 
X = ± 60°, 0°. 
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104. Solve the equation tana5tan3x= — f. 

tanx tan3x= — f. 

3 tan X — tan*x 
By Ex. 19, tan3x= i^g^s^^ ' 

3 tan% — tan*x _ _^ 
1 — 3 tan«x *' 

15 tan^x — 6 tan*x = — 2 + 6 tan^. 
6 tan*x — 9 tan«x — 2 = 0. 

tan2x = 2, -i. 
tan2x = 2. 
tan X = ± V2. 
X = tan-i V2. 

105. Solve the equation sin (46*» + x) + cos (46° — x) = 1. 

sin (45° + X) + C08(46°- X) = 1. 

2co8(46°-x)=l. 

cos (46° - X) = i. 

46°-x=±60°. 

x=106°, -16°. 

106. Solve the equation tan x + sec x = a. 

tanx + secx=o. 

secx = a— tanx. 
sec^K = a« — 2otanx + tan^x. 
1 + tan^x = o« — 2otanx+ tan^x. 
1 = a2 — 2 o tan X. 
aa-1 



tanx = 
-cotx = 



2a 
2a 



a^-l 
= cot (2 cot-J a). 
.-. X = — 2 cot-i a. 

107. Solve the equation cos 2 x = a (1 — cos x). 

cos 2 X = o (1 — cos x). 
2 cos?x — 1 = a — a cos X. 
2 cos?x + a cos X = a + 1. 



cos X = z 



,/-a±Vag + 8a+8 > 



■e 
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108. Solve the equation cos 2 x (1 — tan x) = a (1 + tan x). 
cos 2 X (1 — tan x) = a (1 4- tan x). 
1 4- tanx 



(i.) 



cos 2 X = a 



cos^x — sin^x = a 



1 — tan X 
cos X + sin X 
cos X — sin X 



cos X 4- sin X = 0. 

tan X = — 1. 

x = 136°, -46°. 



(ii.) cosx — sinx = : 

^ ' cos X — sm X 

cos^ — 2 sin X cos x + sin2x = a. 

2 sin X cos x = 1 — a. 

sin 2 X = 1 — a. 

X = i sin-i (1 — a). 

.-. X = 135°, — 46°, or isin-» (1 - a). 

109. Solve the equation sin«x 4- cos^ = -^^ sin2 2x. 

sin^x 4- cos^x = y^^ sin^ 2 x. 

sin^x 4- cos^x = (sin^x 4- cos^x) (sin^x — sin^x cos2x4- cos*x) 
= siri*x — sin^x cos^x 4- cos*x 
= (sin^x + cos=^)2 — 3 sin^x cos^x 
= 1 — 3 sin^x cosftc. 
1 — 3 sin^x cos^x = ^^ sin22x 

= J sin^x cos^x. 
J^ sin^x cos^ = 1 
4 sin^ cos^x = f . 
sin22x = f. 
sin2x= ±iV3. 

2x=±60°, ±120°. 
x=±30°, ±210°, ±60°, ±240°. 
= ± 30°, ± 160°, ± 60°, ± 120°. 



110. Solve the equation 

cos3x + 8 cos^ = 0. 

cos 3 X + 8 cos^ = 0. 

4 cos«x — 3 cos X 4- 8 cos*x = 0. 

12 cos^x — 3 cos X = 0. 

cos X (4 cos^x — 1) = 0. 



(i.) cosx = 0. 

X = 90°, 270°. 
(ii.) 4co82x-l = 0. 

cos X = ± i. 

X = ± 60, ± 120°. 
.-. X = ± 60°, ± 90°, or ± 120°. 
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111. Solve the equation 8ec(«+ 120°) + 8ec(a5— 120^ = 2 COB X. 
sec (x + 120°) + sec (x — 120°) = 2 coe x. 

: = 2 coe X. 



[22], 



~ 2 cos X. 



(i.) 
(U.) 



cos (X + 120°) cos (x — 120°) 
cos (X + 120°) + cos (X - 120°) _ 
cos (X + 120°) cos (X - 120°) ^^ *' 

2 cos X cos 120° __2 

cos%ccos2120° — sm«xsin«120° ^** 

— COBX 

i(cos«x-3 8in«x) 

2 COS X + cos X (cos^ — 8 sin^) = 0. 

2 coe X + cos X (4 cos^ — 3) = 0. 

cos X (4 cos^ — 1) = 0. 

cos X = 0. 

X = 90°, 270°. 

4cos^— 1 = 0. 
cos X = ± i. 

x=±60°, ±120°. 
.-. X = ± 60°, ± 90°, or ± 120°. 



112. Solve the equation esc x = cot x + VS. 
CSC X = cot X + Vs. 
csc^x = cot^x + 2 Va cot X + 3. 
1 + cot^x = cot^x + 2 VS cot X + 3. 
2V3cotx = — 2. 
1 

cot X = ;= • 

V3 

X = - 60°, 120°. 
X = — 60° does not satisfy the given equation. 
.-. X = 120° 



113. Solve the equation 
4 cos 2 X + 6 sin X = 5. 

4 cos 2 X + 6 sin X = 5. 

4 (1 — 2 sin2x) + 6 sin X = 6. 

8 sin^x — 6 sin X + 1 = 0. 

sin X = i, i- 
X = 30°, 160°, sin-ij. 



114. Solve the equation 

cos X — cos 2 X = 1. 

cos X — cos 2 X = 1. 

cos X — (2 cos^x — 1) = 1. 

2 cos^x — cos X = 0. 

cos X = 0, i. 
x=±90°,±60° 



190 TRIGONOMETBY. 

115. Solve the equation sin 4 x — sin 2 x = sin x. 

sin 4 X — sin 2 X = sin X. 
[21], 2 cos 3 X sin X = sin x. 

sin X (2 cos 3x — 1) = 0. 
(i.) sin X = 0. 

x=0°, 180^ 
(ii.) 2 cos 3x — 1 = 0. 

cos3x = i. 

3x=±60° + n360°. 
x=±20°, ±140°, ±260° 
= ± 20^ ± 140°, ± 100°. 
.-. X = 0°, ± 20°, ± 100°, ± 140°, 180°- 

116. Solve the equation 2 sin^x + sin^ 2 x = 2. 

2sin2x + sin22X = 2. 

2 sin^x + 4 sin^x cos^x = 2. 

sin^x + 2 sin^x (1 — sin^x) = 1. 

2 sin*x — 3 sin2x + 1 = 0. 

sin2x= 1, i. 

sin x = ± 1, ± V^. 

X = ± 90°, ± 45°, ± 135°. 

117. Solve the equation cos 5 x 4- cos 3 x + cos x = 0. 

cos 5 X + cos 3 X 4- cos X = 0. 
[22], 2 cos 4 X cos x 4- cos x = 0. ' 
(i.) cosx = 0. 

X = 90°, 270°. 
(ii.) 2cos4x+l = 0. 

cos 4 X = — i. 

4x=±120°+n360° 
X = ± 30°, ± 120°, ± 210°, ± 300° 
= ±30°, ±120°, ±150°, ±60°. 
.-. X = ± 30°, ± 60°, ± 90°, ± 120°, or ± 150°. 

118. Solve the equation sec x — cot x = esc x — tan x. 

sec X — cot X = CSC X — tan x. 

1 cos X __ 1 sin X 

cos X sin X sin X cos x 

sin X — cos^x = cos X — sin^x. 

(sin X — cos x) (1 + sin x + cos x) = 0. 
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(L) sin X — cos x = 0. 

tan X = 1. 

X = 45°, 226°. • 
(ii.) 1 4- sin X 4- cos X = 0. 

sin X + cos X = — 1. 
sin^ + 2 sin X cos X + cos^x = 1. 
2 sin X cos X = 0. 
sin2x = 0. 

2x = 0°, 180^ 

X = 0°, 90°, 270°. 
.-. X = 0°, 45°, ± 90°, or 226° 

119. Solve the equation tan^ + cot^x = ^. 

tan2x + cot^x = ^^. 

tan^x + -\- = ^, 
tan^x ' 

tan*x-J^tanax+l = 0. 

tan2x = 3, i. 

tanx= ±V3, ±^- 
V3 

X = ± 60°, ± 120°, ± 30°, ± 150°. 

120. Solve the equation sin 4 x — cos 3 x = sin 2 x. 

sin 4 X — cos 3 x = sin 2 x. 

sin 4x — sin 2x = cos3x. 

[21], 2 cos 3 x sin x = cos 3 x. 

cos 3x (2 sin X — 1) = 0. 
(i.) cos3x = 0. 

3x=±90°+n360°. 
X = ± 30°, ± 150°, ± 90° 
(ii.) 2 sin X— 1 = 0. 

sin X = i. 

x=30°, 150°. 
.-. X = ± 30, ± 90°, ± 150°. 

121. Solve the equation sin x 4- cos x = sec x. 

sin X 4- cos x = sec X. 

• . 1 

sm X 4- cos X = 

cosx 

cos X sin X 4- cos^x = 1. 

cos X sin X = 1 — cos^x 

= sin^x. 

sin X (cos X — sin x) = 0, 
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(i.) sinx = 0. 

x = 0°, 180°. 
(ii.) c68 X — sin X = 0. 

tan X = 1. 

X = 46°, 226°. 
.-. X = 0°, 46°, 180°, 225°. 

122. Solve the equation 2 cos x cos 3 x + 1 = 0. 

2 cos X cos 3 X + 1 = 0. 

2 cos X (4 cos% — 3 cos x) + 1 = 0. 

8 co8*x — 6 cos^x + 1 = 0. 

cos^x = i, i._ 

cos X = ± V|, ± i. 

x=± 46°, ± 136°, ± 60°, ± 120°. 

123. Solve the equation cos 3 x — 2 cos 2 x + cos x = 0. 

cos 3 X — 2 cos 2 X + cos X = 0. 

cos 3 X + cos X = 2 cos 2 X. 
[22], 2 cos 2 X cos x = 2 cos 2 x. 

cos 2 X (cos X — 1 ) = 0. 
(i.) cos2x = 0. 

2x=±90° + n360°. 
x=±45°, ±135°. 
(ii.) cos X — 1 = 0. 

cos X = 1. 
x = 0°. 
.•.x = 0°, ±46°, ±136°. 

124. Solve the equation tan 2 x tan x = 1. 

tan 2x tan x= 1. 

tan 2 X = cot x. 
2x=±90°-x. 
3x=±90° + ri360° 

X = ± 30°, ± 150°, ± 270°. 
.-. X = ± 30°, ± 90°, ± 160°. 

125. Solve the equation sin (af + 12°) + sin (x — 8°) = sin 20°. 

sin (X + 12°) + sin (x — 8°) = sin 20°. 
[20], 2 sin (X + 2°) cos 10° = sin 20° 

= 2 sin 10° cos 10°. 
sin (x + 2°) = sin 10°. 
X + 2° = 10°, 170°. 
X = 8° or 168°. 
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126. Solve the equation tan (60° + x) tan (60'' — x) = — 2. 

tan (60*' 4- X) tan (60° — x) = — 2. 
[6], [10], V3 + tan X V3 — tanx __ _ „ 

1 — Vi tan X 1 + V3 tan X 

3 — tan2x _ 

— "~" A, 



1 — 3 tan^x 
8-tan2x= -2+B.tanax. 
7tan2x = 6._ 
tan X = Vf . 

X = tan-i Vf . 

127. Solve the equation sin (x + 120°) + sin (x + 60°) = f . 

sin (x + 120°) + sin (x + 60°) = %. 
[20], 2 sin (X + 90°) cos 30° = |. 

V3 
2 cos X X -— = J. 

C08X = iV3. 

X = ± 30°. 

12a Solve the equation sin (x + 30°) sin (x — 30°) = \, 

sin (X + 30°) sin (x - 30°) = i. 
[23], — i (cos 2 X — cos 60°) = \, 

cos2x — co8 60°= — 1. 
cos 2 X = — i. 

"2x= ±120°+ 71360°. 
x=±60°, ±240° 
= ±60°, ±120°. 

129. Solve the equation sin*x + co8*x = |-. 

8in*x + cos*x = I-. 
sin*x + 2 sin^x cos^x + cos*x = 2 sin^x cos^x + |-. 
(sin^x + cos2x)2 = 2 sin^x cos2x + |-. 
1 = 2 sin%B cos^x + |-. 
2 sin?x cos^x = |. 
4 sin^x cos'^x = f . 
sin22x = f. 
8in2x= ±iV3. 

2x= ±60°, ±120°. 
X = ± 30°, ± 60°, ± 120°, or ± 150°. 
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130 Solve the equation sin*x — cos*x = ^. 
sin*x — coa*x = ^, 
(sin^x + cos^) (sin^x — coa?x) = ^. 
sin^x — cos^x = ^. 
2 sin2x — 1 = *7j. 
sin2x = J|. 
sin X = ± f . 
X = ± sin-i f . 

131. Solve the equation tan (x + 30°) = 2 cos x. 

Let X + 30° = y. 

Then tan y = 2 cos (y — 30°). 

sin y rx . . 

= V3 cos y + sm y, 

cos y ^ ^ 

sin y = V3 cos^y + sin y cos j 

sin y (1 — cos y) = V3 cos^y. 

sin2y (1 — cos y)^ = 3 cos*y. 

( 1 — cos2y) (1 — 2 cos y + cos^y) = 3 cos*y. 

1 — 2 cos y + 2 cos^ — cos*y = 3 cos*y. 

4 cos*y — 2 cos^y + 2 cos y — 1 = 0. 

(2 cos y — 1) (2 cosSy + 1) = 0. 

(i) 2 cos y - 1 = 0. 

cos y = i. 

y = ± 60°. 

x = 30°, -90°. 

(ii.) 2cos8y+l=0. 

cos^y = — i. 

cos y = — Vi. 



r = cos-i 






X = cos-1 1 — ^—1 — 30° 



= 160°-cos-i^- 



.-. X = 30°, - 90°, or 160° - cos-i -J- ' 
But x.= — 90° does not satisfy the original equation. 
.-. X = 30°, or 150° - cos-i (^\ • 
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132. Solve the equation sec« = 2tana; + i. 

sec X = 2 tan X 4- i. 
sec^x = 4 tan^x + tan x + ^ly. 
1 + tan2x = 4 tan^x + tan x + ^. 
3tan2x+tanx-|J = 0. 

tanx=f^, -f. 

x = tan-J^2, or — tan-^f. 

133. Solve the equations sin (x — y) = cos x, cos (x + y) = sin x. 

sin (x — y) = cos x. 

X — y = 90° — X, or 90° + X. 
y=2x-90% or -90°. 
cos (x + y) = sin x. 

X +y = 90° — X, or X — 90°. 
y = 90°-2x, or —90°. 
(i.) y = — ^°» 35 indeterminate, 

(it) y = 2x — 90° = 90° — 2x. 

.-. X = 46°, y = 0°, or X = 136°, y = 180°, 
or X = 226°, y = 0°, or x = 316°, y = 180°. 
.•.x=46°, y=0°; x=136°, y = 180°; x=-46°, y=180°; 
X = — 136°, y = 0°, or y = — 90^, x indeterminate. 

134. Solve the equations tan x + tan y = a, cot x + cot y = 6. 

tan X + tan y = a. 

cot X + cot y = 6. 

tan X = a — tan y. 

cot X = 6 — cot y. 

(a — tan y) (6 — cot y) = 1. 

a6 — 6 tan y — a cot y + 1 = 1. 

6 tan y + a cot y = ab. 

b tan^y + a = oft tan y. 

b tan^y — oft tan y + a = 0. 

a6±Va262-4a6 
taiiy = ^ 

tan X = a — tan y 



_ a6 qp Vg^ftg — 4 a6 
26 



...x = tan-i(^-^t^^^ ;• 

y = tan-i(^ 2& >/ ' 
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135. Solve the equation sin (x + 12°) cos {x — 12°) = cos 33° sin 67®. 

sin (X + 12°) cos (x - 12°) = cos 33° sin 67° 
[20], i (sin 2 X + sin 24°) = i (sin 90° + sin 24°). 

sin2x = sin90°. 

2x = 90° + n360°. 
X = 46° or 226°. 

136. Solve the equation sin-^x + sin-^^x = 120°. 

sin-i X + sin-J i x = 120°. 
sin (sin-i x + sin-i ix) = i V3. 
xVl-ix2 + ixVl-x2 = iV3. 
xV4-x3 + xVl-x2= V3. 



x2(4-x2) = 3-2V3xVl-x» + x2(l-x2). 
3x2-3 = -2V3xVl-x2. 
9x* - 18x2 + 9 = 12x2 (1 - x2). 
21x* -30x2 + 9 = 0. 
7x*- 10x2 + 3 = 0. 

x2 = l, f 

X = ± 1, ± Vf . 

137. Solve the equation tan- ^ x + tan-i 2 x = tan-^ 3 VS. 

tan-i X + tan-i 2 x = tan-' 3 VS. 
tan (tan-ix + tan-i2x) = 3 VS. 

X-h2x _ rr 

1-2x2-^^^ 

3x = 3V3 (1-2x2). 
x=VS (1-2x2). 
2VSx2 + x-VS=0. 

VS ^ 

138. Solve the equation sin-> x + 2 cos-i x = f ;r. 

sin-i X + 2 cos-i x = f ;r. 
sin (sin-i x + 2 cos-' x) = ^ VS. 



X cos (2 cos-i X) + Vl— x2 sm (2 cos-i x) = i VS. 

^=iVS. 
> = iVS. 
J = iVS. 



x(2x2-l) + Vl-x2x 2xVl-x2 = iVS. 
X (2x2 - 1) + 2x (1 - x2) = |V3. 
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139. Solve the equation sin~i x + 3 co8-i x = 21(y». 

8in-i X + 3 C08-1 X = 210*'. 

sin (sin-i x + 3 cos-* x) = — i- 

X cos (3 coa-J X) + Vl — x* sin (3 cos-i x) = — i. 

X (4x8 — 3x) + Vn=^ [3 Vr=^ - 4 (1 - x^)'] = - i. 

X (4 x« - 3 X) + (1 - x2) [3 - 4 (1 - x2) ] = - f 

4x* - 3x2-1 + 6x2 -4x* = -f 

2x2= f 

x=±i. 



140. Solve the equation 
tan-i X + 2 cot-i x = 136°. 

tan-i X + 2 cot-i x = 136°. 
tan (tan-i x + 2 cot-^x) = — 1. 

tan^tan-ix+2tan-i-W — 1. 

2 



\Pl [14], 



4/ 1 


.-^ 


1- 

X 


2 

X 




1 


X8+X 



-1. 



= -1. 



-X2-1"*"^* 

X» + X = 1 + X2. 
X8-X2+X-1 = 0. 
(X-1)(X2+1) = 0. 
.-. X = 1. 

141. Solve the equation 
tan-i(x+l)+tan-i(x— l)=tan-i2x. 

tan-i (X + 1) + tan-i (x - 1) 
= tan-i 2 X. 



tan [tan-i (x + 1) + tan-i (x 


-1)] 


= 2x. 




x+l+x-1^ 

1-(X2-1) 




2^ -2x 
2-x2-2^- 




x=2x- 


x«. 


x«-x = 0. 




x = 0, 1, 


-1. 



142. Solve the equation 

,x-h2 , ^ , x-2 - 

tan-i — 7—^ + tan-i = i^t. 

x+ 1 X— 1 

,x + 2 , ^ ,x — 2 , 

tan-i — r-^ + tan-i = f ;r. 

x+ 1 X— 1 



tan(tan-i— j-r+tan-i — r )= — 
\ x+1 X— 1/ 



x + 2 X — 2 
x+1 x~l 
(x+2)(x-2) 
(x+l)(x-l) 






(x-1) (x+2) -I- (x+1) (x-2) _ ^ 



(x+1) (x-1) - (x+2) (x-2) 
2x2-4 



3 



-=-1. 

X2=i. 

x=±Vi. 
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143. Solve the equation 
tan-ir^ = 60° 



tan- 



2x 



= 60°. 



l-x2 
2tan-ix = 60° 
tan-ix = 30°, 210°. 

X = tan 30°, tan 210° 

144. Find the value of jir 

a sec X + 6 CSC x, when tanx = -i/- 

6* 
tanx= -7* 



sec2x = 


a* 




ai + bi 




' ai 


cot x = 


~bi' 


CSC2X = 


ai + bi 




(a* + bi)i 


secx = 


- ai 



a sec X + 6 esc X 

= (a* + b^)l 

145. Find the value of sin 3x, 
when sin 2 X = Vl — m^. 



sin2x= Vl — m2. 
cos^ 2 X = m2. 
cos 2 X = ± m. 



1—2 sin2x= ±m. 
2 sin^x = 1 ± m. 



sin X : 



^Vi 



± m 



sin 3x = 3 sin X — 4 sin^x 

=Ht^)'-'(4^)' 

= (lf-")V:f».>. 



146. Find the value of 

csc^x — sec^ , ^ /7 

— ^ — ; ^ , when tan x = Vl. 

csc^x + sec^x ^ 

tan X = Vf . 
sec^x = 1 + f 

= *•_ 
cotx = Vt. 

csc^ =1 + 7 

= 8. 

csc^ — sec^x _ 8— f- 

■* csc2x + sec''^ ""S + f ' 

= *. 

147. Find the value of sin x, 
when tan2x + 3 cot^x = 4. 

tan2x + 3cot2x=4. 
3 



tan2x + - 



= 4. 



tan2x 
tan*x— 4tan2x+3 = 0. 

tan^x = 1, 3. 



cot^x = 1, i. 
csc^x = 2, J. 
8in2x = ^-, f. 
8inx= iV^f, ±^V3. 
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148. Find the value of cos x, 
when 6 tan x 4- sec x = 6. 

5 tan X 4- sec X = 5. 

6 sin X + 1 = 6 cos X. 
6 sinx = 6cosx — 1. 
26 (1 — cos2x) 

= 26 cos^ — 10 cos X + 1. 
50cos2x— lOcosx— 24 = 0. 

cos X = J, - |. 
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}. Fmd 


the value of 


sec X, 


tanx = 


a 




V2a + 1 




tanx = 


a 
V2a+T 




sec2x = 


'*i^, 






a« + 2a4-l 






2a+l 




secx = 


a+1 





150. Simplify the expression 



V2a+1 
(cos X -h COS y)^ -f (sin x + sin y)^ 



151. Simplify the expression • 



C08^i(x — y) 
(cos X + cos y)^ + (sin x + sin y)^ 
cos2 ^^x — y) 
_ [2 cos i (X + y) cos i (X - y)Y + [2 sin j (x + y) cos j (x — y)]« 

cos^ i (x — y) 
= 4 cos^l (X + y) + 4 8inai(x + y) = 4. 

sin (x + 2 y) — 2 sin (x+y) -h sin x 
cos (x + 2 y) — 2 cos (x + y) + cos x 

sin (x + 2 y) — 2 sin (x + y) + sin x 

cos (x + 2 y) — 2 cos (x 4- y) + cosx 
__ [sin (x -h 2 y) + sin x] — 2 sin (x + y) 
~~ [cos (x + 2 y) + cos x] — 2 cos (x + y) 
__ 2 sin (x + y) cos y — 2 sin (x -h y) 
~~ 2 cos (x + y) cos y — 2 cos (x + y) 
__ sin (x + y) (cos y — 1) 
"" cos (X + y) (cos y — 1) 
__ sin (X + y) _ 

cos (x + y) 

sin (x — z) + 2 sin x + sin (x + z) 
sin (y — z) + 2 sin y + sin (y + z) 

sin (x — z) + 2 sin x 4 - sin (x -h z ) 

sin (y— z) 4- 2 sin y + sin (y + z) 
__ [sin (x — z) + sin (x 4- z)] 4- 2 sin x 
~ [sin (y — z) 4- sin (y + z)] 4- 2 sin y 
_. 2 sin X cos z + 2 sin x 
~ 2 sin y cos z 4- 2 sin y 
__ sin X (cos z + 1 )_ sin x 
~ sin y (cos z 4- 1)~ sin y 



tan (x + y). 



152. Simplify the expression - 
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153. Simplify the expression -r— r — ; — : — - — • 

• sin 6x + sin 4 X 

cos 6 X — cos 4 X _ — 2 sin 6 g sin X 
sin 6x + sin 4x~~ 2 sin 5 x cos x 
___ — sinx 
"" cosx 
= — tanx. 

154. Simplify the expression tan-i (2 x + 1) + tan-i (2 x - 1). 
tan[tan-i(2x+l) + tan-i(2x-l)] = ^f:!|t^^ 

^ 4x 

2-4x2 

_ 2x 
1-2x2* 

2x 



tan-i (2x + 1) + tan-i (2x— 1) = tan-i 



1-2x2 



155. Simplify the expression 

11.1.1 



1 + sin2x 1 + cos2x 1 + sec2x 1 + csc^ 
1.1.11 



1 + sin2x 1 + cos^x 1 + sec^au 1 + csc^ 

Vl + sin2x 1 + csc2x/ VI + cos2x ^ 1 + sec2x/ 

— / 1 . sin2x \ , / 1 ■ cos% \ 

~" U + sin^x 1 + 8in2x>/ U + cos2x 1 + 0082x7 

__ 1 -h sin2x 1 + cos^ 

"" 1 + sin2x 1 + cos2x 
= 1 + 1 
= 2. 

156. Simplify the expression 2 sec2x — sec*x — 2 csc2x + csc*x. 

2 sec^ — sec*x — 2 csc^ + csc*x 

= — 1 + 2 sec2x — sec*x +1 — 2 csc2x + csc*x 
= - (sec2x - 1)2 + (csc^ - 1)2 
= - tan2x + cot2x. 
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Entrance Examination Papebs. Page 106. 

I, 
1. Prove that 

cos co-^ = sin tf ; 
seciin + 6) = — CSC ^ ; 
tan (— ^) = — tan ^ ; 
CSC (jr — tf) = CSC tf. 

In the figure let 

AOB=e, 
AOR=-e, 

AOD = 180^ — 0, 

OR=OB=OC=OD, 
BR,CM,ND±OA. 

Then the triangles LOB, LOB\ Hi CO, and NOD are equal, and 




(i.) 



(ii) 



(iu.) 



(iv.) 



cos OBL = 



BL 



= sin LOB, 



OB 

, cos co-^ = sin e. 

OC, 
OM 
. sec (i ;r + tf) = — esc 6 

LR 
OL 
, tan {— tf) = tan e, 

OD OB 



sec AOC = — - 



tan^O^= — - 



~ = -csc^OB. 



= -^=-tanilOB. 
UL 



C8CA0D= =rrz = 



LB 



= esc .405. 



2. Draw the curve of tangents, 
and show the changes in the value 
of this function as the arc increases 
from 0° to 360°. 



Suppose y = tan x. 

As X increases from 0° to 90° and 
from 90° to 180°, y increases from 
to + GO and from — oo to 0, and as x 
continues to increase from 180° to 
360°, y takes the same series of 
values again, since tan {x + 180°) = 
tan X. The initial value may be any 



DN 

CSC (it — 6) = CSC 0. 

negative or positive integral multiple 
of 180°, instead of 0°, without change 
in the series of values of y. Also, 
at equal angular distances in oppo- 
site directions from any quadrantal 
angle tan x has equal values with op- 
posite signs. For the first quadrant 
we have for corresponding values of 
X and y 

X = 0, 30°, 46°, 60°, 90°. 



:0,^,1, V3, oo. 
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Suppose now that the values of x 
are laid off along a given horizontal 
straight line from any initial point 0, 
and at each point a perpendicular is 
erected of a length equal to y^ the 
perpendicular being drawn upward 
if ^ is positive, and downward if ^ is 
negative. The extremities of these 
perpendiculars form the required 
curve. The shape of this curve is 
shown in the figure. 




This curve consists of an infinite 
series of parallel branches, whose 
horizontal distance from each other 
is 180°. Each branch consists of 
equal upper and lower halves, the 
one of which can be obtained by 
rotating the other through 180° about 
the middle point of the branch. 

3. In terms of functions of posi- 
tive angles less than 45°, express the 
values of sin — 250°, esc \\ tt, tan — 
y TC, Also find all the val ues of B in 
terms of a when cos B = Vsin^a. 
(i.) sin - 250° = sin (110° - 360°) 
= sin 110° 
= sin (90° + 20°) 
= cos 20°. 

(ii.) CSC 15 ;r = esc \\ 180° 

= csc(180°+T»2l80°) 

180^ 
= -csc — 



(iii. ) tan — J^ ;r = tan (f ;r — 6 TT) 
= tanf ;r 
= tan 120° 
= tan (90° + 30°) 
= — cot 30°. 
(iv.) cos ^ = Vsin^a 

= ± sin a 
= ± cos (90° — a). 
If cos ^= + cos (90°— a) 

tf = ± (90° - a) + n 300° 
where n is any integer. 
If cos ^ = — cos (90° — a) 

B = 180°± (90°- a) + 71 360° 

...^=90°- a + 71360°, 

a-90°+n360°, 

270°- a + 71360°, 

90°+ a + 71360°. 

Or, tf = 90° — a + 71 360°, 

270° + a + 71 360°, 

270° - a + 71 360°, 

90° + a + 71 360°. 

Or, (?=(2 7i+l)90°±a. 

4. (a) Given cos x = 0.5, 'find 

cos 2 X and tan 2 x. 

(b) Prove that vers (180° — A) + 

vers (360°-^) =2. 

(a) cos X = 0.5 

sin X = Vl — cos ^ 

= ±V0?75 

= ±0.5V3; 

sin X 

tan X = 

cosx 

= ±V3. 

cos 2 X = cos^x — sin^ 

-0.25-0.75 

2 tan X 



tan 2 X = 7 



1 — tan^x 
^ + 2V3 
1-3 

= ±Vs. 
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(6) vera (180° - -4) = 1 - cos (180° - A) 

= 14- C06 A, 
vera (360°- ^) = 1 - co8(360°- -4) 

= 1 — 008-4. 

.'. vera (180° - A) + vera (360° - A) 

= 1 + cos -4 + 1 — cos -4 
= 2. 



5. Prove the check f ormulsB : 

a-\-b:c = COS i (A — B) lain i C; 
a — 6 : c = sin i (-4 — B) : cos i C 
By the Law of Signs (§ 33), 

a : 6 : c = sin -4 : sin B : sin C 
.-. a + 6 : c = (sin A + sin B) : sm C 
a — b:c= (sin -4 — sin J5) : sin C 
By [20] and [21], 

sin .4 + sm B = 2 sin i (^ + B) cos i (w4 — B) 

= 2 sin i (180° - C) cos i (^ - B) 
= 2 sin (90° - i C) cos i (^ - B) 
= 2 cos i C cos i(A — B). 
sin ^ — sin B = 2 cos i (^ + B) sin I (^ — B) 
= 2 sin i C sin i(A- B). 

.-. a + 6 : c = 2 cos i C cos ^ (^ — B) : sin C 

= 2 cos i C cosi (^ — B) : 2 sin i Ccosi C 
= cos i{A — B) : sin i C. 

a - 6 : c = 2 sin i C sin i (^ — B) : sin C 

= 2siniCsini(^-B) : 2siniCcosiC 
= sin i{A — B): cos i C. 



6. In a right triangle, r (the 
hypotenuse) is given, and one acute 
angle is n times the other; find the 
sides ahout the right angle in terms 
of r and n. 

Let A and B be the acute angles 
of the triangle, a and b the sides 
opposite A and B respectively. 

Then B - 7l4. 

^ + B=90°. 
90° 



,A = 



n+1 



B = 



n90° 



n+1 
a = r sin ^. 
90° 



= r sm , ^ 
n+1 

6 = r sin B 

n90° 
n+1 

90° 
'n+l' 



:r sm 
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7. The tower of McGraw Hall is 
125 feet high, and from its summit 
the angles of depression of the bases 
of two trees on the campus, which 
stand on the same level as the 
Hall, are respectively 67° 44' and 
16° 69', and the angle subtended by 
the line joining the trees is 99° SO'. 
Find the distance between the trees. 

A 




Let A and C be the summit and 
base of the tower, B and R the 
bases of the trees. Then in the 
triangle ABC, 

C=90°, 
AC =126, 
^ = 90° -67° 44' 
= 32° 16'. 
AB=AC8ecA 

= 126 sec 32° 16'. 

Similarly in the right triangle 
ARC, 

AB' = AC aec A 
= 125 sec 73° 1'. 



log 125 = 2.09691 

log sec 32° 16'= 0.07285 

log AB= 2.16976 

-45=147.83. 

log 125 = 2.09691 

log sec 73° 1'= 0.53448 

log ^^=^.63139 

AR= 427.95. 

In the triangle ABB\ 

^ = 99° 30'. 
6'= 147.83. 
b = 427.95. 

imi(B-'R) = ^^t^i(B+R) 

log 280.12 = 2.44734 

colog 676.78 =7.23974 

log tan 40° 15'= 9.92766 

log tan i (5 - ^) = 9.61474 

i(JB--B0 = 22°23'3" 
i(B+^) = 40°15' 

B= 62° 38' 3" 
sin A 



BR=AR 



= 427.95 



sin B 

sin 99° 30' 



sin 62° 38' 3" 

log 427.96 = 2.63139 

log sin 99° 30'= 9.99400 

colog sin 62° 38' 3"= 0.06166 

log BR= 2.67694 

BR= 476.27. 

Required distance, 475.27 ft. 
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11. 



Prove that 

cot(— tf)= — cot^; 
CSC it — d = CSC e\ 
sin (;r + tf) = — sin ^ ; 
sec co-^ = CSC tf ; 
cos (i ;r + d) = — sin 6, 




Let AOB = 0, 

AOR=-e. 
^OC = 90°-^. 

^0^ = 180°-^. 
^ OF =180° + ^. 
0A= OB- 0B'= OC 
= 0D= 0E= OF. 
BL, CM, DM' EVJL OA. 

Then the triangles LOB, LOB", 
MCO, M'DO, UOE, UOF are 
equal. 



0.) 

(it) 

(lu.) 
(iv.) 
(V.) 



cot AOB'= - ~= -^= - cot AOB. 
'. cot (—0) = — cot e. 
c^AOE = -^ = ^ = caoAOB. 



.'. CSC it — e = cac 0. 

'^^OF=-^=-^=-ninAOB. 
sin {;r + ^) = — sin 0, 
sec AOC = ^= -^ = CSC AOB. 

UM A.1S 



. sec co-^ = CSC 0. 
OM' 



C08A0D = 
cos (i ;r + ^) = — sin 0. 



oi) = -il=-«^^«^- 



2. Show that in any plane triangle sin i^ = -i/^^ ^ ^ • 

By the Law of Cosines (§ 34), 



a2 = 
. cos -4 = 



1 — cos -4. = 



62+c2— 2 6ccoSw4. 

26c 
26c-62-_c2 + a2 



26c 

_ gg - (6 - c)2 
26c 
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1 — COS -4 = 2 sin'^i A. 



sin 1-4. 



=t>^ 



-0' 



2 - (& - c)2 = (a + 6 - c) (a - 6 + c), 

2- (6-c)2= (2s-2c) {28 — 26) 
= 4 (« - 6) (5 - c). 



3* Find the value of sin ($ ± G") 
in terms of sin ^, cos ^, sin ^, and 
cos^. 




^ A 



Let 



AOB=e,BOC=e', 
0A= 0B= OC, 
CD±OB, CF, DE±OA,DG±CF, 

Then ^0C=^+^. 
DCG = ^. 

sin(^+r) = -^ 

_ CG + DE 

_BE CG 

~ oc oc 

_DE OD CG CD 

^ OD^ OC^ CD OC 
— Bin <? COS r+ cos & sin fi^. 
For Biii(e— ff^T ft&^ Trigonometiy, 
S28. 



_ / (8-6)(8--c) . 
"■ \ 6c 

4. Given tan 45° = 1 ; find all the 
functions of 22° 30'. 

tan 45° =1, 

sec2 45° = 1 + tan2 46°= 2. 

sec46°= V2. 

cos45°=— p- 

sin 45° = tan 45° cos 45° 
__ 1 

" V2 

By [17], , 

«^oo^, 1 — COS 45° 
sin 22° 30' = ^ ^ 



=>/i^* 



= i V2 - V2, 

VI + cos 45° 
— '— ^ 

= 1V2.+ V2. 
sin 22° SO' 



tan 22° 30' = 



COB 22° 30' 



_ Va- V2 

V2+ >^ 
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2-\^ 





V2a-(>^^ 




2-\^ 

V2 




= V2-1. 


cot 23^ 30' 


1 


tan 22° SO' 

1 




\^-l 




~\^+l. 


sec 22° 30' 


= Vl + tan2 22°80' 




= V4-2\^. 


CSC 22° 30' 


= VH-cot2 22°30' 



= V4 + 2\^. 

5. Determine the number of so- 
lutions of each of the triangles : 
a= 13.4, 6 = 11.46, ^=77° 20'; 
c=58, a =76, C = 60°; 
6=109, a = 94, ^ = 92°10'; 
c = 309, 6 = 360, = 21° 14' 26". 
(L) a = 13.4, 6= 11.46, A= 77° 20'. 
a>6 
.-. one solution, 
(ii) c=68, a =75, C = 60°. 
a 8inC.= 75 x \\f^ 

= 75 X 0.866 + 
= 04.4-. 
c < a sin C 
.'. no solution, 
(lit.) 6 = 109, a = 94, ^ = 92° 10'. 
^ > 90°, a < 6, 
.*. no solution, 
(iv.) c=309, 6=360, C=21°14'25". 
6 sin C < 6 sin 30° 
<i6 
<180. 
.-. 6 > c > 6 sm C. 
.-. two solutions. 



6. In a parallelogram, given side 
a, diagonal d, and the angle A 
formed by the diagonals; find the 
other diagonal and the other side. 



5. 




It 



Q 



In the parallelogram PQRS, given 
PQ = a, QS = d, PTQ = A, re- 
quired PR and PS. 
TQ = iQS 
= id. 

sm TPQ = j^BinPTQ 

= i sm A, 
a 

From this formula, TPQ must be 
determined by logarithms. 

rQP= 180°- TPQ- X 
smTQP 
^ sin PTQ 
_ sin(180°- TPQ- A) 
sin A 
Bin {TPQ + A) 
sin A 
PR = 2PT 

^^^sin(rPQ + ^). 
sin A 

From this formula PR must be 
determined by logarithms, 
tan i(QSP-QPS) 

= ^tan(90°-iPQ^ 

= |^cotiPQS, 

from which QSP and QPS must be 
determined. 
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from which PS may be determined. 

7. A and B are two objects whose 
distance, on account of intervening 
obstacles, cannot be directly meas- 
ured. At the summit of a hill, 
whose height above the common 
horizontal plane of the objects is 
known to be 517.3 yds., angle ACB 
is found to be 16° 13' 16". The 
angles of elevation of C viewed from 
^ and B are 21° O' 18" and 23° 16' 34" 
respectively. Find the distance from 
Ato B. 




Let D be the point directly under 
C in the same horizontal plane with 
A and B. Then 

AC = CD CSC CAD 

= 617.3 esc 21° 9' 18". 
log 617.3 = 2.71374 
log CSC 21° 9' 18" = 0.44262 

log ^C= 3.16636 - 
^C= 1433.4. 
BC=CDc8cCBD 

= 617.3 CSC 23° 16' 34". 

log 617.3 = 2.71374 

log CSC 23° 16' 34" = 0.40362 

log iJC = S. 11726 



taxi i (ABC -BAG) 

An Jin 

= ^^j^^^ t!in\(ABC+BAC) 
- ^^^'^ tan 82° 23' 22". 



2743.4 

log 123.4 = 

colog 2743.4 = 

log tan 82° 23' 22" = 10.87414 

\ogU.Ti\(ABC-BAC)= 9.62717 

\(ABC-BAC) = 

i(ABC'hBAC) = 



2.09132 
6.66171-10 



18° 36' 20" 
82° 23' 22" 



AB=AC 



= 1433.4 



^BC=100°69'42" 

sin ABC 

sin 16° 13' 16" 



sin 100° 69' 42" 

log 1438.4 = 3.16636 

log sin 16° 13' 16" = 9.41919 

colog sin 100° 69' 42" = 0.00804 

log ^5=2.68369 

^5=383.36 

Distance AB is 383.36 yds. 

III. 

1. Trace the value of tan e and 
that of CSC ^, as ^ increases from 
0° to 360°. 

(i.) When ^ = 0°, tan ^ = 0; and, 
as 6 increases from 0° to 90°, tan $ 
increases from to oo. As ^ in- 
creases from 90° to 180° and from 
180° to 270°, tan 6 increases from 
— 00 to and from to + oo ; and, 
as e increases from 270° to 360°, 
tan e increases from — oo to 0. 
Since tan (180° + ^) = tan 6, the 
succession of values of tan is the 
same from 6 = 180° to ^ = 360° as 
from ^ = 0° to ^ = 180° ; and, since 
ta n '^ "'^'^ "' - — tan ^, tan ^ takes 
>l values in the 
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second quadrant as in the first, but 
in the opposite order and with the 
opposite sign. In the first quadrant 
the values of tan 6 for several angles 
are given in the following table : 

= 0°, 30°, 45°, 60°, 90°. 
tan^ = 0, -=, 1, VS, oo. 

(iL) When ^ = 0°, esc ^ = oo ; and 
as e increases from 0° to 90°, esc 6 
decreases from oo to 1. Ab in- 
creases from 90° to 180° and from 
180° to 270°, CSC increases from 

1 to 00 and from — oo to — 1 ; and 
as increases from 270° to 3d0°, 
CSC decreases from — 1 to — oo. 
Since esc (180° + ^) = — esc ^, esc ^ 
takes the same succession of values 
from = 180° to ^ = 360° as from 
^ = 0° to ^ = 180°, but with the op- 
posite sign ; and since esc (180° — 0) 
= CSC d, CSC 9 takes the same series 
of values in the second quadrant as 
in the first, but in opposite order. 
In the first quadrant the values of 
CSC for several angles are given in 
the following table : 

^ = 0°, 30°, 46°, 60°, 90°. 

CSC d= 00, 2, \^, — p, 1. 
V3 

2. (a) Find the remaining func- 
tions of when cos 0= — ^ Vs. 

(b) Determine all the values of 
that will satisfy the relation cot = 

2 cos 9. 

(a) cos^=— iV3. 

sin = Vl — cos2^ = ± i. 
sin 1 



tan^ = 



COfl^" 



V3 



cot = -^ = a: Vs. 
tan ^ 





"^^^-008 0-"^' 




C8C0=^=±2. 

Bm0 


w 


cot ^ = 2 cos 0. 




cos ^ . 
— — = 2 cos 0. 
sm 




cos ^ = 2 sin ^ cos 0. 




cos = sin 2 0, 




^=90°-2^or 2^-90°. 


(i.) 


3d=90° + n360° 




^=80° + nl20° 




= 30°, 160°, 270°. 


(ii.) 


^ = 90° 




.-. ^=30°, 90°, 150°, 270°. 



3. Prove the identity 



tan A — cot A = 



sin^^ — cos2^ 



sin A cos A 

= — 2 cot 2 -4. 

. ^ . mi A cos A 

tan -A — cot ^ = 7 , — T 

cos A sm A 

_ sin^^ — cos^^ 

sin A cos A 

But cosM— 8in2^= cos 2 A 

2 sin ^ cos ^ = sin 2 A. 

A ^ A —COS 2^ 

.-. tan A — cot A = -—. — r—- 

ism2A 

= — 2cot2-4. 

4. Derive an expression for the 
sine of half an angle in a triangle in 
terms of the sides of the triangle. 
See II., Ex. 2. 

5. Construct a figure and explain 
fully (giving formulae) how you 
would find the height above its base, 
and the distance from the observer. 
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of an inaccessible vertical object 
that is visible from two points whose 
distance apart is known, and which 
can be seen from one another. 




Let CB be the vertical object, A 
and B the two points of observation. 

Measure the angles CAB^ CBA, 
and CAD. Then 
, sin CBA 



AC=AB 



= AB 



sin AC B 

sin CBA 



AB 



CB =AB 



sin (ISO^- CAB -CBA) 

sin CBA 
sin {CAB + CBA)' 

sin CAB 



sin(C^JB+ CBA) 
CD = AC Bin CAD 

. sin CBA sin CAD 



-AB 



sin (CAB + CBA) 



6. Given two sides of a plane 
triangle equal respectively to 121.84 
and 216.7, and the included angle 
47° 21' 11", to find the remaining 
parts of the triangle. 
Let 6=121.34. 
c = 216.7. 
^ = 47°2rir'. 
Then tan i (C - B) 

c+6 
95.36 



- tan i(C+B) 



log 95.36= 1.97937 

colog 338.04= 7.47103-10 

log tan 66° lO' 24" = 10.35805 

logtani(C-^= 9.80845 

i(C-B) = 32°45"19" 

^(C + B) = m° ly 24" 

= 99° 4' 43". 

jB=33°34' 5". 

. sin A 

a = b- — ^ 

sm B 



sin 33° 34' 5" 



338.04 



tan 66** 



log 121.34 = 2.08400 

log sin 47° 2V 11" = 9.86661 

colog sin 33° 34' 5" = 0.25733 

log a = 2.20794 

a =161.41. 



7. In a right triangle, if the dif- 
ference of the base and the perpen- 
dicular is 12 yds., and the angle at 
the base is 38° V 8", what is the 
length of the hypotenuse ? 

a-6=12, 

5=38° r 8". 
^ = 51° 58' 52". 

a 4- 6 = (a — 6) - — z-f-. ^ 

^ ' taniiA — B) 

_ tan 45° 

""tan 6° 58' 52" 

= 12 cot 6° 58' 62". 

log 12= 1.07918 
log cot 6° 58' 52" = 10.91204 
log (a + 6)= 1.99122 
a 4- 6 = 97.998 

a-6=12 

a = 54.999 
c = a CSC -4 
= 54.999 CSC 51° 58' 52". 
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log 54.999 =1.74036 

log CSC 51° 58' 62" = 0.10358 

log c = 1.84393 

c = 69.812. 

Length of hypotenuse, 69.812 yds. 

IV. 

1. By means of an equilateral 
triangle, one of whose angles is 
bisected, find the numerical values 
of the functions of 30° and 60°. 




G D B 

Let ABC he an equilateral tri- 
angle ; AD the perpendicular from 
A on BC : and let the length of each 
side of the triangle be 1. Then 

BAD= 30 °, DBA = 6 0°. 
AD= ^a1^-B& 

= vr^ 

= i\/3. 

7? 7) 
sin BAD = cos ABD = — 

sin 30° = cos 60° =i ; 

AD 

cos BAD = sin ABD - —^ 

cos 30° = sin 60° =iV3; 
sin +• sin ^ 



tan BAD - 

tan 30° = 

^otBAD- 
cot 30° = 

sec BAD = 
sec 30° : 

cscJ5^D: 
CSC 30° 



:COt^/^D 
: cot 60° 

• \,2XiABD 

- tan 60° 

= CSC ABD 
= CSC 60° 



: sec ABD = 
= sec 60° = 



AD 
J_ 

V3' 
AD 
BD 
V3; 
AB 
AD 
_2_ 
^ V3' 
AB 
BD 
2. . 



2. If B be any angle, prove that 
sin ^ = tan ^ : Vm- tan^^. 
cos e = Vcsc*^ — 1 : CSC 0. 

(i.) Vl + tan*^ = Vsec'-i^ 
= sec $. 

..tajie : Vr+lan^S = tan^ : seed 
__ sin^ , 1 
~~ cos 6 ' cosd 
= sin e. 



(ii.) 



Vcsc^d — 1 = Vcot^d 

= cot e. 



. Vcsc^d — 1 : CSC d = cot d : cscd 
__ cosd . 1 
~" sin d ' sin 6 
= cos 6. 



3. Prove that ^^° , ^'^ ^^ = - cot i (d - O, where d and ^ are any 
cos — cos ^ 

sin d = sin [i (d + ^ + i (d - ^ ] 

= sin i(e+d^ cosi(d- ^) + cos i(d + ^)sin i (^- ^). 

sin ^= sin [i (^ + r) - i (d - r)] 

= sini(d+^)cosi(d-^)-cosi(d + ^)sini(d-^. 

sin d + sin ^= 2 sin i (d + ^ cos i (^ - O- 
cos d = cos [i (d + O + i(d- ^] 

= cos i (d + O cos i (d - O - sin i (d + 0") sin i (d - O. 
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COS ^= COS [i (^ 4- ^) - i (9—e^] 

= cos i (^ + r) cos i (^ - ^) + sin i (^ + ^ sin i (^ - 

.-. cos ^ — cos ^= — 2 sin i (^ + d") sin i(e — 6"). 

sing 4- sin 6" _ 2 sin j (g + g")cosi(g — Q 
cosg— cos^~ — 2sini (g4-^)sini(g— ^ 

__ cosi(g-^) 

"" sin i (0 - ^) 

= - cot i (g - ^. 



n 



4. Find sin 2 0^ cos 2 0, and tan 
2 g, in terms of functions of 6. 

sin 2 g = sin {0 + 0) 

= sin g cos g + cos sin ^ 

= 2 sin g cos 0, 
coa2 = cos (g + 0) 

= cos cos g — sin sin ^ 

= cos2g — sin2g. 
tan2g = tan (g + 0) 

_ tan + tan 

~ 1 — tan g tan g 

_ 2 tan g 

~ 1 — tan2g' 

5. Assuming the law of sines for 
a plane triangle, prove that 

(a + b) : c = coBi(A'- B): sin i (7, 
(a — b):c = s\n^(A—B): cos i C. 
See I., Ex. 6. 

6. At 120 ft. distance, and on a 
level with the foot of a steeple, the 
angle of elevation of the top is 
62° 27' ; find the height. 

A - 62» 27', b = 120. 
a = b tan A 
- 120 tan 62^ 27', 
log 120= 5.07918 
log tan or 27'= X0,282g0 
loga= 2.^^178 
a = 230.oa. 
Height of steeple, 230- OS ft. 



7. Solve the plane triangle given 
the three sides, 

a = 48.76, b = 62.92, c = 80.24. 

s = i(a+b + c) 
= 96.96. 
s—a = 47.20. 
s — b = 33.04. 



J-c = 15.72. 



-4 
-4 



(s — a) (s — b) (s — c) 
s 

'47.20 X 33.04 X 15T72 
95.96 
log 47.20 = 1.67394 
log 33.04 =1.51904 
log 15.72 =1.19645 
colog 95.96 = 8.01791 - 10 

2 )2.40734 
log r = 1.20367. , 

logtani^= 9.52973 
log tan i B = 9.68463 
log tan i C = 10.00722 

iA- 18"^ 42' 29" 
i B- 26^ 48' 56" 
iC- 4hP 28' 35" 



A = 37^ 24' 58" 
B = 5r 37' 52" 
C = m'' 57' 10" 



^ + i?+C=180^ 0' 0" 
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1. In how many years will a sum 
of money double itself at 4 per cent, 
interest being compounded semi- 
annually ? 

Let the sum be 8, Then the 
'amount at the end of n years is 

(1.02)* "5, 
and(1.02)*''S = 2 5. 
(1.02)*" =2. 
2 n log 1.02 = log 2. 



' log 1.02 
log 2 = 0.30103. 
log 1.02 = 0.00860. 

1 log 2 - 
^ log 1.02 

.-. n = 17.6. 
The sum will double itself in 17| 
years. 



sin%B = 



1 4- Vl - ma 



cos2x= 1 — 2smaaj 



= -Vl-ma. 



sin2a; = Vl — cosa2« 
= ±m. 
. sin 2x 



tan 22 = 



cos 2 2 



= ± 



Vl-m2 



17.6. 



2. Given sin^c = l+Xlzi^*, find 
sin 2 X and tan 2 x. 



3. Find all values of x un der 360°, 
which satisfy the equation V8cos2a; 
= 1 — 2 8ina;. 



VS cos 2 X = 1 — 2 sin x. 
8 cos 2x = 1— 48inx+4 sin^x. 
8 (1 - 2 sin2x) = 1- 4 sin x+4 sin2x. 
20 sin^x — 4 sin X — 7 = 0. 

sin X = /j or — i. 
(i.) sinx=^V 

X = 44°26'30" or 136<'84'30''. 
(ii.) 8inx= — |. 

x = 330° or 210'^. 



4. What is always the value of 

2 sin^x sin2y + 2 cos^x cos^y — cos 2 x cos 2 y ? 
2 sin^x sin2y + 2 cos^x cos^y — cos 2 x cos 2 y 
= 2 (sinx siny H- cosx cosy)2— 4 sinx siny cosx cosy — cos2x cos2y 
= 2 cos2 (x — y) — (sin 2 x sin 2 y + cos 2 x cos 2 y) 
= 2 C082 (x — y) — cos (2 x~2 y) 
= 2 cos2 (X — y) — cos 2 (x — y) 
= 2 cos2 (X — y) - [2 cos2 (x - y) - 1] 
= 1. 

5. Find the area of a parallelogram, if its diagonals are 2 and 3, 
intersecting each other at an angle of 35°. 

Area of each of the four triangles into which the diagonals divide the 
parallelogram: = i x f x f sin 35° 

= f sin 35°. 
.-. Whole area = 3 sin 36°. 

sin 35° =0.5736. 
.-. Whole area = 1.7208. 
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tan course • 



6. Find the bearing and distance 
from Cape Horn (55° 55' S., 67° 40' 
W.) to Falkland Islands (51° 40' S., 
59° W.). 

Diff. lat. =4° 15' =255'. 
Mid. lat. =53° 47' 30". 
Diff. long. = 8° 40' = 520'. 
Depart. = Diff. long, x cos mid. lat. 
= 520 cos 53° 47' 30". 
_ Depart. 
' ~ Diff. lat. 

= ^ cos 53° 47' 30". 

log 520= 2.71600 
colog255= 7.59346-10 
log cos 53° 47' 30" = 9/7713^ 
log tan course = io. 08085 

course = N. 50° 18' 9" E. 
Dist. = diff. lat. X sec course 
= 255 sec 50° 18' 9". 

log 255 = 2.40654 

log sec 50° 18' 9" = 0.19468 

log dist. = 2.60122 

dist. = 399.23. 

Bearing, N. 50° 18' E. ; distance, 

399 miles. 

VI. 

1. In a certain system of loga- 
rithms T.25 is the logarithm of h 
What is the base ? 

[Be careful to remember what 
1.25 means.] 

Let the base = 6, 

Then 6^-^ = i. 
6-^" = i. 

6 = 8* 
= 16. 

The baae is 10. 



2. Find the tangent of 3 x in 
terms of the tangent of x. 
tan3x= tan(2x + x) 

__ tan 2 X + tan X 

~ 1 — tan 2 X tan x 

2 tanx 



l-tan2x 



+ tan X 



2 tan X ^ 

1 — :: :r tan x 

1 — tan^x 

3 tan X — tan% 

~ 1—3 tan'-^ 

3. One angle of a triangle is 35°, 
and one of the sides including the 
angle is 24. What are the smallest 
values the other sides can have ? 

The smallest value of the side op- 
posite the given angle is 24 sin 35°. 
The third side may have any value 
from to oo. 

log 24 = 1.38021 

log sm 35° = 9.75859 

log(24 sin 35°) = 1.13880 

24 sin 35° =13.766. 

4. Find all the values of x, under 
360°, which satisfy the equation 
tan 2 X (tan2x - 1) = 2 sec2x - 6. 

tan 2 X (tan^x — 1) 

= 2 sec2x — 6. 

2 tan X ,^ „ IV 
(tan^x — 1) 

2 (1 + tan2x) — 6. 
— 2 tan X = 2 tan2x — 4. 
tan2x4-tanx = 2. 

tan X = 1 or — 2. 

(i.) tan X = 1. 

x = 45° or 225°. 

(ii.) tanx =—2. 

X = 116° 33' 54" or 
296° 33' 54". 



1— tan2x^ 




teachers' edition. 



215 



5. Two ships leave- Cape Cod 
(42° N. 70«W.), one sailing E., the 
other sailing N. £. How many miles 
must each sail to reach longitude 
65° W. ? 

Diff. long. = 5° = 300'. 
(i.) For the first ship, 

Dist. = diff. long. X cos lat. 
= 300 cos 42°. 
log 300 = 2.47712 
log cos 42° = 9.87107 
log dist. = 2.34819 
Diet. = 222.94. 
(iL) For the second ship, 
Course = 46°. 



.-. depart. = diff. lat. 
Let diff. lat. = d. 
Then 
diff. long. = depart, x sec mid. lat. 

300 = d sec (42° 4- i d). 
By trial d= 3° 36' 30" 
= 216.5', 
Dist. = diff. lat x sec course 
= 216.5' sec 45°. 
log 216.5 =2.33546 
log sec 46° = 0.15061 
log dist. = 2.48697 
Dist. = 306.17. 
First ship must sail 223 miles ; 
second ship 306 miles. 



S. UA-\-B-{-C= 180°, find the value of 

tan ^ + tan B + tan C — tan A tan jB tan C. 
tan -4 + tan B + tan C — tan ^ tan J5 tan C 

= tan-4 + tanB+ tan C(l — tan^ tanB) 

= tan^ + tan£4- tan[180°-(^ + i?)] (1-tan^ tan£) 

= tan-4 + tan B — tan (^ + 5) (1 — tan ^ tan B) 



tan A + tan B — 



Janyl + t an.g 
1 — tan A tan B 



(1 — tan Ais.nE) 



= 0. 



VII. 



1. What is the base, when log 
0.008= -1.5? 

If the base = 6, 

6"^-* = 0.008. 

5? = iP^o_a 
= 125. 
.-.6=125* 
= 26. 
The base is 26. 

2. If cos (a — 6) = 3 cos (a + 6), 

« ^ *v 1 -8ec(aH-6) 

find the value of — ^ ' • 

sec a sec 



cos (a — 6) = 3 cos (a + 6). 
cos a cos b + sin a sin b 

= 3 cos a cos 6 — 3 sin a sin b. 
2 cos a cos 6 = 4 sin a sin 6. 
cos a cos 6 = 2 sin a sin 6. 
cos (a + b) = cos a cos 6— sin a sin b 
= i cos a cos b. 
2 



sec (a + 6) = 



cos a cos 5 
= 2 sec a sec b. 



sec (g 4- 6 ) __ g 
sec a sec 6 
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3. The area of an oblique-angled 
triangle is 50. One angle is 30^ and 
a side adjacent to that angle is 12. 
Solve the triangle. 

Area = i&c sin A, 

60=1 X 12 sin 30^ 

= 3c. 

.•.c = Af. 

tani (C - 5) = ^^ tani (C + JB) 

= ^tani(180°-30°) 

= ^V tan 76°. 

log 7= 0.84610 

colog43= 8.36653 

log tan 75° = 10.67195 

logtani(C-B)= 9.78368 

i (C - £) = 31° 16' SO'' 
i(C+5) = 75^ 



C = 106° 16' 50" 

B- 43° 43' 10". 

, sin -4 

sm B 

sin 30° 



= 12- 



sin43°43'l0" 

6 

sin 43° 43' 10" * 

log 6 = 0.77815 

colog sin 43° 43' 10" = 0.16045 

log a = 0.93860 

a = 8.6816. 

4. Find all values of x, less than 
360°, which satisfy the equation 
sin 2 a; — cos a; = cos^x. 



sin 2 a; — cos x = 
2 sin X cos X — cos x = cos^. 
cosx(2sinx— 1— cosx) = 0. 
(i.) cosx = 0. 

x=90°or270° 



(ii.) 2sinx.— 1 — cosx = 0. 

2 sin X — 1 = cos x. 
4 sin^x — 4 sin X + 1 = cos^ 

= 1 — sin2x. 
5 sin^ — 4 sin X = 0. 

sinx = or |. 
X = 0°, 180°, 53° 7' 48", 

or 126° 52' 12". 
.-. X = 0°, 90°, 180°, 270°, 63° 7' 48", 
or 126° 52' 12". 
Of these values, however, only the 
following satisfy the original equa- 
tion: 
X = 90°, 180°, 270°. 

5. Find, by Middle Latitude Sail- 
ing, the course and distance from 
Cape Cod (Lat. 42° 2' N., Long. 70° 
4' W.) to Fayal (Lat. 38° 32' N., 
Long. 28° 39' W.). 

Diff. lat. = 3° 30' =210'. 

Mid. lat. ?= 40° 17'. 

DifE. long.= 41° 25' = 2486'. 

Depart. = diff. long, x cos mid. lat. 

= 2485 cos 40° 17'. 

depart. 

tan course = ,.J^, ^ 

din. lat. 

1_ 2486 cos 40° 17' 

"* 210 

log 2485= 3.39633 

colog 210= 7.67778-10 

log cos 40° 17' = 9.88244 

log tan course = 10.96655 

Course = S. 83° 40' 43" E. 

Dist. = diff. lat. X sec course 

= 210 sec 83° 40' 43". 

log 210 = 2.32222 

log sec 83° 40' 43" = 0.96819 

log dist. = 3.28041 

Dist. = 1907.3 

Course, S. 83° 41' E.; distance, 

1907 miles. 
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In any triangle ABC, prove 

tan i^ tan i J5 + tan i^ tan i C + tan IB tan i C = 1. 
tani^tan^B + tani^taniC + taniBtaniC 
= tani^ taniB + taniC(tani-4 4-taniB) 
= tan i^ tan iB + tan [OO**- 1(^ 4- J5)] (tan i^ + tan iB) 
= tan i^ tan iB + cot i (^ 4- B) (tan iil + tan iB) 

^ A 4. 1 « L 1 — tan iA tan i B ,^ , ^ , ^ , nv 
= tan i^ tan iB + -^^^^^^p^^^ (tan i^ + tan iB) 

= 1. 



vin. 

1. What is the base of a system 
of logarithms in which 

log3riT = 2.33i? 
Let the base = b. 
Then b^^ = ^. 
&-^««=^. 

6=(3-*)-f 
= 3» 
= 27. 
The base is 27. 

2. Given the area of a right tri- 
angle, and the smallest angle, find 
the legs of the triangle in terms of 
the data. 

= F 

= A. 

ab = 2F. 



Let area 
given angle 
Then, 



^ 4. A 

T = tan-4. 

a2=2FtanA 
l^ = 2FcoiA, 



a=V2Ftan^. 
b = y/2FcotA. 



3. Find a and 6, given ^ = V2, 

sm6 
, tana ^rr 
and 7 — r = V3. 
tano 



sing 
sin b 
tana 



= V3. 



tan b 
sin a = '^ sin b. 
tana = V3tan6. 
8ina__ /^sin6 
cos a ~" cos b 
sin a _ WftCosa 
sin & cos b 

COS 

cos a = Videos 6. 
smSa = 2 sin^ft. 
cos^a = f cos^ft. 
sin^a + cos^a = 2 sin^ft + f cos%. 
2sin26 + f cos26=l. 
2 8in26 + f(l-sin26) = l. 
8in26 = ^. 
8m6=±i. 

6= ±30° or ±150°. 
sin a = v5 sin 6 

-^- 

a =±45° or ±136°. 

4. One angle of an oblique-angled 
triangle is 45°, and an adjacent side 
is V2. What is the smallest value 
the opposite side can have ? Solve 
the triangle when the opposite side 
isf. 
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(i.) Limiting value of opposite side is 

V2 8in45°=l. 
(ii.) a=V2, 6= J, B=45°. 
a > 6 > a sin B. . *. two solutions. 

sm^ = TsmB 



= V2 X I sin 45° 
= i' 
log 4 = 0.60206 
colog 5 = 9.30103 
log sin ^ = 9.90309 
A = 53° 7' 48" or 126° 52' 12''. 
C = 180° -(A+B) 

= 81° 52' 12" or 8° 7' 48" 
sin C 
sinB 

log 6 = 0.09691 0.09691 

log sin = 9.99561 9.15051 

colog sing = 0.15051 0.15051 

log c = 0.24303 9.39793 - 10 
c = 1.75 0.25 

5. A ship leaves Cape Cod (42° 2' 
N. , 70° 4' W.) and sails 200 knots on 



c=6- 



a course S. 40° E. Find the latitude 
and longitude reached. 
Diff . lat. = distance x cos course 
= 200 cos 40°. 
log 200 = 2.30103 
log cos 40° = 9.88425 
log difE. lat. = 2. 18528 
diff. lat. = 153.21' 

= 2° 33' 13". 
Mid. lat. = 40° 45' 24". 
Diff. long. = depart, x sec. mid. lat. 
Depart. = distance x sin course 

= 200 sin 40°. 

Diff. long.=200 sin40°sec40°46'24". 

log 200 = 2.30103 

log sin 40° =9.80807 

log sec 40° 45' 24" = 0.12062 

log diff. long. = 2.22972 

diff. long. = 169. 72' 

= 2° 49' 43". 

Latitude reached, 39° 29' N. ; lon- 
gitude, 67° 14' W. 



6. If 2 tan 2 a = tan 2 6 sin 2 6, find the relation between the tangents 

of a and b. 

2 tan 2 a = tan 2 6 sin 2 6. 



4 tan a 



2 tan 6 



1 - tan2a 1 — tan-^ft 
_ 4 tan b 
~ 1 — tan26 
4 tan26 



X 2 sin 6 cos6 

X tan 6 cos^fe 
1 



1 — tan26 sec26 
__ 4tan26 

"■ (1 - tan26) (1 + tan26) 
_ 4 tan26 
"~ 1 — tan*6 ' 

tan a __ tan26 
1 — tan2a ~ 1 — tan*6 
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tan a (1 — tan*6) = tan^ft (1 - tan2a). 
tan26 tan^a + (1 — tan*6) tan a — tan^ft = 0. 

1 
.-. tan a = tan^d or — - — ^^ 
tan^o 

= tan^b or — cot^ft. 



IX. 

1. What is the base of the system 
of logarithms when log 3 = 0.3976 ? 

Let the base = 6, 
Then 6«-«^« = 3. 
0.3976 log 6 = log 3 

^^^^-6:3976 
_ 0.47712 
"" 0.3976 
log 47712 = 4.67863 
colog 39760 = 6.40065 - 10 
log (log 6) =0.07918 
log 6 = 1.2000 
6=16.849. 

The base is 16.849. 

2. Solve the right-angled triangle 
in which one angle is 30°, and the 
difference of the legs is 4. 

a-6 = 4, B = 30°, ^ = 60°. 

- = tanB 
a 

1 

" V3* 
= 4. 



6 = 



= a2 + 



4V3 

V3-I 

= 2 (3 + V3). 



a 

V3 
= 2(V3 + 1). 
c2= 02+6*2 

3 

_4a2 
3 
2a 

= 4(V3 4-1). 

3. Find x, given sec »=2 tanx4-2. 
sec a; = 2 tan a; + 2. 

sec^x = 4 tan^ + 8 tanx + 4. 
1 + tan2x = 4 tan2x + 8 tanx + 4. 
3 tan^x + 8 tan X + 3 = 0. 

-4± Vf 
tanx = ^ 

_ - 4 ± 2.6458 

" 3 

= - 0.4514 or - 2.2153. 

.-. X = 156° 42' 20", - 24° 17' 40", 

114° 17' 42", or - 65° 42' 18". 
Only the positive values satisfy 
the equation. 

4. One angle of a triangle is 
double another angle. The side op- 
posite the first angle is three-halves 
of the side opposite the second angle. 
Find the angles. 

^=25, a = f6. 

sin -4 = TSin 5 = f sin i ^. 
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2 sin^^ cosi^ = I smiA. 
C08i-4 = f. 

C08J5 = f. 

cos^ = 2 coBi^^A — 1 

= h 
log C08-4 = 9.09691 

^ = 82^49' 10". 
5 = i of 82° 49^10" 

= 4P24'36^ 
C = 180°-(^ + 5) 

= 65° 46' 16". 

5. Find, by Middle Latitude Sail- 
ing, the course and distance from 
Funchal [32° 38' N., 16° 64' W.] to 
Gibraltar [36° 7' N., 5° 21' W.]. 

Diff. lat. = 3° 29' =209'. 

Mid.lat. =34° 22' 30". 

Diff. long. = 11° 33' = 693'. 



tan course = 



= ^ cos 34° 22' 30". 



Depart. = diff. long. X cos mid. lat. 

= 693 cos 34° 22' 30". 

__ depart 

~ diff. lat. 

693 

209^ 

log 693= 2.84073 
colog209= 7.67986-10 
log cos 34° 22' 30" = 9.91664 
log tan course = 10.43722. 

Course = N.69°66'38"E. 
Dist. = diff. lat. X sec course 
= 209 sec 69° 66' 38". 
Iog209 = 2.32016 
log sec 69° 66' 38" = 0.46444 
log. dist. = 2.78469 
Dist. = 608.96. 
Course, N. 69°56' E.; distance, 
609 miles. 



6. Reduce to its simplest form cos 2 x tan (45° + x) — sin 2 05. 
cos 2 X tan (46° + x) — sin 2 x 

, _ . , , 1 + tanx „ . 
= (cos^ — sm^x) ^r— 2 sm X cos X 

, - . - ^ cos X + sin X - . 

= (cos%c — sm^) : 2 smx cosx 

^ ' cos X — sm X 

= (cos X + sin x)2 — 2 sinx cos x 

= cos^x 4- sin^x 

= 1. 

X. 

1. If the base of our system of logarithms were 20 instead of 10, what 
would be the logarithm of one-tenth ? 



logio20 
1 



1.30103 
= T.23138. 
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2. The area of a right triangle 
is 6, and the sum of the three sides 
is 12. Solve the triangle. 
a6=12. 



a+6 + Va2 + 62= 12. 

a + 6 = 12 - VoM^. 
a2 + 2a6 + 62 



= 144 - 24Va2 + 62 + a^-\-b^. 



06=72-12 VoMH 



12 = 72-12Va2 + 62. 



y/a-2 + 62 = 6. 
a2 + 62 = 25. 



a2+2a6 + 62=25 + 24 
= 49. 
a 4- 6 =7. 
a2-2a6 + 62 = 25-24 
= 1. 
a- 6=1. 
.-.a =4. 
6 = 3. 
c = 6. 

tan-4 = 7" 
6 

= J. 
log tan^ = 10.12494. 
A = 63° r 48". 
B = 36° 62' 12'' 



3. Reduce to its simplest form 

cos25 + sin2B cos 2 A — sin^^ cos 2 B. 

cos^B + Bia^B cos 2 -A — 8in2^ cos 2 B 
= 1 — sin2jB + 8in2B cos 2 ^ — sin2^ cos 2 B 
= 1 + sm2B(co8 2^ - 1) - sm2^ cos 25 
= 1+ 8in2J5 (— 2 sin2^) — sin2A cos 2 J5 
= 1 - 8in2^ (2 8in2J5 + cos2 B) 
= 1 — 8in2A (8in25 + cos^JB) 
= 1 — 8in2^ 

= C082^. 



4. Two angles of a triangle are 40° 14' and 60° 37'. The sum of the two 
opposite sides is 10. Find these sides. 

^tajii(A + B) 
, tan 10° 11' 30" 



a-6=(a + 6)- 



= 10 



logtanlO°ll'30 
cologtan50°25'30" = 
log (a — 6) = 
a — b = 



tan 60° 26' 30" 
log 10= 1.00000 



9.25473 
9.91726 



0.17199 
1.4869 

a + 6=10 

a= 5.743 
6= 4.257. 
The sides are 6.743 and 4.267. 
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5. A ship leaves Cape of Good 
Hope (34° 22' S. , 18° 30' E. ) and sails 
N. 40° W. to latitude 30° S. Find, 
by Middle Latitude Sailing, the longi- 
tude reached and the distance sailed. 
Diff. lat. = 4° 22' = 262'. 
Mid.lat. = 32° 11'. 
Course = 40°. 
Depart. = diff. lat. x tan course 

= 262 tan 40°. 
Diff. long. = depart. X sec mid. lat. 
= 262tan40°sec32°ll'. 
log 262 = 2.41830 
log tan 40° =9.92381 
log sec 32° 11' = 0.07245 
log diff. long. = 2.41466 
Diff. long. = 259.76' 

= 4° 19' 45". 
Dist. = diff. lat. X sec course 
= 262 sec 40°. 
log 262 = 2.41830 
log sec 40° = 0.11576 
log dist. = 2.53405 
dist. = 342.02. . 



Longitude reached, 14° 
distance sailed, 342 mUes. 



10' E. ; 



6. The base angles of a triangle 
are 22° 30' and 112° 30'. Find the 
ratio between the base and the height 
of the triangle. 



Let 



-4 = 22° 30', 5 =112° 30', 
c = base, p = altitude. 

C=180°-(-4 + 5) 

= 45°. 
p = b ain A. 
sin C 
sinB 
c _ sin C 
P' 



c=b- 



sin ^ sin £ 

sin 46° 



sin 22° 30' sin 112° 30' 
2 sin 22° 30' cos 22° 30^ 



sin 22° 30' cos 22° 30' 
= 2. 
The base is twice the altitude. 



XL 

1. What is meant by the logarithm of a number n in the system whose 
base is 8 ? What will be the logarithm of 4 in this system ? 

(i.) The logarithm of a number n in the system whose base is 8 is the 
power to which 8 must be raised to produce n. 
(ii.) The logarithm of 4 in this system is f. 

2. Establish the formula : 

. o 1 /- . r> V /l — cos X 

sm f X = ± (1 + 2 cos x) -1/ 

Which sign should be used when x lies in the first quadrant ? When x 
lies in the second quadrant ? 

sin |x = sin(x -h ix) 

= sin X cos ix + cos x sin -J^x 

= 2 sin ix cos2^x -h (1 — 2sin2^x) sin^x 

= sin ix (2 cos2^x — 2 sin^^x + 1) 

= sill ^x (2 C0SX+ 1). 
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But 



1 — C08X = 2 sin^^^x. 
.*. 8inix= ±-v/" 



2 



sin Jx= ± (1 + 2 cosx) 



VI -cc 



If X lies in the first quadrant, sin }x and cosx are positive, and the 
positive sign must be used. 

If X lies in the second quadrant and is < 120^, sin J x and 1 + 2 cos x 
are positive ; and if x is > 120**, sin f x and 1 + 2 cos x are negative. 
Hence the positive sign should be used in both cases. 



3. In a triangle two angles are 
equal to 32° 47' and 4SP 28' respec- 
tively, and the length of the in- 
cluded side is 0.072. Solve the tri- 
angle. 

A = S2? 47', B = 49° 28', c = 0.72. 
C=180°-(^ + B) 
= 97° 46'. 
sin A 



a= c 



sin C 



b=c- 



= 072 ^^^^^^'^ ^^: 
"•"^^sin97°45' 

log 0.072 = 8.85733 - 10 

log sin 32° 47' =9.73357 

colog sin 97° 46' = 0.00399 

log a = 8.59489 -10 

a = 0.039345. 
sin J? 
sin C 

-0 072 '^'^^^'^ g^ 
"-^•^^%m97°45' 

log 0.072 = 8.85733 -10 
log sin 49° 28' = 9.88083 
colog sin 97° 45' = 0.00399 

log 6 = 8.74215 -10 
6=0.055226. 

4. A circular tent 30 ft. in diam- 
eter subtends at a certain point an 



angle of 15°. Find the distance of 
this point from the centre of the tent. 




Let A be the centre of the tent, 
B the point of observation, and BC 
the tangent from B to the circle 
representing the tent. Then 

AC= 15, B= 7° 30', C= 90°. 
AB = AC CSC B 
= 15 esc 7° 30'. 
log 15= 1.17609 
log CSC 7° 30' = 0.88430 
log AB = 2.06039 
AB =114.92. 
Distance of point of observation 
from centre of tent, 114.92 ft, 

5. A ship leaves Lat. 42° 2' N., 
Long. 70° 3' W., and sails N. 40° E., 
a distance of 420 miles. Find, by 
Middle Latitude Sailing, the position 
reached. 
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ie of 60** in 



1. Express an 
radians. 

360° = 2 jr radians. 

... 60° = ^ radians, 
o 

2. Represent geometrically the 
different trigonometric functions of 
an angle. State the signs of each 
function for each quadrant. 

See Trigonometry^ § 21. 



Diff. lat.= dist. x cos course Xn. 

= 420 cos 40°. 

log 420 = 2.62326 
log cos 40° =9.88426 

log difP. lat. = 2.60760 
Diff.lat. = 321.74' 

= 6° 21' 44". 

Mid. lat. = 44° 42' 62". 
Depart. = dist. x sin course 

= 420 sin 40°. 
DifE.long.= depart, x sec. mid. lat. 
= 4208in40°8ec44°42'52". 
log 420 = 2.62326 
log sm 40° = 9.80807 
log sec 44° 42' 62" = 0. 14836 

log. diff. long. = 2.67968 
diff. long. = 379.91' 

= 6° 19' 66". 

Latitude reached, 47° 24' N. ; Ion- 
gitude, 63° 43' W. Vl — sinV 

4. Derive the formula 
sin a + sin /3 = 2 sin i (a + /3) cos i (a — /3). 
sin a = sin [i (a + /3) + i (a — /3)] 

= sin i (a + /3) cos i (a — /3) + cos ^ (a + /3) sin i (a — /3). 
sin/3 = sin[i(a + /3)-i(a-/3)] 

= sin i (a + /3) cosi (a — /3) — cos i^ (a + /3) sin i (a — /3). 
.-. sin a + sin/3 = 2 sin i (a + /3) cos i(a — p) 



3. 

rm 


Express 
s of sin 0. 

tan 
sec 


tan </> and sec 

^ COS0 

_ sin0 


in 




Vl - smV 

COS0 

1 





5. Show that if a, 6, and c are the 
sides of a triangle and A is the angle 
opposite the side a, 

then a2 = 62 4- c2 — 2 &c cos^. 
See Trigonometry, § 34. 

6. Given cos 2 x = 2 sin x, find the 
value of sinx. 

cos 2 X = 2 sin x. 
1 — 2 sin2x = 2sinx. 



2sin2x + 2sinx— 1 = 0. 

-1±V3 



smx = - 



sinx = 



V3-1 
2 



7. Given two sides of a triangle 
a = 460.2, 6 = 425.4, and the in- 
cluded angle C = 62°8'; find the 
remaining parts of the triangle. 
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log 24.8= 1.39446 
colog 875.6= 7.06709-10 
log tan 68° 56' = 10.22Q08 
log tan i (-4 — 5)= 8.67222 
i(-4— JB) = 2°4r30" 
i(A-i-B) = 58° 66' 

A = 61° 37' 30". 
JB = 66° 14' 30". 
sin C 



c= a 



sin^ 



= 450.2 



sin 62° 8' 



sin 61° 37' 30" 

log 450.2 = 2.65341 

log sin 62° 8' =9.94647 

colog sin 61° 37' 30" = 0.05669 

logc = 2.65547 

c = 452.34. 

XIII. 

1. Express an angle of 16° in 

radians. 

360° = 2ie radians. 

tc 
.-. 16° = — radians. 



2. Write the simplest equivalents 
for sin (nr + 0), tan (2 jr — 0), cos 
(J;r — 0), 8ec(;r + 0). 

sin (;r + 0) = — sin 0. 
tan (2 ;r — 0) = — tan 0. 
cos (I jr — 0) = — sin 0. 
sec (jr -f- 0) = — sec 0. 

3. Express (a) tan in terms of 
sin 0, cos 0, and cot 0, respectively, 
and (6) cos in terms of tan 0, 
sec 0, and cosec 0, respectively. 



(a) 



^ sm 
tan = 5 

CO8 

_ sin 



(6) COS = 



Vl — 8in20 ' 

. Vl — CO8^0 

cos * 
1 
cot 

1 

sec 0' 



Vl + tan20 ' 
= Vl — sin20 



=v 



=^1- 



CSC20 



__ VC8C20 — 1 
~" CSC 



4. Show (a) that sin (a + /3) + sin (a — /3) = 2 sin a cos /3 ; 
(6) that cos (a + /3) + cos (a — /3) = 2 cos a cos/3, 
(a) sin (a + /3) = sin a cos /3 + cos a sin /3. 
sin (a — /3) = sin a cos /3 — cos a sin /3. 
.-. sin (a + /3) + sin (a — /3) = 2 sin a cos /3. 
(6) cos (a + /3) = cos a cos /3 — sin a sin /3. 
cos (a — ^) = cos a cos/3 + sin a sin /3. 
.-. cos (<ar + /3) + cos (or — /3) = 2 cos a cos/3. 
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5. Assume the formula cos a — 



2 6c 



-, and show that sin^ \a=- 



<^ ^^^ ^^ when a = \ (a+6+c). 



cos a : 



&2+c2-a2 



1 — 2sin2ia = 
28in2ia= 1 — 



2&C 
J>2 + c2 - a* 



26c 
62 + c2-a2 



26c 

_ a2-(52-26c + c2) 
"" 2 6c 

^ [a-f-(6-c)][a-(6-c)] 



2 6c 
_ (a + 6-c)(a-6+c) 

2 6c 
__ (2 8 - 2 c) (2 8 - 2 6) 
~ 26c 

. _, (8-6) (8- c) 

sm2 \a — ^j ' 



6. Obtam a formula for tan i a 
in terms of cos a. 

cos a = 1 — • 2 sln2 4^ a 

. =2cos2ia— 1. 

. _, 1 — cosa. 



cos2^a = 



2 

1 + cos a 
2 



tan2ia 



_ sin2 ^ a 
~~ cos2 ^ a 
_ 1 — cos a 
~ 1 + cos a 



/l — cos a . 

tan i a = \/ r-. 

\ 1 + cos a 



7. The base of a triangle c= 666. 7, 
and the two adjacent angles a = 
65° 20'.2, /3 = 70° 00'.5 ; calcul?^ 
the area of the triangle. 



a = c - 



7=180°-(a + i3) 
= 44° SO'.a. 
sing 
sin 7 
Area = i ac sin /3 

sin a sin ^ 
sin 7 
sin 66° 20^.2 sin 70° 00'.5 



= ic2 
= i (666. 7)2 



sin44°39'.3 

log (666.7)2 =5.49124 

colog 2 = 9.69897-10 

log sin 66° 20'.2 = 9.95846 

log sin 70° 00'.5 = 9.97301 

colog sin 44° 39'.3 = 0.16314 

log area = 6.27481 

Area = 188280. 

8. Given < a < 90°, and log 
cos a = T. 86264, to determine a. 

a = 44° 36' 40". 



XIV. 

1. Reduce an angle of 3.6 radians 
to degrees. 

It 
630^ 

630° 



1 radian = - 



.'. 3^ radians = - 



3.14169 

log 630 = 2.79934 

colog 3.14169 = 9.60286 - 10 

2.30219 

3i radians = 200.54° 

= 200° 32' 24". 

More accurately, 

1 radian = 67.29678°. 
dians = 200.63623° 
= 200° 32' 7''. 
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2. Define the different trigono- 
metrical functions of an angle, and 
give their algebraic signs for an angle 
in each quadrant. 

See Trigonometry, § 21. 

3. Write simple equivalents for 
the following functions: sin (—a); 
cos (—a); tan(i;r+«); sec(|3r— a). 

sin (—a) = — sin a. 
cos (— a) = cos a. 

tan f — + a j = — cot a. 

sec (f jr — a) = — esc or. 



4. Express cosec a in terms, 
respectively, of sin a, cos a, tan a, 
cot a, sec a. 

1 



cosec a = 



sin a 



Vl — cos^a 



4 



= \l + 



t&n^a 



= Vl '+ cot^a 
— sec or 
Vsec^a — 1 



5. Reduce (cos a cos ^ — sin a sin /3)2 + (sin a cos /3 + cos a sin /3)* to 
its simplest equivalent. 

(cos a cos/3 — sin a sin /3)2 + (sin a cos /3 + cos a sin fi)^ 
= cos« (a + /3) + sin2 (a + /3) 
= 1. 



a Show that tan ( - — a ) = r-r- 

\4 / 1 + tana 




-'— "'^i^^ 


tana 
»tana 


1 — tana 




l + tana 




7. The sum of two sides, a and 6, 




a =1.0036. 


of a triangle is 646.7 ft., the sum of 




a + 6 = 2.0036. 


the opposite angles, a and /3, is 124°, 




2.0036=640.7 


and the ratio sin a : sin /3 = 1.003 ; 




640.7 


determine the a-ngles and sides of 




2.003 


the triangle. 




= 272.94. 


7 = 180° - (a + /3) 




a = 1.0036 


= 56°. 




= 273.76. 


a+6 = 546.7. 
a sin a 


tani(a-^) = |^tani(a + 


6 sin/3 
= 1.003. 




=s-« 
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log 0.82= 9.91381 

colog 546.7= 7.26225-10 

log tan 62° = 10.27433 

logtaiii(a-/3)= 7.45039 

i(a-/3)= 9^42" 

i (a + /3) = 62° 

a = 62° 9' 42" 
/3 = 61° 50^18". 



, 8in7 
c = b '- 



= 272.94 



sin/3 
sin 56° 



■ cos X. 



sin(x + |) = 
sin fx — ^\=:— cos X. 
tan^-^ xj = cotx. 



3£ 

2 
sin(2;r — x) = — sinx. 



sin 61° 50' 18" 

log 272.94 = 2.43606 

log sin 56° = 9.91857 

colog sin 61° 60' 18" = 0.05472 

log c = 2.40935 

c = 256.65. 

8. Given < a < 90°, and log 
cot a = 0.03293, to determine a. 
a = 42° 49' 48". 

XV. 

1. Express (a) an angle of 2 rad- 
ians in degrees ; (6) an angle of 30° 
in radians. 

(a) 1 radian = 57.29578°. 
.-. 2 radians = 114.59156° 

= 114° 35' 30". 

(b) 360° = 2n: radians. 

.-. 30° =f radians. 

D 

2. Give simple equivalents for the 
following functions : 

tan (- X), cosec (— x), sin ^x + |), 

sin (x- 1), tan (-^-x), 
sin (2 ;r — x). 

tan (— x) = — tan x. 

CSC (— X) = — CSC X. 



3. Given tan x = - to express 
sin X, cos X, cot x, sec x, and cosec x 
in terms of a and b. 
1_ 
tanx 

a 

1 



cot X = 



sm X = - 



CSC X 



Vl + C0t2x 

a 



Va2 + 62 
cos X = Vl — sin^x 
6 



1 



Va2 + 62 



CSCX: 



sm X 



Va2 + &2 



4. Show that 

. ^ , sin (a ± 6) 

tan a ± tan 6= — ^ f • 

cos a cos 6 

sin (a ± 6) = sin a cos 6 ± cos a sin 6. 

sin (a±:b) _ sin a cos 6 ^ cos a sin b 



cos a cos b cos a cos 6 cos a cos 6 
~ tana ± Lanfr. 
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5. Derive the formulsB 



, , /l + cosa . , . jl — ci 

iia=±^ ,8inia=±-^ — - 



co8^--- ^..l-cosa 



cos a = 2 cos^ i a — 1 
= l-2 8inHa. 

I /l + cos a 
.co8ia=±-^ 



smia= ±\/— 



6. Given 180° < < 270°, and log cot 4> = 0.3232 ; find 0. 

= 222° 52' 12". 

7. The sides of a triangle are a = 32.6 ft., b = 33.1 ft., c = 32.4 ft. 
Calculate the area of the triangle and the angle C opposite the side c, 
using the following formulae: 



8 = Vp (p — a) (p — h) (p — c) = i oft sin C, 
in which 8 denotes the area of the triangle, and p = i (a + 6 + c). 
p = 49, log p= 1.69020 

p-a = 16.6, log (p - o) = 1.21748 

p - 6 = 16.9, log (p - 6) = 1.20140 

p - c = 16.6, log (p-c) = 1.22011 

log 52=6.32919 
log 5= 2.66469. 
8 = 461.94. 

smC= — r- 
ab 



_. 2 X 461.94 

32.5 X 33.1* 

log 2 = 0.30103 

log 461.94 = 2.66459 

colog 32.5 =8.48812 

colog 33.1 = 8.48017 

log sin 0=9.93391 

a=59°ir8". 
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Exercise XXIII. Page 119. 



1. Given logio 2 = 0.30103, logio3 = 
logio6, logiol4,logio 21, logio4, logio 
logioi*. 

= logio 2 + logio 3 
= 0.30103 
= 0.47712 



= 0.47712, logio 7 = 0.84610; find 
12, logio 6, logio i, logio}, logio i, 



logio 6 
logio 2 
logio 3 



.logio 6 =0.77816 

logio 21 = logio 3 + logio 7 
logio 3 = 0.47712 
logio 7 = 0.84510 

.logio21 = 1.32222 

logio 12 = logio 3 + logio 4 
logio 3 = 0.47712 
logio 4 = 0.60206 

.logio 12 =1.07918 

logio i 
logio 1 
logio 2 



= logio 1- logio 2 
= 0.00000 
= 0.30103 



• logio i =1.69897 



logio J 
logic 7 



= logio 7 -logio 9 
= 0.84610 



logio32= 0^95424 
.-.logio J =1.89086 



logio 14 
logio 2 
logio 7 

.•.logiol4= 1.14613 

logio 4 
logio 2 



logio2 + logio? 

0.30103 

0.84510 



2 logio 2 
0.30103 
2 



.-.logio 4 = 0.60206 

logio 5 
logio 10 
logio 2 

.-.logio 5 = 0.69897 



logio 10 — logio S 

1.00000 

0.30103 



logio} 
logio i 



■' 2 logio i 

: 1.69897 

2 



.-. logio i =1.39794 

logio ?4 = logio 21- 
logio21 =1.32222 
logio (10X2)= 1.30103 



logio 20 



. logio IJ 



= 0.02119 



2. With the data of example 1 ; find 

logalO, logaS, logs 6, log?!, logs ih- 
1 1 



Iog2l0 
log2 6 
logs 6 
logTi 



logio 2 0.30103 



= 3.3219. 



^Iogio5^ 0.69897 ^ 

logio 2 0.30103 ^•^^^*'- 

_ logio6 _ 0.69897 _ 
-iSi^-0l77l2-^-^^^^- 
_logioi_ - 0.30103 _ 
-logio 7- 0.84510 — <^-3^62. 
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log6TfT = 21og63-31og«7 
_ 21ogio3-3 1ogio7 

logio5 
_ 0.95424- 2.63530 
0.69897 



3. Given logio e = 0.43429 ; find 

lOge 2, lOge 3, loge 6, loge 7, loge 8, loge 9, loge f , l0g« J, l0g« J^, l0g« |ftj. 

w 9 - logio2 - 0-30103 _ 

47712 
>°8«3 = 011429 =^<^8«^- 

l-'^-^ =111-9= 1««^- 

- _ 0.84510 , ^.„, 

^^^^^ = 043429 =^-^^^^- 

log«8 = 3 log« 2 = 2.07944. 

loge 9 =2 loge 3 = 2.19722. 

loge i = loge 2 - loge 3 = - 0.40546. 

loge i = 2 loge 2 - loge 6 = - 0.22314. 

log. Jf = log e 5 + loge 7 - 3 loge 3 = 0.25952. 

loge A = loge 7 - (loge 5 + loge 3 + 2 lOge 2) 

= -2.14843. 

4. Find x from the equations 5* = 12, 16^5 = 10, 27 * = 4. 
5 * = 12. .-. X logio 5 = logio 12. 
^^ logic 12 ^ 1.07918 ^ 
^ logio 5 0.69897 ^•^'*"- 
16 « = 10. .-. X logio 16 = logio 10. 
^- logiolO , 1.00000 , 

27 * = 4. .-. X logio 27 = logio 4. 

,= 1214 = 0^ = 0.42061. 
logio 27 1.43136 



Exercise XXIV. Page 125. 

1. Calculate to five places of decimals loge 3, loge 5, loge 7. 
In the case of loge 3 the calculation is carried out below to ten places, 
for use in the next example. 
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In the formula 

z+1 



lOge- 



' V2 z + 1 "^ 3 (2z -f- 1)« "^ 6 (22 + 1)6 



let 



and 



1 z+1 

z = ^' Then^-^- = 3, 2«+l = l 
z z 



loge3 = 2(| 



2 "^ 3 X 23 " 



2.00000000000 



1.00000000000 -7- 



5X26 ' / 

1 = 1.00000000000 
3 = 0.08333333333 
5 = 0.01250000000 
7 = 0.00223214286 

9 = 0.00043402778 

0.00097656250 -Ml = 0.00008877841 



0.25000000000 -r 



0.06260000000 



0.01562500000 -r 



0.00390625000 -r- 



0.00024414062 -f 13 = 0.00001878006 
0.00006103515 -r 15 = 0.00000406901 



0.00001625879 -r 17 = 0.00000089758 



0.00000381470 -f 19 = 0.00000020077 



0.00000095367 -r 21 = 0.00000004541 



0.00000023842 -r 23 = 0.00000001037 
0.00000005960 -r 25 = 0.00000000238 



0.00000001490 ^ 27 = 0.00000000056 



0.00000000372 -f 29 = 0.00000000013 
0.00000000093 -r 31 = 0.00000000003 



0.00000000023 -f 33 = 0.00000000001 



Again, let z = 4 



1.09861228867 
.-. log«3 = 1.0986122886. 
Then z + l = 6, 2z-f-l = 9, and 
1.1. 



3X 98 
2.000000 



+ 



5X96 



)■ 



0.222222 -r 1 = 0.222222 



0.024691 



0.002743 -r 3 = 0.000914 



0.000305 



0.000034 -i- 5 = 0.000007 
0.223143 
... loge J = 0.22314. 
lege 5 = 0.22314 + loge 4 

r-nooftiii4-2 X 0.69316 
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Again, let « = 6. Then 2+1 = 7, 22 + 1 = 18, and 

1.1. 



■^I-Cn 



13 
13 
13 
13 
13 



13 "^ 3 X 18« 



2.000000 



6X 13* 



) 



0.1638 46 -rl = 0.153846 
0.011834 



0.000910 -r 3 = 0.000303 



0.000070 



0.000006 -7- 6 = 0.000001 



0.164160 
... log« J = 0.16416. 
log.7 = 0.16415 + loge 6. 

= 0.16415+log,2 + loge3 
= 1.04691. 

2. Calcnlate to ten places of decimals loge 10. 



Let 
and 



z = 9. Then z + 1 = 10, 2« + 1 = 19, 

, 10_ /I 1 1 \ 

^^* 9 U9"*"3xl9»"*"6x 196 ■*■ / 



19 
19 
19 
19 
19 
19 
19 



2.00000000000 



0.10526315789 -r 1 = 0.10526316789 



0.00664016621 



0.00029158769 -r 3 = 0.00009719590 

0.00001534672 

0.00000080772 -r 6 = 0.00000016154 



0.00000004251 



0.00000000224 -f 7 = 0.00000000032 
0.10536051565 

... log^ Y = 0.1063606156. 

loge 10 = 0.1053605156 + 2 log* 3 
= 2.3025850930. 

3. Calculate to five places of decimals logio2, logio e, logio H- 
, . loge 2 0.6931 47 ^ oaiao 

To calcnlate logw 11, let z - 10. Then « + 1 = 11, 2 « + 1 = 21, and 
logic B = 2 logic c(^ + 33^ + g3^. + ) • 
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21 


2.000000 




21 


0.095238 - 


- 1 = 0.095238 


21 


0.004635 






0.000216 -, 


- 3 = 0.000072 



0.095310 

• log 10 tt= 0.09531 xlogioe 
= 0.09631 X 0.43429 
= 0.04139. 
log 10 11 = 0.04139 + logio 10 
= 1.04139. 



Exercise XXV. Page 126. 



1. Given tc = 3.141592653589, compute sin 1', cos 1', and tan 1' to 
eleven places of decimals. 



= 0.0002908882+, 



The circular measure of 1' is 

TT _ 3.141592653589 
10800 ~ 10800 

the next figure being or 1. 

Again, taking the value of sin V as computed in the text-book, 
0.00029088 +, we have 



cos l'> Vl - (0.00029089)2 

> Vl - 0.000000084617 

> VO.999999915383 

> 0.999999967691. 



Also, cos r < V l - (0.00029088)2 

< Vl - 0.000000084611 

< VO.999999915389 

< 0.999999957694. 

Hence, cos V = 0.99999995769, correct to eleven decimal places. 
But sin X > X cos x. 

.-. sin l'> 0.0002908882 X 0.99999995769 

> 0.0002908882 (1 - 0.00000004231) 

> 0.0002908882 — 0.000000000012 

> 0.00029088818. 
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Therefore sin 1' lies between 0.00029088818 and 0.00029088821. That 
is, correct to nine places of decimals, 

sin 1' = 0.000290888, 
the next two figures being 18, 19, 20 or 21. 

Rex>eating the process, beginning with the last value of sin V, the com- 
putation can be carried still further. To eleven places 
sin V = 0.00029088820. 
From the values of sin V and cos 1' we have 

tan 1'= ~ 

cosl' 

_ 0.00029088820 

0.99999995769 

= 0.000290888212. 

2. Compute sin 2' by the same method, and also by the formula 
sin 2 X = 2 sin x cosx. Carry the operations to nine places of decimals. 
The circular measure of 2' is 

^ „ 3.1416926 _^^^^^g^^^^^_^^ 



5400 5400 

Hence sin 2' lies between and 0.0005817765, 



and cos 2' > Vl - (0.0005817765)3 

> Vl - 0.000000338463 

> VO.999999661536 

> 0.999999830768. 

But sin X > X cos x, 
hence sin 2' > 0.000581 7765 x 0.9999998307 

> 0.0005817765 (1 - 0.000000169) 

> 0.0005817765 - 0.000000000002 

> 0.0005817765. 

Hence, sin 2' = 0.000581776, correct to nine decimal places. 

Again, sin 2' = 2 sin V cos 1' 

= 2 X 0.00029088820 X 0.99999995769 
= 0.00058177640(1 - 0.00000004231) 
= 0.00058177640 - 0.000000000025 
= 0.000581776 +. 
The two methods, therefore, both carry the calculation to the same 
number of places. 
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3. Compute sin 1° to four places 
of decimals. 
The circular measure of 1° is 
TC _ 3.141692 6 
180 180 



- = 0.01746329. 



Hence, cos 1° > Vl - (0.01746)2 
>V0. 99969616 
>0.999847. 
And sin 1°>0.017463(1 -0.000163) 
>0.017453- 0.0000027 
>0.0174603. 
Hence, to four decimal places, 
sin P = 0.0175. 

4. From the formula cos x = 1 — 

X x^ 

2 sin2 - show that cosx> 1 — ir * 

Since sinx<x, 
we have sin - < - • 

. «X X2 

sin-<-. 
l-2sin2^>l-f- 

X2 
.*. C0SX>1 — — • 
It 

5. Show by aid of a table of 
natural sines that sin x and x agree 
to four decimal places for all angles 
less than 4° 40'. 

The circular measure of 4° 40', or 
280^,18 

280 TT _ 7 ;r 
10800 "" 270 

_ 7 X 3.1416926 
" 270 

= 0.081448. 
The circular measure of 4° 41' is 
0.081448 + 0.0002908 = 0.0817388. 



From a table, 

sin 4° 40' = 0.0814. 
sin 4<^ 41' = 0.0816. 

Hence sin x and the circular i 
ure of X agree for 4° 40', and there- 
fore for all smaller angles to four 
decimal places ; but they differ for 
larger angles. 

6. If the values of log x and log 
sinx agree to five decimal places, 
find from a table the greatest value 
X can have. 

Let X be expressed in seconds. 
Then its circular measure is 



10800 X 60 
and its logarithm is 

log X" + (log ic - log 648000) 
= logx" + (0.49716 - 6.81158) 
= logx"- 5.31443 
= logx" + 4.68667 -10. 

But from the explanation preced- 
ing Table IV., if we remember that 
log sines are given in the Table 
increased by 10, we have 

log sinx + 10 =logx" -h S 
log sin X = log x"+ S— 10 

Hence, if, for five places, log sinx 
= log X, we have 

logx"+4.68667-10=logx"+-S-10 
.-. S =4.68667. 

But, the greatest angle for which 
this value of 5 can be used is given 
m the Table as 2409". Hence, the 
greatest angle for which logx and 
log sin X agree to five decimal places 
is 

2409" = 40' 9". 
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Exercise XXVI. Page 128. 

1. Compute the sine and cosine of 6' to seven decimal places. 
From Example 2, Exercise XXV, 

sin 2' = 0.000681776+. 
Also, from Example 1 of the same Exercise, 

cos V = O.9©9999058. 
Hence, sin 3' = 2 sm 2' cos 1' — sin V 

= 2 X 0.000681776 (1 - 0.0000001) - 0.000290888 
= 2 X 0.000581776 - 0.000290888 
= 0.000872664. 

Also, cos 2' = 2 cos2 1' - 1 

= 2 (0.999999968)2 - 1 
= 2 X 0.999999916 - 1 
= 0.999999832+. 
cos 3' = 2 cos 2' cos V — cos 1' = cos V (2 cos 2' — 1) 
= 0.999999958 (2 X 0.999999832 - 1) 
= (1 - 0.000000042) (0.999999664) 
= 0.999999622. 

Finally, sin 6' = 2 sin 3' cos 3' 

= 2 X 0.000872664 X 0.999999622 
= 0.00174532. 
cos 6' = 2 cosa 3' — 1 

= 2 (0.999999622)2 _ i 
= 2 X 0.999999244 - 1 
= 0.99999849. 



2. In the formula (1) let y = P. Assuming sin P = 0.017454+ , 
cos 1° = 0.999848+ , compute the sines and cosines from degree to 
degree as far as 4°. 

sin 2° = 2 sin 1° cos 1° 

= 2 X 0.017454 X 0.999848 
= 0.034902. 
sin 3° = 2 sin 2° cos 1° — sin 1° 

= 2 X 0.034902 X 0.999848 — 0.017464 
= 0.052340. 
sin 4° = 2 sin 3^ cos 1° — sin 2° 

= 2 X 0.052340 X 0.999848 — 0.034902 
= 0.069762. 
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COS 2°= 2C0821O — 1 

= 2 (0.999848)2 - 1 
= 2 X 0.999696 - 1 
= 0.999392. 

cos 3° = (2 cos 2° — 1) cos I*' 
= 0.998784 X 0.999848 
= 0.998632. 

cos 4° = 2 cos 3° cos 1° — cos 2® 

= 2 X 0.998632 X 0.999848 — 0. 
= 1.996960 - 0.999392 
= 0.997668. 



Exercise XXVII. Page 132. 



1. Find the six 6th roots of — 1 ; 
of + 1. 

— 1 = cos 180° + i sin 180^ 
+ 1 = cos 0° + 1 sin 0°. 



Hence, the six 6th roots of — 1 
are 

cos 30°+isin 30°= ^^' 


cos 90° + isin 90° = 
cos 150° + i sin 150° = 


i. 

-V3 + £. 
2 


cos 210° + i sin 210° = 


-V3-i 
2 


cos 270° + i sin 270° = 


-i. 


cos 330° +t sin 330° = 


V3-i 
2 


The six 6th roots of + 1 are 
cos 0° + i sin 0° = + 1. 

cos 60° +i sin 60° =^"^^"^> 


cos 120® + i sin 120° = 


- 1 + V-3 
2 


cos 180° + i sin 180° = 


-1. 



COS 240° + i sin 240° = 



cos 300° + i sin 300° = 



2 
1-V^ 



2. Find the three cube roots of t. 

i = cos 90° + i sin 90°. 

Hence the three cube roots of i 
are 

V3 + i 



cos; 



*+£sin30° = 



cos 150° + i sin 150° = 



2 
-V3 + i 



cos 270° + i sin 270° = - 1. 

3. Find the four 4th roots of — i. 

— i = cos 270° + i sin 270°. 

Hence the four 4th roots of — % 
are 

cos 67i° + isin 67^°. 
cos 157i° + i sin 157i°. 
cog 2471° + i sin 247i°. 
cos 337i° + i sin 337i° 
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4. Express sin 4 ^ and cos 4 ^ in terms of sin $ and cos $. 

sin 4 9 = 4 cosfie anS r^ cos $ sin'tf 

= 4 cos'^ sin tf — 4 cos tf sin'tf. 

A ^ ^^ 4x3 o^.o/.. 4X3X2X1..^ 
cos 4 = cos*^ rr— cos^tf sui^tf H 8in*tf 

= cos*tf — 6 cos^tf sin«d + sin*tf. 

ExEBCisE XXVIII. Page 134. 

1. Verify by the series for sin x and cosx that sin^x + cos^x = 1. 

'^* = *- 6 +120-5040+ ■ 

«»*=^- 2 +24-720+ • 

,,an'x=^-^ + —-- + 

« - « , X* 2x« . x8 
c«fe=l-x*+3-— + 3-- 

sin^x + cos^ = 1. 

2. Verify by the series that sin {— x) = — sin x and cos (— x) = cos x. 

The series for the sine consists entirely of odd powers of x and, there- 
fore, changes its sign with x ; while the series for the cosine consists 
entirely of even powers, and is unchanged when x changes its sign. 

3. Verify by the series that sin 2 x = 2 sin x cos x. 

3in2x = 2x-i^'+i^'-^^iV 

6 ^ 120 6040 ^ 

__ 4x« 4x<^ 8x7 ^ 

""^* 3 "^ 16 316"^ 

2x« . 2x6 4x7 



-/ 2x8, 2x6 4x7 , V 

=n^-^ + 'i5--3r6+ ) 



., . 2x», 2x6 4x7 
Also, smxcosx = x o" + "T 315 "*" • 

.'. sin 2 X = 2 sin x cosx. 

4. Verify by the series that cos 2 x = 1 — 2 sin%e. 
. „ „ X* , 2x6 a;8 , 

2x* 4x6 2x6 

^ (2x)' (2x)« (2 a;)' (2x)» 
2 24 720 ^40320 

= cos 2x, 
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5. Find the series for sec x as far as the term containing the 6th 
power of X, 

secx = = 1 — (1 — — + ir7 — =7i7r+ I 

cos a; \ 2 24 720 / 

■*" 2 ■*" 24 ■*" 720 ■*" • 

6. Find the series for x cot x, noting that x cot = -: — cosx. 

® smx 

x* , x* x"' , 
«oos» = «-- + 2J-^+ 

x'* , x^ x' , 
^^z = x-- + — -^^+ 

xcosx _ 1 __«?__ *i _ 2*! _ 

sinx -^ 3 45 945 

7. Calculate sin 10° and cos 10** to 6 places of decimals. 

The circular measure of 10° is — • 

lo 

H.. ..,r=j|-l(g)%i(j|)-- 

-»—5(il)'*5(il)'-ii6(f8)' 

Taking 7C = Z. 141592, we find 

Tt= 3.141592 ^=0.174533 

lo 

7r2 = 9.869604 5^7T^ = 0.015231 

^ X lo 

Tt^= 31.006276 ^^^ = 0.000886 

O X lo^ 

?r*= 97.409091 _. ^.^ =0.000039 

ib'T X lo 

«6 = 306.019684 120^1^ = 0.000001 

.-. sin 10° = 0.174533 - 0.000886 + 0.000001 
= 0.173648. 
cos 10° = 1 - 0.015231 4- 0.000039 
= 0.984808. 

Note. The powers of n need be computed only once, and can then be 
used for finding the functions of all angles. 



6 

+ 
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8. Calculate tan 15° to five places of decimals. 

It 



The circular measure of 15° is 



12 



H„» u„,5.= |.|(i)Vi(i)V^QV 



?r = 3.141592 
?r« = 31.006276 
^ = 306.019684 
if = 9488.531016 



^8 


3X 128 


27r6 


15 X 126 


17 7f7 



315 X 127 



^ = 0.261799 



= 0.005981 
= 0.000164 
= 0.000014 



tan 15° = 0.267958 



9. From the exponential value of cos x show that cos 3 a; = 4 cos^aj 

— 3 cos X. 

COS 05 = 4^ (c^ -h e-«). 
.-. COS 3x = i (es^-*' + 6-8«) 

= i (e «' -h e-*0 (e2» — 1 + c-2ac») 
= cos a; [{i {e^ + e-«)}24 - 3] 
= cosx(4 cos^x — 3) 
= 4 cos^x — 3 cosx. 



10. From the exponential value of sin x show that sin 3 x = 3 sin x 
— 4sin8x. 

sin 3 X = — . (c3*» — e-^*0 
2t 



= ^. (c^— c-») (e2« 4-1 + e-a») 

= sinx[{f.(e--e-)}^-4) + 3] 

= sin X (— 4 sin^x + 3) 
= 3 sin X — 4 sin^. 
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Exercise XXIX. Page 137. 



1. The angles of a triangle are 
70**, 80°, and 100°; find the sides of 
the polar triangle. 

Given ^ = 70°, J5=80°, C=100°; 
to find a\ b% &. 

a' = 180°- 70° =110°. 
2^=180°- 80°= 100°. 
c'=180°-100°= 80°. 

2. The sides of a triangle are 40°, 
90°, and 12o° ; fmd the angles of the 
polar triangle. 

Given a = 40°, 6 = 90°, c = 125° ; 
required A% R, C\ 

^' = 180°- 40°= 140°. 
J5'=180°- 90°= 90°. 
C'=180°-125°= 66°. 

3. Prove that the polar of a 
quadrantal triangle is a right tri- 
angle. 

Let the triangle ABC be a quad- 
rantal triangle. 
Then h — 90°. 

Let A' R C be the polar triangle. 

5^ + 6= 180°. 
But .6= 90°. 
.'.R- 90°. 
.-. triangle A'R C \& a right tri- 
angle. 



4. Prove that, if a triangle have 
three right angles, the sides of the 
triangle are quadrants. 

Every vertex is the pole of the 
opposite side. Every side is, there- 
fore, 90°. 

5. Prove that, if a triangle have 
two right angles, the sides opposite 
these angles are quadrants, and the 
third angle is measured by the num- 
ber of degrees in the opposite side. 

Let ABC be the triangle, and 
jj=C=90° 

Then A is the pole of a. There- 
fore h and c are quadrants, and the 
angle A is equal to the side BC 
measured in degrees. 

6. How can the sides of a spheri- 
cal triangle, given in degrees, be 
found in units of length, when the 
length of the radius of the sphere is 
known? 

Since the sides of the triangle are 
arcs of great circles, every degree of 
arc is -^ of the circumference of a 

great circle or -q^» where r is the 

radius of the sphere. Hence, to find 

the length of a side, multiply its 

. , . 2 nr icr 

measure m degrees by ^^ or — • 
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7. Find the length of the sides of the triangle in Example 2, if the 
radius of the sphere is 4 feet. 

The sides are 

b = 90°= 90 X ^^ft.= 2 ^ ft. 



Exercise XXX. Page 140. 



1. Prove, by aid of Formula [38], 
that the hypotenuse of a right tri- 
angle is less than or greater than 90°, 
according as the two legs are alike 
or unlike in kind. 

By Formula [38], 

cos c = cos a cos 6. 

If a and b are both < 90° or both 
> 90°, cos a and cos b have the same 
sign. Hence cos c is positive, and 
c<90° 

But if a and b are unlike in kind, 
cos a and cos 6 have opposite signs. 
Hence cos c is negative, and c > 90°. 

2. Prove, by aid of Formula [41], 
that in a right spherical triangle 
each leg and the opposite angle are 
always alike in kind. 

Formula [41], 

cos -4 = cos a X sin B. 

B < 180°. .-. sin B is positive. 

Hence sign of cos A is same as 
sign of cos a, and both must be 
greater than or less than 90° ; that 
is, alike in kind. 

3. What inferences may be drawn 
from Formulas [38]-[43] respecting 
the values of the other parts : (i.) if 



c = 90°; (ii.) if a = 90; (iii.) if c = 
90° and a =90°; (iv.) if a = 90°and 
6 = 90°? 



(i.) 


If c = 90°, 




= cos a X cos 6 


cos a or cos 6 = 0. 




a or 6 = 90°. 


If 


a = 90°, 




cos^ = X sin 5 = 0. 




.-. A = 90°. 


Hence, 


from Example 5, Ex. 


XXIX, 






B = b. 


(ii.) If 


a = 90°, 




cos^ = Ox sinjB. 




.-. A = 90°. 




.-. c = 90°. 




B=b. 


(iii.) If 


c = 90° 


and 


a = 90°, 


from (i.) and (ii.) 




^ = 90°. 




B = b. 


(iv.) If 


a = 90° 


and 


6 = 90°, 


from (ii.) 


c=90°. 




B=b 




= 90° 
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4. Deduce from [38] -[43] and 
[18]-[23] the formula 
tan^ib = tan i (c -- a) tan i (c + a). 

From [38], page 138, we have 



cos c 

coso = ; 

cos a 



whence 1 — cos h = 
1 -h cos6 = 



cos a — cos c 

cos a 

cos a + cos c 

cos a 

1 — cos6 _ cos a — cos c 
" 1 + cos6~ cosa + cosc 
But by [18], page 56, 

1 + cos 6 
And if in [23] and [22], page 66, 
we write a and c in place of A and 
B and divide [23] by [22], we get 
cos a — cos c 
cosa + cose 

= — tan i (a + c) tan i (a — c) 
= tan ^ (e + a) tan i (e — a). 
.•.tan2^6 

= tani (c + a) tani (c — a). 

5. Deduce from [38]-[43] and 
[18]-[23] the formula 
tan2(45°-i^) 

= tani (c — a) cot i (e + a). 

From [39], 

. . sin a 
BmA = - — ; 
sm e* 

whence, operating ajs in Example 4, 

we have 

1 — sin^ __ sin c — sin a 
1 -h sin ^ ~ sin c -h sin a 
If m [19], page 65, we substitute 

90° + -4 for z, and remember that 

cos (90°+^) = — sin^, [19]reduces 

to the form 
I — sin A 



1 + sin -4. 



= cot2(45° + i^) 



= tan* (450 -i^), 
(since 46° + i-4 and 45®-i^ are 
complementary angles). 

And by dividing [21] by [20], 
page 56, and writing c for A and a 
for B, we have 
Bin c — sin g 
sin c -h sin a 

= tan i (c — a) cot i (c + a). 
.•.tan2(45°-iyl) 

= tan i (c — a) cot i (c + a). 

6. Deduce from [38]-[43] and 
[18]-[23] the formula 
tan* i^ B = sin (e — a) esc (c + a). 
From [40], by operating as before, 
1 — cos 1? tan c — tan a 



But 



1 + cosB tan c + tan a 
tan c — tan a 



tan c + tan a 



sm e 


sm a 


cose 


cos a 


sine 
cose 


sin a 
cos a 


sin c cos a — cos c sin a 



sine cosa + cose sin a 
— sin (c — g) 
~ sin (e -h g) 
And by [18], page 55, 
1 — cos B 



1 + C0SJ5 



= tan2 i B. 



* sm (e + g) 
= sin (c — g) esc (c + a). 

7. Deduce from [38] -[43] and 
[18] -[23] the formula 
tan* ^ e = — cos (^ -h B) sec (A—B). 
By [43], cose = cot^ cot J5 
___ cot A . 
""tan 5' 
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whence, as before, 

1 — cos c __ tan B—cotA 
1 + cos c ~ tan B + cot A 



^ „, -coajA + B) 
cos (A— B) 
= - cos (A + B) sec (^ - J5). 



a Deduce from [38] -[43] and [18] -[23] the formula 

tanHa = tan [i (A + ^ - 45°] tan[i(A - J5) + 45°]. 

From [41], cos a = cos -4. esc jB = -: — =» 

^ "•' sm B 

whence, as before, 

1 — cos a _ sin B — cos A 
1 + cos a sin B + cos A 
^ - , sin B + sin (A — 90®) 
^'*^=sm5-sin(A-90O) 
If in [20] and [21] page 56 we substitute B for A and J. — 90° for B, 
and divide [20] by [21], we obtain 

= tan [i(A + B) - 45°] cot [i(B- A) + 45°] 
= tan [i ( A + 5) - 45°] tan [i (A - 5) + 45°] , 
since i{A-B)-\- 45° = 90° - [i (B - A) + 45°]. 

.-. tanH « = tan [i(A -\-B)- 45°] taji[i{A-B) + 45°]. 

9. Deduce from [38]-[43] and [18]-[23] the formula 

tan2 (45° - ic) = tani (A - a) coti (-4 + a). 

By [39], sinc=^- 

•''■■' smA 

.•.cos(90°-c) = -?^» 
^ ' smA 

tenH (90° -e) = "°^ -'!'"' ' 
' sm A + sm a 

or, by [20], [21], tan^ (45° - i c) = tan i (A - a) cot i (A + a). 

10. Deduce from [38]-[43] and [18]>[23] the formula 

tan2 (45° - i6) = sm (A — a) esc {A + a). 

^ r^«-. . 1. tana 

By [42], ««»» = SSri- 

,rv«« IV tana 
.-.008(900-6) = ^^^. 
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whence 



tanH{9(y»-6) = 



tan A — tan a 
tanil + tana 



tana(46o-i6) 



_.5v = 8in_(4_^_a) 



sin {A + a) 
= sin (J. — a) CSC (A + a). 



11. Deduce from [38]-[43] and [18]-[23] the formula 



By [41], 



whence 



tana(46°-i5) = tan i (-4 - a) tan i (^ + a), 
cos^ 



sinJB= - 



tan2(46<'-iJ5) = 



cos a 

cos a — cos -4 



cosa + cos -4 

or, by [22], [23], tan" (46° - i JJ) = - tan i (a + ^) tan i (a - ^) 

= tani (^ + a) tani (^ - a). 



Exercise XXXI. Page 142. 



1. Show that Napier^s Rules lead 
to the equations contained in For- 
mulas [39], [40], [41], and [42]. 



sin a = cos (co. c) cos (co. A) 
= sine sin^. 

sin h = cos (co. c) cos (co. B) 
= sine sin B. 



sin (co. B) - 
cosB- 

sin (CO. A) - 
COB A - 

sin (co. A) - 
COB A - 

sin (co. B) - 
cobB- 



■ tana tan (co.c). 
: tan a cot c. 

: tan 6 tan(co. c). 
: tan h cot c. 

■ cos a cos (co. B). 

■ cos a sin B. 

■ cos 6 cos (CO. A). 

■ cos 6 sin ^. 



sin a = tan (co. ^ tan 6 
= cot B tan h. 



sin h = tan a tan (co. A) 
= tana cot -4. 



2. What will Napier's Rules be- 
come, if we take ajs the five parts of 
the triangle, the hypotenuse, the 
two oblique angles, and the comple- 
ments of the two legs ? 

Every part being replaced by its 
complement, every function is re- 
placed by the complementary func- 
tion. Napier's Rules therefore 
become : 

(i.) Cosine of middle part equals 
product of cotangents of adjacent 
parts. 

(ii.) Cosine of middle part equals 
product of sines of opposite parts. 
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Exercise XXXII. Page 146. 



1. Solve the right triangle, given 
a =36° 27', 6 = 43° 32' 31". 

Taking co. c as the middle part, 
by Rule II., 

cos c = COS a cos b. 
log cos a =9.90546 
log cos 6 = 9.86026 
log cose =9.76572 
c =54° 20'. 
Taking a as the middle part, we 
have, by Rule I., 

sin a = tan b cot B, 
whence tan 6 = sin a tan Bj 

, * T> tan 5 

and tanJ5 = -^ — 

sma 

log tan 6 = 9.97789 

colog sin a = 0.22613 

log tan 5 =10.20402 

5=57° 59' 19.3". 
Taking b as the middle part, by 

Rule I., 

sin 6 = tana cot^. 
tana =sin6 tan^. 
tana 
sin b 

log tan a = 9.86842 

colog sin & = 0.16185 

log tan ^ = 10.03027 

A = 46° 59' 43.2". 

2. Solve the right triangle, given 
a = 86° 40', b = 32° 40'. 

cos c = cos a cos b. 

tan A = tan a esc 6. 

tan B = tan b esc a. 
log cos a =8.76451 
log cos & = 9.92522 
log cose =8.68973 

c = 87° 11' 39.8". 



tan^ = 



log tan a =11.23475 
logcsc6 = 0.26781 
logtan^ = 11.50256 

A = 88° 11' 57.8". 
log tan 6 =9.80697 
log CSC a = 0.00074 
log tan JB= 9.80771 

B = 32° 42' 38.6". 

3. Solve the right triangle, given 
a = 50°, 6 = 36° 54' 49". 

cos c = COS a cos b. 

tan A = tan a esc b. 

tan B = tan 6 esc a. 
log cos a =9.80807 
log cos 6 = 9.90284 
log cose =9.71091 

e =59° 4' 25.7". 
log tan a =10.07619 
log CSC 6 = 0.22141 
log tan ^ = 10.29760 

A = 63° 15' 13.1". 
log tan 6 =9.87575 
log CSC a = 0.11575 
log tan B= 9.99150 

B = 44° 26' 21.6". 

4. Solve the right triangle, given 
a = 120° 10', b = 150° 59' 44". 

COS e = cos a cos b. 

tan A = tan a esc b. 

tan B = tan b esc a. 
log cos a =9.70115 
log cos & = 9.94180 
log cose =9.64295 

e =63° 55' 43.2.". 
log tan a =10.23565 
log CSC ft = 0.31437 
log tan ^ = 10.55002 

A = 105° 44' 21.25". 
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log tan 6 =0.74383 
logcsca = 0.06320 
log taiiJ5 = 9.80703 

B=Hr 19^47.14". 

5. Solve the right triangle, given 
c = 55° d' 32", a = 22° 15' 7". 
cos B = tan a cot c. 
cos^ = tan&cotc. 
tan 6 = sin a tan B. 

log tan a =9.61188 
log cote = 9.84266 
log cos J5 =9.45454 

B = 73° 27' 11.16". 
log tan 6 = 10.10537 
log cote = 9.84266 
log cos -4= 9.94803 

A = 27° 28' 25.71". 
log sin a = 9.57828 
log tan 2? = 10.52709 
log tan 6 = 10.10537 

b = 51° 53'. 

6. Solve the right triangle, given 
c = 23° 49' 51", a = 14° 16' 35". 
cos h = cos e sec a. 
sin -4 = sin a CSC e. 
cos B = tan a cot c. 
log cose =9.96130 
logseca = 0.01362 
log cos 6 =9.97492 
b =19° 17'. 
log sin a =9.39199 
logcsce = 0.39358 ' 
log sin ^ = 9.78557 

A = 37° 36' 49.4". 
log tan a = 9.40562 
log cote = 10..%48R 
log cos 5= 9.76050 

J5=54°49'23.3". 



7. Solve the right triangle, given 
c = 44° 33' 17", a = 32° 9' 17". 

cos b = cos c sec a. 

sin -4 = sin a CSC c. 

cos5 = tana cote, 
log cose =9.85283 
logseca = 0.07231 
log cos 6 =9.92514 
b = 32° 41'. 
log sin a =9.72608 
logcsce =0.1 5391 
log sin ^ = 9.87999 

A = 40° 20' 16.4". 
log tan a = 9.79840 
log cote =10.00675 
log cos 2?= 9.80515 

B = 50° 19' 16". 

8. Solve the right triangle, given 
c = 97° 13' 4", a = 132° 14' 12". 

cos b = cos c sec a. 

sin ^ = sin a esc c. 

cos B = tan a cot c. 

log cose = 9.09914 

logseca = 0.17250 

log cos 6 =9.27164 

b = 79° 13' 38.2". 

log sin a =9.86945 

logcsce = 0.00345 

log sin ^ = 9.87290 

A = 48° 16' 10". 

But A and a must be of the same 

kind, 

.-. A = 131° 43' 50". 

log tan a = 10.04196 
log cote = 9.10259 
log cos jB = 9.14455 

B= 81° 58' 53.3". 

9. Solve the right triangle, given 
a = 77° 21' 50", A = 83° 56' 40". 



260 



SPHEBICAL TRIGONOMETRY. 



sine = Bin a CSC A. 
Bind = tana cot A. 
sinJ? = seca cos A. 
log sin a =9.98936 
log CSC A = 0.00243 
log sine =9.99178 

c =78° 63' 20". 
Since c is found from its sine, it 
may have two values which are 
supplements of each other. 
Hence also c = 101° 6' 40". 
log tan a =10.64939 
log cot A = 9.02666 
logsm6 = 9.67604 

6 = 28° 14' 31.3", 
or =161° 46' 28.7". 

log sec a =0.66004 
log cos A = 9.02323 
log sin B =9.68327 

B = 28° 49' 67.4", 
or =161°10' 2.6". 

10. Solve the right triangle, given 
a = 77° 21' 60", A = 40° 40' 40". 

sine = sin a CSC -4. 
But sin -4 < sin a. 

.*. sinc>l, which is impossible. 

11. Solve the right triangle, given 
a = 92° 47' 32", 5 = 50° 2' 1". 

tan c = tan a sec B. 

tan b = sin a tan B. 

COS A = cos a sin B. 
log tan a =11.31183 
log sec 5 = 0.19223 
log tan c = 11.60406 

c = 91° 47' 40". 

log sin a = 9.99948 
log tan 5 =1007671 
log tan 6 =10.07619 
b =60° 



log cos a =8.68765 
log sinB = 9.88447 
log cobA = 8.67212 

A = 92° 8' 23". 

12. Solve the right triangle, given 
a = 2° 0' 66", 5 =12° 40'. 

tanc = tana sec £. 

tan& =sinatan£. 

cos -4 = cos a sin B. 
log tan a =8.64639 
log sec 2? = 0.01070 
log tanc =8.66709 

c =2° 3' 66.7". 
log Bin a =8.64612 
log tan jB= 9.36170 
log tan 6 =7.89782 

b =0° 27' 10.2". 
log cos a =9.99973 
log sin jg = 9.34100 
log cosA = 9.34073 

A = 77° 20' 28.4". 

13. Solve the right triangle, given 
a = 20° 20' 20", B = 38° 10' 10". 

tan c = tan a sec B. 

tan 6 = sin a tan B. 

COB A = cos a sin 5. 
log tan a =9.66900 
log secB = 0.10448 
log tan c = 9.67348 

c = 26° 14' 38.2". 
logBma =9.64104 
log tan B = 9.89546 
log tan 6 =9.43649 

b = 16° 16' 50.4". 
log cos a =9.97204 
logsmB = 9.79098 
log cosA = 9.76302 

A = 64° 36' 16.7". 
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14. Solve the right triangle, given 

tan c = tan a sec B, 
tan & = sin a tan B. 
cos A = C08a 8\nB, 
log tan a =10.14673 
log8ecJJ= 0.08931 
log tan c =10.23604 

c = 59« 61' 20.7". 
log sin a =9.01069 
log tan 5 = 9.86327 
log tan 6 =9.76396 

h =30° 8' 39.3". 
log cos a =9.76396 
logsmJJ = 9.76396 
log cos-4 = 9.62790 

^ = 70° ir 36". 

15. Solve the right triangle, given 
c = 69° 26' 11", ^ = 64° 64' 42". 

sin a = sine sin ^. 

tan 6 = tanc cos -4. 

cotB = cose tan J.. 
log sine =9.97136 
logsin^ = 9.91289 
log sin a =9.88426 

a =60°. 
log tanc =10.42641 
logco8^= 9.76964 
log tan 6 =10.18496 

6 = 56° 60' 49.3". 
log cose — 9.64696 
log tan^ = 10.16336 
log cot 5= 9.69930 
B = 63° 26' 4". 

16. Solve the right triangle, given 
c = 112° 48', ^ = 66° 11' 66". 

sin a = sin e sin A. 
tan b = cos A tan c. 
cotjB= cose tan ^. 



log sin c : 
log sin A - 
log sin a = 
a - 
log cos A ' 
log tanc : 
log tan 6 = 

6 = 
log cose : 
log tan^ : 
log cot B - 

B- 



■• 9.96467 
: 9.91968 
: 9.88425 
= 50°. 

: 9.74532 
: 10.37638 
: 10.12170 
: 127° 4' 30". 
: 9.68829 
: 10.17427 
: 9.76256 
: 120° 3' 60". 



17. Solve the right triangle, given 
c = 46° 40' 12", A = 37° 46' 9". 

sin a = sin A sin e. 

tan 6 = tane cos J.. 

cotB = tan-4 cose, 
log sin ^ =9.78709 
log sine = 9.8617 8 
log sin a =9.64887 

a =26° 27' 24". 
log tane =10.02533 
logcos^ = 9.89789 
log tan 6 = 9.92322 

6 = 89° 67' 41.6". 
log cose =9.83646 
logtan^ = 9.88920 
log cot B = 9.72565 
5 = 62°0'4". 

18. Solve the right triangle, given 
c = 118° 40' 1", A = 128° 0' 4". 

sin a = sin e sin -4. 

tan 6 = tanc cos^. 

cotB = cose tan^. 
log sine =9.94321 
log sin A = 9.89652 
log sin a =9.83973 

a = 136°^ 16' 32.3". 
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log tan c = 10.5 
logco8^= 9.78935 
log tan 6 =10.06157 

b = 48° 23' 38.4''. 
log cose = 9.68098 
logtanJ = 1 0.10717 
logcotJ5= 9.78816 

^=58° 27' 4.3". 

19. Solve the right triangle, given 
A = 63° 16' 12", B = 136° 33' 39". 

cos a = cos ^ CSC J?, 
cos 6 = cos B CSC -4. 
cos c = cot A cot B. 
log cos^ = 9.66326 
colog sin B = 0.16480 
log cos a =9.80806 

a = 60° 0' 4". 
log cosB = 9.86369 
cologsin^ = 0.049 15 
log cos 6 =9.90284 

b = 143° 6' 12". 
log cot ^= 9.70241 
log cot B = 10.00860 
log cose = 9.71091 

c = 120° 66' 34.3". 

20. Solve the right triangle, given 
^ = 116° 43' 12", B = 116° 31' 25". 

cos a = cos A CSC B. 

cos b = cosB CSC A. 
log cos c = cot ^ cot B. 
log cos A = 9.66286 
log CSC ^ = 0.04830 
log cos a =9.70116 

a = 120° 10' 3". 
log cos B = 9.64988 
log CSC ^ = 0.04904 
log cos 6 =9.69892 

6 =119° 69' 46". 



log cot ^ =9.70190 
log cotJg = 9.69818 
log cose =9.40008 

c = 75° 26' 58". 

21. Solve the right triangle, given 
^ = 46° 69' 42", B = 67° 69' 17". 

cos a = cos^ cscjB. 

cos 6 = cos £ CSC ^. 

cose =cot-4 cotjB. 
log cos^ = 9.83382 
log CSC J5 = 0.07164 
log cos a =9.90646 

a = 36° 27'. 
log cosJ5 = 9.72436 
log CSC ^ = 0.13691 
log cos 6 =9.86026 

b = 43° 32' 30". 
log cot^ = 9.96973 
log cot^ = 9.79699 
log cose =9.76672 

e = 64° 20'. 

22. Solve the right triangle, given 
^ = 90°, B = 88° 24' 36". 

cos a = cos A CSC jB. 
cos b = coaB esc A. 
cose =cot-4. cotB. 
cos ^ = 0. 
.-.cos a = 0. 
.-.a =90°. 

CSC ^ = 1. 

.-. b = B. 

.-. b = 88° 24' 36". 
cot ^ = 0. 
.-. cos c = 0. 
.-. c = 90°. 

23. Define a quadrantal triangle, 
and show how its solution may be 
reduced to that of the right triangle. 
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A quadrantal triangle is a tri- 
angle having one or more of its 
sides equal to a quadrant. 

Let A'B'C be a quadrantal tri- 
angle with side A'W — 90°, or a 
quadrant. 

Let ABC be its polar triangle. 

Then since 
A'B'\' C=180°, C = 90° 

.♦. ABC is a right triangle. 

.'. all parts of the polar triangle 
may be found by formulas for right 
triangle. The parts of A'B'C may 
then be found by subtracting proper 
parts of ABC from 180°. 

24. Solve the quadrantal triangle 
whose sides are : 

a =174° 12' 49.1". 
6 = 94° 8' 20^'. 
c= 90°. 

Let A' B\ C% a\ 1/ of represent 
the corresponding angles and sides 
of the polar triangle. 
Then A'- 6°47'10.9''. 
Bf - 85° 61' 40". 
C = 90°. 

tanHC 

= - cos (^ + A') sec {W - A'). 
tan2 i 6' = tan [i (B' + A') - 45°] 

tan [45° + i (5'- ^0]- 
tanH a' = tan [i (B' + A') - 45°] 

tan[46°-i(B'-^0]- 
Bf^A' = 91° 38' 50.9". 
JB'-^' = 80° 4' 29.1". 

\ {A' + ^) - 45° = 49' 25.5". 

45° + i (^ - ^') = 85° 2' 14.6". 

i (B' + A') - 45° = 0° 49' 25.5". 

45° - i (5' - A") = 4° 67' 45.4". 



log cos {^ + ^') =8.46863 

log sec {B - A') = 0.76356 

2 )9.22219 

log tanic' = 9.61110 

ic'= 22° 12' 561". 
c'= 44° 25' 53", 
C=135°34' 7". 
log tan 0° 49' 25.5"= 8.15770 
log tan 86° 2' 14.6" = 11.06133 
2 ) 9.21903 
log tan i 6'= 9.60952 

i6'= 22° 8' 35".^ 
6'= 44° 17' 10". 
B = 136° 42' 60". 
log tan 0° 49' 25.5" = 8.15770 
log tan 4° 67' 46.4" = 8.93867 
2 ) 7.09637 
log tania' = 8.54819 

ia'= 2° 1'25". 
a'= 4° 2' 50". 
A = 175° 57' 10". 

25. Solve the quadrantal triangle 
in which 

c = 90°. 

A = 110° 47' 50". 
5=135° 35' 34.5". 
Let A\ B', C\ a', 6', c' represent 
the corresponding angles and sides 
of the polar triangle. 
Then a' = 69° 12' 10". 

6' = 44° 24' 25.6". 
C = 90°. 
tan A' = tan a' esc 6'. 
tan B' = tan 6' esc a', 
cos c' = cot -4' cot B\ 
log tan a' =10.42043 
log CSC 6' = 0.15505 
log tan -4'= 10.57548 

A'z=z 75° 6' 58". 
a = 104° 53' 2". 
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log tan 6' = 
log CSC a' = 
log tan B' = 
R -• 
b- 
log cot A' = 
log cot R - 
log cos c' = 

C = 



9.»9101 

0.02926 
10.02027 
: 46° 20' 12''. 
133° 39^ 48". 
9.42452 
9.97973 
9.40425 

75° 18' 21". 
104° 41' 39". 



26. Given in a spherical triangle 
Aj C, and c = 90° ; solve the tri- 
angle. 

sin a = sine sin ul. 

= 1X1. 
.-.0 = 90° 
Then JS is the pole of 6, and B=b; 
but B and b are otherwise indeter- 
minate. 

27. Given A - 60°, C = 90°, and 
c = 90° ; solve the triangle. 

sin a = sin c sin A, 
tan h = tan c cos A. 
cotB= cose tan -4. 
sin a =sin^. 

a = ^ = 60°. 
tan6 = CO X ^ 

= CO. 

6 = 90°. 

cot5=OX V3 

= 0. 

5=90°. 

28. Given in a right spherical tri- 
angle, A = 42° 24' 9", B = 9° 4' 11"; 
solve the triangle. 

cose = cot -4. cotJB. 
cot^>l. 
cotB>l. 
.-. cose >1, 
which is impossible. 
.'. triangle is impossible. 



29. In a right spherical triangle, 
given a = 119° 11', B = 126° 54' ; 
solve the triangle. 

tan 6 = sin a tan J?, 
tan e = tan a sec B. 
cos A = cos a sin B. 
log sin a = 9.94105 
log tan 5 = 10.12446 
log tan 6 = 10.06551 

b = 130° 41' 42". 
log tan a = 10.25298 
log cos g= 0.22154 
log tan e =10.47452 

c = 71° 27' 43". 
log COB a =9.68807 
log sin 5 = 9.90292 
log cos -4. = 9.59099 

^=112° 57' 2". 



30. In a right 
given e = 50°, b = 
the triangle. 

cos a 

sinil 

tan 5 

log cose 

cologcos& 

log cos a 

a 

log sin a 

log CSC c 

log sin A 
A 
log tan b 
log CSC a 
log tan B 
B 



spherical triangle, 
= 44° 18' 39"; solve 

= cose sec 6. 
= sin a CSC e. 
= tan&csca. 
= 9.80807 
= 0.14535 
= 9.95342 
= 26° 3' 51". 
= 9.64284 
= 0.11575 
= 9.75859 
= 35°. 
= 9.98965 
= 0.35716 
= 10.34671 
= 66° 46' 7". 



31. In a right spherical triangle, 
given A = 166° 20' 30", a = 65° 16' 
45" ; solve the triangle. 

It is impossible, because a and A 
are unlike in kind. 



TEACHERS' EDITION. 



255 



32. If the legs a and 6 of a right 
spherical triangle are equal, prove 
that cos a = cotA = Vcosc. 

cose = cosa COS&. 
But cos a = cos 6. 

.-. cos c = cos^a. 



But 



, cos a = Vcos c. 

sin 6 = tana cot^. 

sin a = sin b, 
. cosa = cot -4. 



33. In a right spherical triangle 
prove that 

co^A X sin^c = sin (c— a) sin (c+a). 

By[39],8in^=gf. 

.•.coeM = l-^ 
sin^c 

_ sin^c — sin^g 

" 8in2c 

00*2^ sin^c = sin^c — sin^a. 

But 

sin (c-\- a) = sin c cos a + cos c sin a. 

sin (c — a) = sin c cos a — cos c sin a. 

.'. sin (c + a) sin (c — a) 

= sin^c 008% — cos^c sin^a 

= sin^c (1 — sin^a) — (1 — sin^c) sin^a 

= sin^c — sin^a. 

.-. coS^^ sin^c = sin (c — a) sin (c + a). 

34. In a right spherical triangle 
prove that tan a cos c = sin h cot B. 

mnb = tana cot ^. 
sin& 
tana 
cos c = cot -4 cotB. 
cose 
cots' 
cosc^__ 8in& 
" cotB~ tan a 
tan a COB c = sin 6 cot B. 



cot-4. = : 



cot-4 = 



35. In a right spherical triangle 
prove that 

sinM = cos^B + sin^asin^S. 
cosB= cos 6 sin -4. 
. , . cos25 
cos26 
= cos2S 8ec26 
= C0825(H-tan26). 
sin a = tan b cot B. 
tan& = sina tanS. 
.-. sin2^ = cos2S + sin^a tan2J5 cos^JB 
= cos^B + sin^a sin2JB. 

36. In a right spherical triangle 
prove that 

sin (6 + c) = 2 C082 ^ a cos b sin c. 
sin (6 + c) 

= sin& cose + C08& sine 

(sindcosc , ^\ . . 
— z—. h 1 )cos6smc 
cosfrsinc / 

= (tan 6 cot c + 1) cos6 sin c. 

But tan 6 cot c = cos A, 

.', tan6 cote + 1 = cos-4 + 1 

= 2 0082^^. 

.-. sin (6 + c) = 2 cos2 ^^ cos6 sin c. 

37. In a right spherical triangle 
prove that 

sin (c — 6) = 2 sin2 ^ a cos 6 sin c. 

sin (c — b) 

= 8inc cos6 — coscsinft 

_ . , /^ cose sin 6\ 

= smcco86( 1 : r I 

\ sine cos 6/ 

= sine co86(l — cote tanft) 

But cote tan6 = cos -4. 

.*. 1 — cot c tan 6 = 1 — cos -4 

= 2sin2^^. 

.-. sin (e — 6) = 2 8in2 ^A cosb sin c. 

38. Iff in a right spherical tri- 
angle, p denotes the arc of the great 
circle passing through the vertex of 
the right angle and perpendi" ' 
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to the hypotenuse, m and n the seg- 
ments of the hypotenuse made by 
this arc adjacent to the legs a and &, 
prove that 

(i. ) tan% = tan c tan m. 

(ii.) sin2p = tan m tan n. 




(i.) In triangle BC^ 

cos ^ = tan a cot c. 
cosB 



. tana = - 



In right triangle CBB 

COB B = tan BD cot BC 
= tan m cot a. 
tanm 



. tana = 



cos B 



Multiplying the two equations, 

^ « tan m _ cos B 

tan^a = ^ x — — 

cos 5 cote 

= tan m tan c. 
(ii.) In triangle CBD 

sin p = tan m cot JBCD j 
and in triangle CAD 

sin p = tan w cot DC A. 

But, since J5CD + DC A = 90°, 
cot BCD X cot DC A = 1. 
.-. sin^p = tan m tan n. 



cote 



Exercise XXXIII. Page 149. 



1. In an isosceles spherical tri- 
angle, given the base 6 and the side 
a; find A the angle at the base, B 
the angle at the vertex, and k the 
altitude. 

Let ^5^' be an isosceles triangle, 
A and A^ being the equal angles, 
a and a^ the equal sides. 

Let h the arc of a great circle be 
drawn from B perpendicular to AA\ 
meeting AA'^ in C. 
Then in the right triangle A'BC^ 
6 = ^6 in triangle ABA\ 
c— a in triangle ABA\ 
B = \Bm. triangle ABA\ 
cos A — cot a tan \ b. 
sin i £ = CSC a sin ^ b. 
coah = cos a sec i 6. 



2. In an equilateral spherical 
triangle, given the side a ; find the 
angle A, 

In the equilateral triangle AA'A'' 

draw arc AC 1. to A' A", 

Then in the right triangle AA'C,^ 

sin i a = sin a sin 4^ A, 

. , . sinjq 
sm \A = . 

sma 

_ sin 4^a 

~~ 2 sin^a cos^a 

= i sec i a. 

3. Given the side a of a regular 
spherical polygon of n sides ; find 
the angle A of the polygon, the 
distance B from the centre of the 
polygon to one of its vertices, and 
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the distance r from the centre to the 
middle point of one of its sides. 




In the regular polygon ABDE 
draw arcs from the vertices -4, B, 



Then ACB = ' 



ACM = 



etc., through the centre C, and from 

C to 3f, the middle of one side. 

360°. 

n 

180° 
— » 
n 

CAM=^A, 

AM— ^a, 

AC=R, 

MC = r, 

sin iA = secia 

sin R = sin ^ a esc 

sin r = tan ^ a cot 



180° 

i 

n 

J80° 

n 

180° 

n 



4. Compute the dihedral angles made by the faces of the five regular 
polyhedrons. 

If a sphere is described about a vertex of the polyhedron as a 
centre, the adjacent vertices of the polyhedron lie on the sphere and 
are the vertices of a regular spherical polygon, of which the angles 
are required. 

If a is the length of a side of this polygon, i.e. one of the angles of a 
face of the polyhedron, and n the number of sides, i.e. the number of 
faces of the polyhedron which meet at a vertex, we have for the different 



Polyhedron. 


a. 


n. 


Tetrahedron . . 


60° 


3 


Cube 


90° 


3 


Octahedron ... 


60° 


4 


Dodecahedron . . . 


108° 


3 


Icosahedron . . . 


60° 


6 



But, if ^ is an angle of the spherical polygon, we have from Ex. 3 

180° 
sin i ^ = sec i a cos • 
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POLYHEDBON. 


STSiA. 


Log Sin } A. 


A. 


Tetrahedron . . . 


Vi 


9.76144 


70° 31' 46'' 


Cube 


Vi 


.... 


90° 


Octahedron .... 


Vi 


9.91196 


109° 28' 14" 


Dodecahedron . . . 


i sec 64° 


9.92976 


116° 33' 44" 


Icosahedron . . . 


^ cos 36° 
V3 


9.97043 


138° 11' 36" 



5. A spherical square is a regular 
spherical quadrilateral. Find the 
angle A of the square, having given 
the side a. 

This is a special case of Ex. 3 for 

which n = 4. Hence 

180 
siniA = seciacos-^ 
4 

1 

= — p sec } a. 

V2 ^ 



Also cos iA = y/l — ^sec^ic 

^ . . cos 4^ -4 
.-. coti^= . 7 ■ 



=V' 



l — jsecgja 
isec^^a 



= V2cos2^a— 1 



Exercise XXXIV. Page 152. 



1. What do Formulas [44] be> 
come if ^ = 90° ? if 5 = 90° ? if 
0=90°? if a =90°? 'dA = B = 
90°? if a = 6 = 90°? 
If ^ = 90°, 

sin a sin 5 = sin 6, 
sin a sin C = sin c. 
If ^ = 90°, 

sin a = sin 6 sin A, 

sin 6 sin C = sin c. 
If C = 90°, 

sina = sine sin^, 
sin b = sin c sin B, 



na=90°, 

sin 5 = sin 6 sin A, 
sinC' = sine sin -4. 

JiA = B= 90°, 
sin a = sin 6, 
sin e = sin a sin C 
= sin 6 sin C. 

If a = b =90°, 
sin B = sin -4, 
sin C = sin e sin A 
= sin e sin jB. 
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2. What does the first of [46] be- 
come if -4 = 0°? if^ = 90°? if 
A= 180°? 

If^ = 0°, 

cos a = cos (6 — c). 
If ^ = 90°, 

cos a = cos 6 cose. 
UA = 180°, 

cos a = cos (6 + c). 

3. From Formulas [45] deduce 
Formulas [46], by means of the 
relations between polar triangles 
(§ 48). 



Substituting in Formulas [46] for 
a, 6, and c, their equals, 180° — A", 
180° - R, 180° - C\ we obtain 
cos (180° -^0 

= cos (180° - BO cos (180° - (T) 
+ sin (180° - R) sin (180° - C) 
cos (180°-^'). 
.*. — cos A' 

= cos R cos C — sin ^ sin C cos.4'. 
cos -4' = — cos B' cos C 

+ sin W sin C cos of; 
and similarly, 
cos W = — cos ^' cos (7 

+ sin ^' sin C cos 6'; 
cos C = — cos A' cos ^ 

+ sin A' sin ^ cos c'. 



Exercise XXXV. Page 157. 



1. Write formulas for finding, by 
Napier's Rules, the side a when 6, c, 
and A are given, and for finding the 
side b when a, c, and B are given. 

(i.) In Fig. 46 suppose p drawn 
from C, dividing c into m and n. 

Then the required formulas are 
obtained by advancing the letters in 
tan m = tan a cos C, 
cos c = cos a sec m cos (6— m). 
They are 
tan m = tan h cos A, 
cos a = cos 6 sec m cos (c — m). 
(ii.) By drawing p from A, and 
advancing the letters two steps, 
tan m = tan c cos £. 
cos 6 = cose seem cos (a — m). 

2. Given find 

a= 88° 12' 20", A= 63° 15' 11", 
6 = 124° 7' 17", 5=132° 17' 59", 
0= 60° 2' 1": c= 60° 4' 18". 



i(6-a)= 17° 57' 28.6". 

i (a + 6) = 106° 9' 48.6". 

iC= 26° 1' 0.6". 

log cos i (6 -a) =9.97831 
log sec i (a + 6) = 0.66536 (n) 
log cot iC = 9.33100 

log tan i (^ + B) = 0.86467 (n) 

log sec i(A + B) = 0.86868 (n) 
log cos i (a + 6) = 9.44464 (n) 
log sin i C = 9.62622 

log cos ic =9.93954 

ic = 29°32'9". 

log sin i(b-a) = 9.48900 
log CSC i (a + 6) =0.01751 
log cot i C = 0.33100 

log tan i (B - ^) = 9.83751 

i(B-A)= 34° 31' 24" 
i{A + B)= 97° 46' 35" 
A= 63° 16' 11" 
B = 132° V 
c= 69° 
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3. Given find 

a =120° 66' 35", ^ = 129^68' 3", 

b= 88° 12' 20", B= 63° 15' 9", 

C= 47° 42' 1"; c= 55° 52' 40". 

i(a-6)= 16° 21' 37.5". 

^ (a +6) = 104° 33' 57.5". 

iC= 23° 51' 0.5". 

log cos i (a — 6) = 9.98205 
log sec i (a + 6) = 0.59947 (w) 
log cot i C = 0.35448 

log tasii{A + B) = 10.93600 

i(^ + ^) = 96°36'36"(n) 

log sin i (a - 6) = 9.44976 
log CSC i (a +6) =0.01419 
log cot i C = 0.35448 

log tani (^ - B) = 9.81843 

i{A-B)= 33° 21' 27". 

i{A + B)= 96° 36' 36". 

^ = 129° 58' 3". 

B= 63° 15' 9". 

log aec i(A + B) = 0.93890 (n) 
log COS k(a + h) = 9.40053 (n) 
logsiniC = 9.60675 

log cos ic =9.94618 

ic = 27°56'20". 
c = 55° 52' 40". 

4. Given find 

h = 63° 15' 12", B = 88° 12' 24", 

c = 47°42' 1", O = 55° 52' 42", 

A = 59° 4' 25"; a =50° 1' 40". 

i(6+c) = 55°28'36.5". 

^(h-c)= 7° 46' 35.5". 

i^ = 29°32' 12.5". 

log cos i (6 — c) = 9.99599 

colog cos i (6 + c) = 0.24662 

log cot i A = 10.24671 

log tan i (B + 0) = 10.48932 

^(5+ O) = 72° 2' 33". 



log sin i (6 — c) ■ 

colog sin ^ (6 + c) = 

log cot i -4 

logtani{B-C): 

i{B-C)- 

i(B+C)- 

B- 

C- 

log cos i (6 + C) : 
colog COS i (B + C) : 

log sin ^ ^ 
log COS i a 



■■ 9.13133 
: 0.08413 
: 10.24671 
: 9.46217 

16° 9' 51". 

72° 2' 33". 
■■ 88° 12' 24". 
: 55° 52' 42". 

■■ 9.75338 
= 0.51101 
: 9.69284 
: 9.96723 
: 25° 0' 50". 
: 50° 1' 40". 



5. Given find 

b= 69°25'11", B= 56° 11' 57", 
c = 109° 46' 19", C = 123° 21' 12" 
A= 54° 64' 42"; a= 67° 13'. 
i(c-6) = 20°10'34". 
^(c-h6) = 89°35'46". 
iA =27° 27' 21". 

log cos 4^ (c — 6) = 9.97250 

colog COS i (c + 6) = 2.15157 

log cot i^ = 10.28434 

log tan i (C + B) = 12.40841 

^(C+ 5) = 89° 46' 34.5". 

logsini(c--6) = 9.63770 

colog sin i{c + b) = 0.00000 

log cot i^ = 10.28434 

logtani(C-^= 9.82206 

i(C-B)= 33° 34' 37.8". 

C= 123° 21' 12". 

B= 66° 11' 57". 

log cos i{c-\-b) = 7.84843 

colog cos i(Ci- B)= 2.40837 

log sin i^ = 9.66376 

log cos i a =9.92056 

ia=33°36'30". 
a = 67° 13'. 
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Exercise XXXVI. Page 159. 



1. What are the formulas for com- 
pnting A when jB, C, and a are 
given ; and» for computing B when 
-4, C, and h are given ? 

(i.) In Fig. 47 suppose p drawn 
from C. Then advance the letters 
in 

cotx = tan-4 cscc, 

co8C = cos-4 cscxsin(B — X). 

The required formulas are 

cotx = tan £ CSC a, 

cos-4 = cosBcscxsin(C — x). 

(ii.) Suppose p drawn from A^ 
and advance the letters two steps. 
The required formulas are 

cot X = tan C esc 6, 

cos B = cos C CSC X sin (-4 — x). 

2. Given find 

A= 26° 68' 46", a= 37° 14' 10", 
B= 39° 46' 10",' 6 = 121° 28' 10", 
c = 164° 46' 48"; C = 161° 22' 11". 
\(B-A)= 6° 23' 12". 
i(B+^) = 33°21'68". 
\c= 77° 23' 24". 
logcosi(jB-^)= 9.99730 
logseci(B+^)= 0.07823 
log tan ic = 10.65032 

log tan i (6+ a) =10.72586 
log sin i (B + ^) = 9.74036 
log sec i (6 -a) =0.12972 
logcosic = 9.33908 

log cos iC =9.20916 

iC = 80°41'&.4". 

logsini(J5-^)= 9.04626 
log CSC i (5 + A) = 0.26966 
logtanic = 10.66032 

log tan 1(6 -a) = 9.96622 



\(h-a) = 42° 7'. 
i(6+a) = 79° 21' 10". 

h - 121° 28' 10". 

a= 37° 14' 10". 

C= 161° 22' 11". 



3. Given 


find 


^=128° 41' 49", a = 


= 126° 41' 44", 


J5 = 107°33'20", 6 = 


: 82° 47' 34", 


c= 124° 12' 31"; C = 


127° 22'. 


i(^-B)= 10° 34' 14.6". 


i(^ + B) = 118° 


7' 34.6". 


ic = 62° 


6' 15.6". 


logcosi{^-B) = 


9.99267 


colog cos i (^ -h -B) = 


0.32660 (n) 


log tan \c = 


10.27624 


logtani(a + 6) = 


10.59541 (n) 


i{a+6) = 104°14'38.6". 


logsini(A-^) = 


9.26351 


colog sin i{A-\- B) = 


0.05467 


log tan i c ' = 


10.27624 


log tan i(a—h) = 


9.59432 


i(a-6) = 


21° 27' 5". 


a = 


125° 41' 44". 


b = 


82° 47' 34". 



log sin i(A + B) = 9.94543 

colog cos i (a - 6) = 0.03118 

logcosic = 9.67012 

log cos iC =9.64673 

iC= 63° 41'. 

C = 127° 22'. 

4. Given find 

B = 153°17' 6", 6 =152° 43' 61" 

C= 78° 43' 36", c= 88° 12' 21" 

a= 86° 16' 16"; A= 78° 16' 48" 

i(B+ C) = 116° 0'21". 

i{B-C)= 37° 16' 46". 

ia= 43° 7' 37.6". 
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log COS i (ZJ — O) = 
log sec i (B + C) = 
log tan i a = 

log tan i (6 + c) = 

i(&+c) = 
log sin i (5 — C) = 
log CSC i (5 + O) = 
log tan i a = 

log tan i (6 — c) = 

i(6-c) = 

logsini(B+C) = 
log sec i (6 — c) = 
log cos i a = 

log cos iA = 

i^ = 

6 = 152° 43' 

c= 88° 12' 

^= 78° 16' 



= 9.90074 
: 0.36807 (n) 
: 9.97169 
: 0.23040 (n) 
: 120° 28' 6". 
= 9.78226 
= 0.04636 
: 9.97169 
: 9.80021 
= 32° 16' 45". 
: 9.96364 
- 0.07283 
= 9.86322 
: 9.88969 
= 39° 7' 64". 
51". 
21". 
48". 



5. Given find 

A = 125° 41' 44", a = 128° 31' 46", 

C= 82° 47' 36", c = 107° 33' 20", 

6= 62° 37' 57": B= 65° 47' 40". 



i(^-hC)=104°14'39.6". 
i{A-C)= 21° 27' 4.6". 
ib = 26° 18' 68.6". 



log cos i (^ — C) = 9.1 
log sec i (^ + C) = 0.60896 (n) 
logUni6 = 9.69424 

log tan i (a + c) = 0.27203 (n) 
i{a+c) =118° 7' 33". 

log sin i(^ + C) = 9.98644 
log sec i (a - c) = 0.00743 
log cos i6 = 9.95248 

log cos i B = 9.94635 

iB=27°63'60". 

log sin i (^ - C) = 9.66313 
log esc i(^-hC) = 0.01366 
logtanib = 9.69424 

log tan i (a -c) =9.27093 

i(a-c) = 10° 34' 13". 
a = 128° 41' 46". 
c = 107° 33' 20". 
B= 65° 47' 40". 



Exercise XXXVII. Page 161. 



1. Given 
a= 73° 49' 38" 
6 = 120° 53' 35" 
A= 88° 62' 42" 



find 

5=116° 42' 30", 

c = 120° 57' 27", 

0=116° 47' 4". 



log sin ^ =9.99992 

log sin 6 =9.93366 

log CSC a = 0.01753 

log sin 5 =9.96100 

B = [180° - (63° 17' 30")] 
= 116° 42' 30". 

(The greater side is opposite the 
greater angle.) 

i(B + ^)=102°47'36". 
i(B-A)= 13° 64' 64". 



i(b+a) = 97° 21' 36.6". 
i{b-a) = 23° 81' 68.6". 

log sin i (B + ^) = 9.98908 
logC8ci(B-^)= 0.61892 
log tan i (6 -a) = 9.63898 
log tan ic =10.24698 

ic= 60° 28' 43.5". 
c = 120° 67' 27". 

log sin i (6 + a) =9.99641 
log CSC i (6 — a)= 0.39873 
log tani (5- ^) = 9.39401 
log cot iC =9.78916 

iC= 68° 23' 32". 
0=116° 47' 4". 
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2. Given a = 150° 67' 6", 
b = 134° 16' 54", 
A = 144° 22' 42"; 
find Bi = 120° 47' 45", 

B2= 69° 12' 16", 
Ci= 66° 42' 8". 
ca= 23° 67' 17.4", 
Ci= 97° 42' 66", 
C2= 29° 8' 39". 
^ > 90°, (a -h 6) > 180°, a > 6 ; 
hence two solutions. 



log sin A 

log sin b 

colog sin a 

log sin B 



= 9.76624 
= 9.86498 
= 0,31377 



= 9.93399 
Bi = 120° 47' 46" 
B2= 69° 12' 16" 
i (^ -f Bi) = 132° 36' 13.6". 
i(A + B2) = 101° 47' 28.5". 
i(A-Bi)= 11° 47' 28.6". 
i{A-'B2)= 42° 36' 13.6". 
i(a-b) = 8° 20' 36.6". 
i(a + 6) = 142° 36' 28.6". 
log sin i (a + 6) =9.78338 
logcscHa-^) =0.83833 
log tan i (A-Bi) = 9.31963 
logcotiCi =9.94134 

iOi = 48°61'27.7". 
Ci = 97° 42' 66.4". 
log sin i{a + b) = 9.78338 
log CSC i (a -6) = 0.83833 
log tan i (A-Bi) = 9.96338 
logcotiCa =10.58509 

i Ca = 14° 34' 19.6". 

C2=29° 8' 39". 

log sin i (A+Bi) = 9.86703 

colog sin i {A-Bi) = 0.68963 

logtani(a-6) = 9.16629 

logtanici =9.72296 

ici = 27°61'4". 
ci = 66° 42' 8". 



log sin i (^+Ba) = 9.99074 

colog sin i (A—B^) = 0.16960 

log tan i (a -6) =9.16629 



logtanics =9.32663 

ica=ll°58'38.7". 
cs = 23° 67' 17.4". 

3. Given find 

a =79° 0'64.6", 5=90°, 

6 =82° 17' 4", c = 46° 12' 19", 

^=82° 9' 26.8"; C=46°44'. 

log sin ^ =9.99692 

log sin 6 =9.99606 

colog sin a =0.00803 



log 


sinS 


= 0.00000 
^ = 90°. 




tanc 


= cos^ tan 6. 




cote 


= tan-4 cos 6. 


log 


cos -4 


= 9.13499 


log 


tanl> 
tanc 


= 10.86812 


log 


= 10.00311 






c = 46° 12' 19" 


log 


tan^ 


= 0.86092 


log 


cos 6 


= 9.12793 



log cot C 



= 9.98886 
C = 46° 44'. 



4. Given a = 30° 62' 36.6", b = 
31° 9' 16", A = 87° 34' 12"; show 
that the triangle is impossible. 

sin £ = sin ^ sin 6 esc a. 
log sin ^ =9.99961 

log sin 6 =9.71378 

log CSC a = 0.28972 

log sin 5 =9.00311 

sin 5=1.009. 
.'. impossible, since sin B> 1. 
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Exercise XXXVIII. Page 162. 



1. Given find 

^ = 110«10', 6 = 165° 6' 18", 

^=133° 18', c= 33° r36^ 

a =147° 6' 32"; C= 70° 20' 40". 
sin & = sin a sin £ CSC ^. 
log sin a =9.73603 

log sin B =9.86200 

cologsin^ = 0.02748 

log sin 6 =9.62461 

b = 166° 6' 18". 
i(B4-^) = 121°44'. 
i(B'-A)= 11° 34'. 
i(h-a) = 3° 69' 63". 
i(6 + a) =161° 6' 26". 
log smi(B+ A) = 9.92968 
colog sin i(B-A) = 0.69787 
logtani(6-a) = 8.84443 
log tan i 3 =9.47198 

ic=16°30'48". 

c = 33° r36". 

colog sin i (6 - a) =0. 16663 

log sin i (6+ a) =9.68433 

log tani (7? - ^) = 9.31104 

log cot iC =9.16200 

iC = 36°10'20". 
C= 70° 20' 40". 

2. Given find 

^ = 113° 39' 21", 6=124° 7' 20", 
B = 123° 40' 18", c = 1 59° 63' 2", 
o= 66° 39' 46"; C = 169° 43' 36". 

log sin a =9.96969 

log sin ^ =9.92024 

colog sin ^ = 0.03812 

log sin 6 =9.91796 

'6 =124° 7' 20". 

i(B+ A) = 118°39'49.6". 

i(B-A)= 5° 0'28.6". 

i(6-a) = 29° 13' 62". 

i(6+a) = 94° 63' 33". 



log sin i (5 + ^)= 9.94422 

colog sin i(i^-^)= 1.06901 

logtani(6-a) = 9.74789 

log tan ic =10.75112 

ic= 79° 66' 61". 
c= 169° 63' 2". 

log sin i (6 + a) =9.99842 

colog sin i (6 — a) = 0.31128 

log tan i (g - ^) = 8.94264 

log cot iC =9.26234 

iC= 79° 61' 47.7". 
C= 169° 43' 36". 

3. Given find 

^ = 100° 2' 11.3", 6= 90°, 
B= 98° 30' 28", c = 147° 41' 43", 
a= 96°20'38.7";C=148° 6' 33". 

log sin a =9.99811 

log sin B =9.99619 

logcsc-4 = 0.00670 

log sin 6 = 0.00000 

6 = 90°. 

i (^4- 5) = 99° 16' 19.7". 
i{A-B)= 0° 46' 61.7". 
^{a-b) = 2° 40' 19.4". 
i(a4-6) = 92° 40' 19.3". 

logsini(^ + B)= 9.99428 

colog sin i (^ - 5) = 1.87484 

log tan i (a - 6) = 8.66904 

log tan ic =10.63816 

ic= 73° 60' 61.7". 
c = 147° 41' 43". 



log sin i (a +6) = 9.fl 

colog sin i (a - 6) = 1.33144 

log tan i (^ - B) = 8.12620 

log cot iC =9.46617 

iC= 74° 2' 46.3" 
C = 148° 6' 33". 
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4. Given ^ = 24° 33' »", B=38°(K12'% 0=66^20' 13"; show thai 
the triangle is impossible. 

log sin a = 9.d5846 
log sin J? = 9.78037 
logC8C^= 0.38140 
log sin & =10.12922 
sin6>l. 
.'. the triangle is impossible. 

Exercise XXXIX. Page 164. 



1. Given find 


2. Given find 


a = 120° 55' 35", A = 116° 44' 49", 


a= 50° 12' 4", ^=59° 4' 28' 


6= 59° 4' 25", B= 63° 15' 14", 


6 = 116° 44' 48", B= 94° 23' 12' 


c = 106° 10' 22"; C= 91° 7' 21". 


c = 129° 11' 42"; C = 120° 4' 52' 


a =120° 55' 35" 


a= 50°12' 4" 


6= 59° 4' 25" 


6 = 116° 44' 48" 


c = 106° 10' 22" 


c = 129° 11' 42" 


28 = 286° 10' 22" 


28 = 296° 8' 34" 


8=143° 5' 11". 


«=148° 4' 17". 


8-a= 22° 9' 36". 


8-a= 97° 52' 13". 


8-6= 84° 0'46". 


8-b= 31° 19' 29". 


8-c= 36° 54' 49". 


8-c= 18° 52' 35". 


log sin (8- a) = 9.57657 


log sin (8- a) = 9.99589 


log sin (8 — b)= 9.99763 


log sin (8 -6)= 9.71591 


log sin (s — c) = 9.77859 


logsin(8-c)= 9.50992 


log CSC 8 = 0.22141 


log CSC 8 = 0.27666 


log tanV = 19.57420 


log tan2r = 19.49838 


log tan r = 9.78710. 


log tan r = 9.74919. 


log tan i A = 10.21053 


log tan i^ =9.75330 


log tan iB = 9.78948 


logtaniB =0.03328 


log tan i C = 10.00851 


log tan iC =0.23927 


iA= 58° 22' 24.8". 


iA= 29° 32' 14". 


iB= 31° 37.2'. 


iB= 47° 11' 36". 


iC= 45° 33' 40.8". 


iC= 60° 2' 26". 


A = 116° 44' 49". 


^=59° 4' 28". 


^= 63° 15' 14". 


B= 94° 23' 12". 


C= 91° 7'2r', 


C=120° ^ 
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3. Given find 


4. Given find 


a = 131° 35' 4'', A = 132° 14' 21", 


a = 20°16'38", ^=20° 9' 54' 


b = 108° 3(r 14", B = 110° 10^40", 


6 = 66° 19' 40", B= 66°52'3r 


c= 84° 46' 34"; C= 09° 42' 24". 


c = 66°20'44"; C = 114°20' 17' 


a =131° 36' 4" 


a= 20° 16' 38" 


h = 108° 30' 14" 


b= 66° 19' 40" 


c= 84° 46' 34" 


c= 66° 20' 44" 


28=324° 61' 62" 


28= 142° 57' 2" 


8 = 162° 26' 66". 


8= 71° 28' 31". 


8-a= 30° 60' 62". 


«-a= 61° 11' 63". 


8-b= 63° 66' 42". 


8-b= 16° 8' 61". 


«-c= 77° 39' 22". 


8-c= 6° 7'47". 


log sin (s- a) = 9.70991 


log sin (8 -a) =9.89172 


log sin (8-6) = 9.90756 


log sin (8 -6) =9.41716 


log sin (8 -c) = 9.98984 


log sin (8 -c) =8.96139 


log CSC 8 = 0.62023 


log CSC 8 =0.02311 


logtan2r =10.12754 


log tanV = 8.28337 


log tan r = 10.06377. 


log tan r =9.14168. 


log tan i A =0.35386 


log tan i^ = 9.24996 


log tan i 5 =0.15621 


log tan iB = 9.72453 


log tan iC =0.07393 


log tan iC =10.19029 


iA= 66° 7' 10.6". 


i^= 10° 4' 66.8' 


iB= 65° 6' 20". 


iB= 27° 66' 16.5' 


iC= 49° 61' 12". 


i C = 67° 10'- 8.6' 


A = 132° 14' 21". 


^=20° 9' 64". 


^=110° 10' 40". 


B= 66° 62' 31". 


C= 99° 42' 24". 


C= 114° 20' 17". 



Exercise XL. Page 166. 



1. Given 
A = 130°, 
B = 110°, 
C= 80°; 



find 
a =139° 21' 22", 
6= 126° 57' 52", 
c= 66° 51' 48". 



^ = 130° 
5=110° 
C= 80° 

2S = 320° 
8 = 160°. 



S-A= 30°. 
S-'B= 60°. 
8-0= 80°. 

log COS S = 9.97299 

log sec (S-^) = 0.06247 

log sec (S- B)= 0.19193 

log sec (5- 0)= 0.76033 

log tan2B = 10.98772 

log tan B = 10.^ 
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log tan ia 
log tan ^ b 
log tan ic 



= 10.43139 
= 10.30103 
= 9.73363 
ia= 69°40'41". 
ib= 63° 28' 66". 
ic= 28° 26' 64". 
a = 139° 21' 22". 
6 =126° 67' 62". 
c= 56° 61' 48". 



2. GiTen 

^ = 69°66'10", a 

5 = 86° 36' 60", b 

C = 69° 66' 10"; c 

^=69° 

B= 86° 

C= 69° 

2S=206° 

5=102° 

8-'A= i2? 

S-B= 17° 

5-C= 42° 



find 
= 61° 17' 31" 
= 64° 2' 47" 
= 61° 17' 31" 
66' 10" 
36' 60" 
66' 10" 



log cos S = 

log sec (5—^) = 
log sec {S — B)- 
log sec (5 — C) = 
log tan2B = 

logtan 12 = 

log tan i a = 
log tan i& = 
log tan i c - 

ia = 

i& = 

ic = 

a- 

b-- 



27' 10" 
43' 36". 
48' 26". 
6' 46". 
48' 26". 

9.34301 

0.13451 

0.01967 

013451 
: 9.63170 
: 9.81686. 
: 9.68134 
■ 9.79618 
: 9.68134 
: 25° 38' 45.5". 

32° 1'23.6". 
: 25° 38' 45.5". 
: 51° 17' 31". 
:64° 2' 47". 

51° 17' 31". 



c = 

3. Given find 

^ = 102° 14' 12", a =104° 25' 9", 

B= 54° 32' 24", b= 53° 49' 25", 

C= 89° 6' 46": c= 97° 44' 24". 



A = 
B = 
C- 

25 = 
5 = 
8-A-- 
S-B = 
S-C = 
log cos 5 
log sec (5 — 
log sec (5 - 
log sec (5 - 
log tsai^R 
log tan ii 
logtan ia 
logtan ^b 
log tan ic 



- 102° 14' 12" 
: 54° 32' 24" 

= 89° 6' 46" 
= 245° 52' 22" 
= 122° 56' 11". 
= 20° 41' 69". 
= 68° 23' 47". 
= 33° 60' 26". 
= 9.73536 

A) = 0.02898 

B) = 0.43394 

C) = 0.08061 
= 0.27889 
= 0.13946. 
= 0.11047 
= 9.70561 
= 0.05885 

ia= 62° 12' 34.6'^ 
ib= 26° 64' 42.6" 
ic= 48° 62' 12". 

a =104° 25' 9". 

6= 63° 49' 25". 

c= 97° 44' 24". 



4. Given 
A= 4° 23' 

B = 8° 28' 

= 172° 17' 

A = 

B = 

C = 

25 = 

5 = 

5-^ = 

8-B = 

8-0 = 

log cos 5 

log sec (5 

log sec (5 

log sec (5 

log tan2iJ 

logtan B 



35", 
20", 
56": 



a = 

b = 

'; c = 

4° 23' 

8° 28' 

172° 17' 



: 185° 9' 
92° 34' 

: 88° 11' 

84° 6' 
= -(79° 43' 

= 8. 
-A)= 1. 
-B)= 0. 
-C)= ^ 

= 11. 

= 10. 



find 

31° 9' 11" 

84° 18' 23" 
115° 9' 56" 
35" 
20" 
56" 
51" 
55.5". 
20.5". 
35.5". 

0.5"). 
65368 
50029 
98876 
748-^'* 
P 
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log tan i a = 9.44524 
log tan i 6 = 9.96677 

log tan ic = 10.19720 

ia= 16° 34' 35.6" 
ib= 42° 9^11.5" 



ic= 67° 34' 58" 
a= 31° 9^11" 
6= 84° 18' 23" 
c=:116° 9' 66" 



Exercise XLI. Page 169. 



1. Given find 

^ = 84° 20' 19", E = 26159". 
B = 27° 22' 40", F=0. 12682 R^. 
C = 76° 33'; 

JS;=^ + B+ C-180° 
A= 84° 20' 19" 
B= 27° 22' 40" 
C= 76° 33' 

187° 16' 59" 
180° 
E= 7° 16' 69" 
= 26159". 
log 26159 = 4.41762 
colog 648000 = 4. 18842 - 10 
log 3.14159 = 0.49715 
logF =9.10319-10 

F= 0.12682 i22. 

2. Given find 

a= 69° 16' 6", ^ = 216° 40' 18". 
6 =120° 42' 47", 
c = 169° 18' 33"; 

a= 69° 15' 6" 
h = 120° 42' 47" 
c = 159° 18' 33" 
2s = 349°16'26" 
s = 174° 38' 13". 
5- a =106° 23' 7". 
3-b= 53° 65' 26". 
s-c= 15° 19' 40". 
Is =87° 19' 6.6". 

i (a -a) = 52° 41' 33.5". 
y{s-h) =26° 57' 43". 
^ - c) = 7° 39' 50". 



log tan is =11.3 

log tan i (s - a) = 10.11804 
logtani(s-6) = 9.70646 
log tan i (s — c) = 9.12893 
logtanHJS? =10.28284 
logtaniJS; =10.14142 

iE= 54° W 4.6". 
E = 216° 40' 18" 

3. Given find 

a = 33° 1' 45", E = 133° 48' 63". 
6=166° 6' 18", 
C = 110° 10"; 

tan m = tan a cos C. (§ 50) 

cos c = cos a sec m cos (6— m) . (§ 50) 
log tan a =9.81300 

log cos q = 9.53761 

log tan m =9.36061 

m- 167° 22". 
6-m=-(12°16'42"). 
log cos a =9.92346 

log seem =0.01064 

log cos (6 — m) = 9.98996 
log cose =9.92404 

c = 147° 6' 30". 
a= 33° 1'45" 
6=155° 6' 18" 
c= 147° 5' 30" 
2 s = 336° 12' 33" 
s= 167° 36' 10.6". 
s-a= 134° 34' 31.6". 
s - 6 = 12° 30' 68.6". 
«--c= 20° 30' 46.5". 
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is 

i(s- 
i(s- 


= 83° 48' 8.25' 

a) = 67° 17' 15.76' 

b) = 6° 16' 29.26' 

c) = 10° 16' 23.26' 


logtanis 
logtani(s- 
log tan i (s - 
log tan i {8 ' 


= 0.96419 

- a) = 0.37824 
-b) = 9.04006 

- c) = 9.25756 


logtan^i^jB 
log tan iE 


= 9.64003 
= 9.82002. 
iE= 33°27'13i" 
^=133° 48' 63". 



4. Find the area of a triangle on 
the earth's surface (regarded as 
spherical), if each side of the tri- 
angle is equal to 1°. (Radius of 
earth = 3958 miles.) 



Given a, b, and c each = 1°; then 
2« = 3°. is = 45'. 



i (s — a) = 15'. 
ils-b) =16'. 
i{s-c) = 16'. 

= 8.11696 



s = 1° 30'. 

s-a= 30'. 

s-b= 30'. 

8-c= 30'. 

log tan is 

logtani(s — a)= 7.63982 

log tan i(s- 6)= 7.63982 

log tan i (s — c) = 7.63982 

logtanH^ =11.03642 

log tan ii? = 6.51821. 

i-E: = 6.802". 

E = 27.208." 

log J? =1.43470 

It 



log. 



• = 4.68567 - 10 



•64800 
logi22 = 7.19496 
3.31623 
F = 2066.6 sq. mi. 



Exercise XLII. Page 182. 



1. Find the dihedral angle made 
by adjacent lateral faces of a regular 
ten-sided pyramid ; given the angle 
V = 18°, made at the vertex by two 
adjacent lateral edges. 

About the vertex of the pyramid 
describe a sphere. It will intersect 
the lateral surface, forming a regular 
spherical decsigon, of which each side 
= 18°, being measured by the plane 
angle at the centre. 

The required angle is an angle A 
of this decagon. 

By Example 3, Exercise XXXIII 

' 1 A , 180° 

sm i 4 = sec i a cos -^ • 



log cos 18°= 9.97821 
colog cos 9° = 0.00538 
logsini^ = 9.98369 
iA= 74° 21'. 
A = 148° 42'. 

2. Through the foot of a rod 
which makes the angle A with a 
plane, a straight line is drawn in 
the plane. This line makes the 
angle B with the projection of the 
rod upon the plane. What angle 
does this line make with the rod ? 

Let CO be a straight line, making 
the angle A with the plane OH; 
01 a straight line passing tb*^ 
the foot of CO, making the 



270 



SPHERICAL TRIGONOMETRY. 



with the projection EO of CO upon 
the plane GH, 




It is required to find the angle 
COI = x, 

With a radius equal to unity, 
from O as a centre, construct the 
spherical triangle DCI. 
Then i= A, 

c = B. 

d = COI = X. 
CDI = rt. angle. 

By Formula [38], 

cos d = cos i cos c. 
.-. cosx = cos J. cosB. 

3. Find the volume F of an ob- 
lique parallelopipedon ; given the 
three unequal edges a, b, c, and the 
three angles I, m, n, which the edges 
make with one another. 







v^ 


w? 






V\ 




c \ 2\ 


v\ 




--^"' ">^ 


o^ 




fl ^J 



Let AB be a parallelopipedon, 
and I J m^ and.n, the angles which 
the unequal edges a, 6, and c make 
with one another. 

Required the volume, F. 

Let w = the inclination of the 
edge c to the plane of a and 6. 



V = area base x altitude. 
Area base = a5 sin L 
Altitude = X = c sin to. 

.-. V = a6c sin i sin 10. 
Suppose a sphere to be described 
having for its centre the vertex of 
the trihedral angle whose edges are 
a, &, and c. The spherical triangle 
whose vertices are the points where 
a, 6, and c meet the surface has for 
its sides l,m^n\ and w = perpen- 
dicular arc from side I to the oppo- 
site vertex. 

Let L, M, N denote the angles of 
the triangle opposite Z, m, n, respec- 
tively. 
Then by [39], 

sin to = sin m sin N, 

= 2 sin fit sin ^Ncos ^ N, 
Or by [48] if 

s = i(l + m + n), 
sin to = 
2 . . 

-:— ; Vsin ssin (9-1) sin (a-m) sin (8-n) 
ami V / \ / \ / 

.-. V= 

2aJbc Vsinssin («-/) sin (s-m) sin (s-n). 

4. The continent pf Asia has 
nearly the shape of an equilateral 
triangle, the vertices being the East 
Cai)e, Cape Romania, and the Prom- 
ontory of Baba. Assuming each 
side of this triangle to be 4800 
geographical miles, and the earth^s 
radius to be 3440 geographical miles, 
find the area of the triangle : 
(i.) regarded as a plane triangle ; 
(ii.) regarded as a spherical triangle, 
(i.) Area = i (base X altitude). 

Altitude = V48002— 24002 



= V17280000. 
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log V17280000 = 3.61877 
log 2400 = 8.38021 

log area = 6.90898 

Area =9976500. 



(ii) 



F = 



a, 6, and c = 



itR!^. 



= 80°. 



s- 

i(«-6): 

i(8-c): 

log tan ^8 
log tan i (s — a) : 
log tan i {« — 6) = 
log tan i (s — c) = 
logtan^i^ 

iE- 



\ogE 
log: 



'648000 
log 123 
logJ?* 



E 

180° 
4800° 

60 
: 120°. 
20°. 
20°. 
20°. 

' 10.23866 
: 9.56107 
9.66107 
9.66107 
: 8.92177 
16° r 8.1" 
? = 64° 28' 32.6" 
= 232112.6". 

= 6.36670 

: 4.68567 
: 7.07312 



F = 



7.12439 
13316560. 



5. A ship sails from a harbor in 
latitude I, and keeps on the arc of a 
great circle. Her course (or angle 
between the direction in which she 
sails and the meridian) at starting 
is a. Find where she will cross the 
equator, her course at the equator, 
and the distance she has sailed. 

Let NE8W be the earth, WCE 
the equator, N and S the north and 
south poles. Let A be the point 
from which the ship starts, AFD 



the parallel of latitude the ship 




starts from, and AB the great circle 
of its course. 




Then 
BAE = a = course of ship. 
AE = I = latitude of its starting- 
place. 
BE = m = place of crossing the 

equator. 
90° — B = course at equator. 
AB = d = distance sailed. 
By Napier's Rule, 

sin I = tan m cot a ; 
.'. tan m = sin Z tan a. 
cos B = cos I sin a. 
cot d =cotl cos a. 

6. Two places have the same 
latitude Z, and their distance apart, 
measured on an arc of a great cir- 
cle, is d. How much greater is the 
arc of the parallel of latitude be- 
tween the places than the arc of the 
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great circle ? Compute the results 
for I = 46°, d = 90°. 




In isosceles spherical triangle ^£C 
sin iA = sin id esc (90° — /) 
= sin i d sec I. 
A = arc a. 
Arc k= a cos /. 
Let i = 45°, d=90°. 
log sin id = 9.84949 
log sec i = 0.16051 
log sin i^ = 10.00000-10 
i^ = 90°. 
A = 180°. 
Arc a = 180°. 
Arc K= a X cos I 

= iaV2 = 90°V2. 
90° V2 - 90° = 90° { V2 — 1). 

7. The shortest distance d be- 
tween two places and their latitudes 
I and V are known. Find the dif- 
ference between their longitudes. 




Let C represent the north pole, 
A the position of the one place, 



B the position of the other, and 
AB = d, 

If the latitudes of A and B are 
/ and V, 

AC = 90°--i, 
BC = 90°-r. 
Required C. 
By Formula [47], 
taniC = 
Vsec s sec (s—d) sin (s—l) sin {8—1% 
where 28=l+V-{-d. 

8. Given the latitude and longi- 
tudes of three places on the earth^s 
surface, and also the radius of the 
earth ; show how to find the area of 
the spherical triangle formed by arcs 
of great circles passing through the 
places. 

The sides of the triangle are found 
by § 64 ; and the area is found from 
the sides by § 62. 

9. The distance between Paris and 
Berlin (that is, the arc of a great cir- 
cle between these places) is equal to 
472 geographical miles. The lati- 
tude of Paris is 48° 50' 13''; that of 
Berlin, 62° 30' 16". When it is noon 
at Paris what time is it at Berlin ? 




Let AO represent the latitude of 
Paris, and BK the latitude of Berlin. 
Then C represents the difference in 
longitude. 
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CB=a = Sr 29' W 
AB=c= 7° 62' 



(472 -f 60) 



2s=86°3r31" 

« = 43° 16' 46.6". 

8-a= 6*^46' 1.6". 

«- 6= 2° 6' 68.6". 

s- c = 36° 23' 46.6". 

tan"2^C = csc« 

sin (8 — a) sin (a — 6) esc (s — c). 

log CSC 8 = 0.16409 

log sin (s — a) = 9.00210 

logsin(«-6) = 8.66391 

log CSC (s — c) = 0.23716 

logtanHC =17.96726 

taniO = 8.98363 

iC= 6°30'2". 

0=11° 0'4". 

1° = 4 minutes. 
.-. 11° 0' 4" = 44 min. ^ sec. 
Time at Berlin, 12 h. 44 min. 

10. The altitude of the pole being 
46°, I see a star on the horizon and 
observe its azimuth to be 46° ; find 
its polar distance. 




Let Z be the zenith, P the pole, 
and M the position of the star. In 
the spherical triangle ZMP 



ZP = 90 - / = 46°, 
ZM= z = 90°, 
Z=ia = 46°. 
Required p. 

By [44], 

cos p = sin (90 — Q cosa 
= cos I cos a 

= h 
.•.p = 60° 

11. Given the latitude I of the ob- 
server, and the declination d of the 
sun; find the local time (apparent 
solar time) of sunrise and sunset, 
and also the azimuth of the gun at 
these times (refraction being neg- 
lected). When and where does the 
sun rise on the longest day of the 
year (at which time d = + 23° 27') 
in Boston (Z= 42° 21'), and what is 
the length of the day from sunrise 
to sunset? Also, find when and 
where the sun rises in Boston on 
the shortest day of the year (when 
d = - 23° 27'), and the length of 
this day. 

(i.) To find the hour angle t when 
the sun is on the horizon. 




P3f=90°-d, 
ZQ = 90°, 
PQ = l 
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Then in triangle PMQ, by [40], 
cos QPM = tan PQ cot PM, 
or, cos t = — tan Z tand. 

Time of sunrise 

= (12 -^^ o'clock A.M. 



Time of sunset 
t 



= (,5)«- 



clock P.M. 



(ii.) To find azimuth a = MQ. 
By [38], 

cos PM = cos PQ cos Q3f , 
sin d = cos I cos a. 

.-. cos a = sin d sec L 

(iii.) At Boston on the longest day 
cos t = — tan d tan I. 
log tan d= 9.63726 
logtani = 9.96977 
log cost = 9.69703 

t = 113*^ 17' 34". 

— = 7 h. 33 min. 10 sec. 
10 

t 
12 — -- = 4 h. 26 min. 60 sec. 
15 

Length of longest day 

t 
= 2 — = 15 h. 6 min. 20 sec. 
15 

cos a = sin d sec L 

log sin d = 9.69983 

log sec I = 0.13133 

log cosa= 9.73116 

a = 67° 26' 15". 

(iv.) At Boston on the shortest day 
cos t = tan d tan I, 
t = 66° 42' 26". 
t 



16 



= 4h. 



I min. 60 sec. 



12 — — = 7 h. 33 min. 10 sec. 
15 



Length of shortest day 

= 8 h. 53 min. 40 sec. 
cos o' = — sin d sec /. 
.-. a' = 180 — a 

= 122° 34' 45". 



12. When is the solution of the 
problem in Example 11 impossible, 
and for what places is the solution 
impossible ? 

The solution is impossible if 
cost>l or <— 1 or if cosa>l, 
or < — 1, i.e., if (for positive decli^ 
nation) 

tani>cotd, 
or sini>cosd; 

that is, if Z>90°— d. 

The maximum value of d is 23° 
27'; hence the minimum value of I 
is 66° 33'. The solution is therefore 
impossible only for places within the 
Arctic or Antarctic circles. For such 
places at certain seasons depending 
on d the sun fails to rise during 24 
hours. 



13. Given the latitude of a place 
and the sun's declination ; find his 
altitude and azimuth at 6 o'clock 
A.M. (neglecting refraction). Com- 
pute the results for the longest day 
of the year at Munich (I = 48° 9'). 

PZM = a. 

PZ = 90°- Z. 

Pif= 90°- d. 
ZP3f=e = 90°. 

ZJf= 90° -A. 
I = 48° 9'. 



TEACHERS' EDITION. 



275 



Sun^s declination on longest day, 




sin A = sin Z sin d 
cot a = cos / tan d. 

log sin/ =9.87209 

log sin d = 9.69983 

log sin k = 9.47192 

Altitude = A = 17° 14' 36". 

log cos I = 9.82424 

log tan d = 9.63726 

log cot a = 9.46160 

Azimuth = a = 73° 61' 34". 



14. How does the altitude of the 
sun at 6 a.m. on a given day change 
as we go from the equator to the 
pole ? At what time of the year is 
it a maximum at a given place? 
(Given sin h = sinl sin d.) 

The farther the place from the 
equator, the greater the sun's alti- 
tude at 6 A.M. in summer. At the 
equator it is 0°. At the north pole 
it is equal to the sun's declination. 
At a given place, the sun's altitude 
at 6 A.M. is a maximum on the 
longest day of the year, and then 
sin A = sin / sin e (where e = 23° 27'). 



15. Given the latitude of a place 
north of the equator, and the dec- 
lination of the sun ; find the time of 
day when the sun bears due east 
and due west. Compute the results 
for the longest day at St. Peters- 
burg {I = 69° 66'). 




P3f = 9()°-d. 
PZ = 90° - I. 
PZAf=90°. 
cos « = tan PZ cot P3f 

= tan (90° - I) cot (90° - d). 
.-. cost = coti tand. 

The times of bearing due east and 
west are 

12 — — A.M. and — P.M., 
15 15 

respectively. 

At St. Petersburg on the longest 
day I = 59° 66', d = 23° 27'. 

log cot i =9.76361 

log tan d = 9.6.3726 

log cos t = 9.39987 

t = 75° 27' 24". 

t 
.-. 12 — — = 6 hrs. 68 min. a.m., 
15 



and 



16 



= 6 hrs. 2 min. p.m. 
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16. Apply the general result in 
Example 16 (cos t = coil tan d) to 
the case when the days and nights 
are equal in length (that is, when 
d = 0°). Why can the sun in sum- 
mer never be due east before 6 a.m., 
or due west after 6 p.m. ? How 
does the time of bearing due east 
and due west change with the decli- 
nation of the sun ? Apply the gen- 
eral result to the cases where I < d 
and I = d. What does it become at 
the north pole ? 

When the days and nights are 
equal, d = 0°, cos t = 0, and t = 90°; 
that is, the sun is due east at 6 a.m. 
and due west at 6 p.m. Since I and 
d must both be less* than 90°, cos t 
cannot be negative ; therefore t can- 
not be greater than 90°. As d in- 
creases, t decreases ; that is, the 
times of bearing due east and west 
both approach noon. 

If d = Z, cost= 1, < = 0°, and the 
times both coincide with noon. ' If 
d >- i, the case is impossible. 

The explanation of these results 
is that, if d = Z, the sun is in the 
zenith at noon, and north of the 
prime vertical at every other time. 
And if d > Z, the sun is north of the 
prime vertical the entire day. 

If Z >- d, the diurnal circle of the 
sun and the prime vertical of the 
place meet in two points, which 
separate farther and farther as I 
increases, the distance between 
them approaching 180° — 23° as I 
approaches 90°. At the pole the 
prime vertical is indeterminate ; but 
near the pole t = 90°, and the sun 
-^ast at fl AM 



17. Given the sun's declination 
and his altitude when he bears due 
east ; find the latitude of the ob- 
server. 

N 




ZJf= 90°- A. 
Pif = 90° - d. 
PZ = 90° - I. 
Since the sun M bears due east, 
MZP is a right angle. 

cos PM = cos PZ cos MZ. 
.'. sin d = sin Z sin k. 
sin I = sin d esc h, 

18. At a point O in a horizontal 
plane MN a staff OA is fixed, so 
that its angle of inclination A OB 
with the plane is equal to the lati- 
tude of the place, 61° 30' N., and 
the direction OB is due north. 
What angle will OB make with the 
shadow of OA on the plane at 

1 P.M.? 




Given direction of OB due north, 
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AOB = 51° SCy = I, and plane MN 
horizontal ; to find BOC, 

SPZ = hour angle of sun at 1 p.m. 
= 16°. 

SPZ = CAByhemg vertical angles. 
,'.CAB= 15°. 

ABC = 90°, since OB is the pro- 
jection of OA on plane MN, 

Arc ^B = 61° 3(r, being the meas- 
ure of plane angle AOB. 

Then in right spherical triangle 
ABC, by [42], 

tan BO = tan B^C sin AB, 

log tan 15° =9.42806 
logsin 51° 30' =9.89354 
log tan BO =9.32159 
Arc BC = 11° 50' 35". 

.-. BOC = 11° 60^ 36". 

19. What is the direction of a 
wall in latitude 52° 30^ N. which 
casts no shadow at 6 a.m. on the 
longest day of the year ? 




The wall must lie in the plane of 
ZM in order that it may cast no 
shadow. 

PZ =90-1, 
PM= 90- I, 
P = 90° ; 
required MZP = a. 



By [42], 

cos / = cot e cot a. 
.'. cota = coal tane. 
log cosZ = 9.78445 
log tan c = 9^3726 
log cota= 9.42171 

a = 76° 12' 38". 

20. At a certain place the sun is 
observed to rise exactly in the north- 
east point on the longest day of 
the year; find the latitude of the 
place. 

When the sun rises in the north- 
east on the longest day of the year, 
a = 46°, d = 23° 27'. 

cos (t*= sin d sec L 
log cos 46° =0.84949 
log CSC 23° 27' = 0.40017 
log sec I = 0.24966 

/ = 65° 46' 6". 

21. Find the latitude of the place 
at which the sun sets at 10 o'clock 
on the longest day. 

ZPJf= 15° X 10 
= 150°, 
Z3f=90°, 
JfP= 90° -i. 
cot I = cos t cot d. 
t = 150°. 
d = 23° 27'. 
log cos « =9.93753 
log cot d = 0.36274 
log cot I = 0.30027 

I = 63° 23' 41". 

22. What does the general for- 
mula for the hour angle, in § 69, 
become when (i.) ^ = 0°, (ii.) I = 0° 
and d = 0°, (iu.) Z or d = 90°? 
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By § 69, 
sin ^t 
= ± [cos i (l+p+h) sin i (l+p-h) 

sec I CSC p]« 
= ± [i(sin{i+p}— sinA)secZc8cp]*. 

(i.) If A=0, 
sin i « = ± [i sin (l + p) seci cscp]*. 
cos«=l — 2sinH« 

= 1 — sin (Z + p) sec i esc p 
_ sin / cos J? + cos I sin p 



cos / sin p 
_ __ sin Z cos p 
"" cos I sin p 
= — tan I cot p. 
But p = 90 — d. 

.-. cos<= — tanZ tand. 
(ii.) If Z = Oand« = 0, 
p = 90°-d 
= 90°. 
sinit=[i(l-sinA)]*. 
cos<= 1 — (1 — sinA) 

= sin h. 
.\t = 90-h 
= z. 
(iii.) If Z or d = 90°, sec Z or esc p 
= 00, and the formula is useless. 
When d = 90°, the star is at the pole 
and its hour angle is indeterminate ; 
and when Z = 90°, the place of ob- 
servation is at the terrestrial pole 
and the meridian is indeterminate. 

23. What does the general for- 
mula for the azimuth of a celestial 
body, in § 70, become when t = 90° 
= 6 hours ? 
From § 70, 

tan m = cot d cos t 
tan a = sec (Z + m) tan t sin m. 
Multiply these two equations to- 
gether- 



tan a tan m 

= sec (Z + m) cot d sin < sin m. 
.-.tan a= sec (Z + m) cot d sin t cos m. 
Here t = 90°, m = 0; hence 
tan a = sec Z cot d. 
cot a = cos Z tan d. 

24. Show that the formulae of 
§ 71, if t = 90°, lead to the equation 
sin Z = sin A esc d ; and that if d = 0°, 
they lead to the equation cos I = 
sin k sec t. 

From § 71, 

tan m = cot d cos t (1) 

cos n = cos m Bmhcscd. (2) 
(i.) Ift=90°, m=0andn=90°-Z; 
hence 

cos (90°— Z) = cos sin ^ CSC d. 
sin Z = sin /^ esc d. 
(ii.) If d=.0, m = 90°, n=Z. 
Divide (2) by (1), 
cos n cot m = cos m sin h sec d sec t, 
cos n = sin m sin A sec d sec t 
.-. cos l = 8iD.haect, 

25. Given latitude of place 52° 
30' 16", declination of star 38°, its 
hour angle 28° 17' 15"; find its alti- 
tude. 




Given PZ = 90° - 37° 29' 44", 
PJtf=90°-d = 62°, 
ZPAf=« = 28°17'16"; 
required ZJf= 90° — ^ 
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Let PQ = m. Then 
tan m = cot d cos t, 
sin h = sin (/ + m) sin d sec m. 
log cot d = 0.10719 
log cos* = 9.94477 

log tan m =10.05196 

m = 48° 26' 10". 
log sin (l-^m) = 9.99206 
log sin d =9.78934 

log sec m = 0.17804 
log sin A = 9.95944 — 10 

h = 65« 37' 20". 

26. Given latitude of place 51° 
19^ 20", polar distance of star 67° 
69' 6", its hour angle 16° 8' 12"; 
find its altitude and its azimuth. 




/ = 

d = 

t = 

tan»n = 

sin h = 

tana = 

log cot d 

log cos t 

log tanm 

log sin {1+ 
log sin d 
log sec m 
log sin h 



61° 19' 20". 

22° 0'66". 

15° 8' 12". 

cot d cos t. 

sin {l+m) sin d sec m. 

sec {l+m) tan < sin m. 

= 10.39326 

= 9.98466 





= 10.37792 


m 


= 67° 16' 22". 


m) 


= 9.94351 




= 9.67387 




= 0.41302 



= 9.93040 
A=58°26'16"> 



log sec (l+m) = 0.32001 
log tan t = 9.43218 

log sin m = 9.96490 
log tan a =9.71709 

a = 152° 28'. 

27. Given the declination of a 
star 7° 54', its altitude 22° 46' 12", 
its azimuth 129° 45' 37"; find its 
hour angle and the latitude of the 
observer. 

sin t = sin a cos h sec d. 



log sin a 

log cos h 

colog cos d 

log sin t 



= 9.88677 
= 9.96482 
= 0.00414 
= 9.85473 
t = 45° 42'. 



tan m = cot d cos t. 
cos n = cos m sin h esc d. 
Z = 90° - (m ± n). 

log cot d =10.85773 

log cost = 9^84411 

log tanm =10.70184 

m = 78° 45' 46". 



log cos m 
log sin h 
log CSC d 
log cos n 



= 9.28976 
= 9.68746 
= 0.86187 
= 9.73908 
n= 66° 44' 39". 



m-n = 12° 1' 6". 

00°- (m-n) = 67° 68' 64". 

.-. I = 67° 58' 54". 

28. Given the longitude u of the 
sun, and the obliquity of the eclip- 
tic c = 23° 27'; find the declination 
d, and the right ascension r. 

In the figure let P represent the 
pole of the equinoctial A FJ?, S the 
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poBition of the son, and Q the pole 
of the ecliptic EVF. 

P 




Then VS = u. 

VR = r. 

8R = d. 

BVS = e. 

Then in the right triangle RVS, 

by [39], 

sin SR = sinFS X Bin RVS, 
or sin d = sin u sin e. 

Also by [40], 

coQ RVS = tan iJF cot VS, 
or cos e = tan r cot u. 

tan r = tan u cos e. 

29. Given the obliquity of the 

ecliptic e = 23° 27', the latitude of a 

star 51% its longitude 316° ; find its 

declination and its right ascension. 

In Fig. 61, given 

Fr=315°or-45°, 
r3f=61°, 
EFr=23°27', 
to find VR = r 
and RM=d. 

In right triangle VTM, 

cos FJf = cos FT cos TM, 
and tan ATFT = tan JfT CSC FT. 
log cos 315° = 9.84949 
log cos 61° = 9.79887 
log cos F3f =9.64836 

^''- 63° 34' 36". 



log tan 51° = 10.09163 
log CSC 316° = 0.16051 (n) 
log tan MVT = 10.24214 (n) 

3fFr=-(69°12'14.6'0. 
In right triangle RVM, 
RVM=RVT+ TVM 

= 23° 27' -(60° 12' 14.6") 
= - (36° 46' 14.5"). 
By [39], 

sin RM = sin VM sin R VM. 
logsinFif =9.96208 
log sin 12 F3f = 9.77698 
logsmJS3f =9.72906 

i2Jf=d = 32° 24' 12". 
Also, by [42], 

sin Fi? = tan RM cot RVM. 
logtanJS3f = a 80257 
logcotJSFif = 0.12677 (n) 
logsinFJS = 9.92934 (n) 

FiJ=- (68° 11' 43"). 
.-. VR = 360° - 58° 11' 43" 
= 301° 48' 17". 

30. Given the latitude of a place 
44° 50' 14", the azimuth of a star 
138° 58' 43", and its hour angle 20°; 
find its declination. 




Given c = 90° — 44° 50' 14" 
= 45° 9' 4a". 
A = 138° 58' 43". 
B = 20°. 
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i(A + B) = 79° 29' 22". 
i c =22° 34' 53". 

log cos i(A-B) = 9.70660 

colog cos i{A'^B) = 0.73893 

logtanic = 9.61897 

log tan i (a + 6) =0.06360 

i(a + 6) =49° 10' 26". 

log sin i (^ - B) = 9.93628 

colog sin i{A-\- B} = 0.00735 

log tan i c = 9.61897 

log tan i (a — 6) =9.66160 

i (a - b) = 20° 1' 21.6". 

.-. a = 69° 11' 48". 

90° - 69° 11' 48" = 20° 48' 12". 

31. Given latitude of place 51° 
31' 48", altitude of sun west of the 
meridian 35° 14' 27", ite declination 
+21° 27'; find the local apparent 
time. 

By § 69, 

PZ = 90° - I, 
PJf= 90°- d = i), 
ZJf= 90°-^; 
required t = ZPM. 

p = 68° 33'. 
i(Z + /i + p) = 77°39'37.6". 
i (i - /i + p) = 42° 25' 10.6". 

logcosi(i + p+A)= 9.32982 

logsini{Z + p-A)= 9.82901 

colog cos Z = 0.20614 

colog sin p = 0.03117 

2 )19.39614 I 
log sin it = 9.69807 



it = 29° 66' 66.5". 

t = 69° 61' 61". 
t 
IT = 3 h. 69 min. 27,f sec. p.m. 

32. Given latitude of place I, the 
polar distance p of a star, and its 
altitude h ; find its azimuth a. 




Altitude = ZM = 90° — h. 

Co-latitude = PZ = 90° .— /. 
Polar distance = PM 

= 90°-d = p. 
Azimuth = PZJif or a. 

cosi-4= Vsin s sin (s—a) esc b esc c. 



Let 



Then 
sin 8 



A=:PZMoTa, 
c = 90°-i. 



= sin[90°-i(Z+A-p)] 
= cosi(^+ i — p). 

sin (8- a) = sin [90°-i{^+Z+p)] 
= cos i (A H- Z + p). 

CSC 6 = CSC (90° — h) = sec h. 

CSC c = CSC (90° — = sec I. 

.*. COS i a = 

I Vcosi(p+^+Z)cosi(^+Z-p)secZsec^. 
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Exercise I. Page 214. 

1. Required the area of a triangular field whose sides are respectively 
18, 14, and 15 chains. 



Area = V«'(« — a) (« — b) (s — c). 

« = i (13 4- 14 4- 16) = 21, 3-6 = 21-14 = 7, 

a-a=2 1-13 = 8. 8-c =21-16 = 6. 

Area = V2I X 8 X 7 X 6 = V32 X 7^ X 2* = 3 X 7 X 2^ 
= 84 sq. ch.= 8.4a.= 8 A. 64p. 

2. Required the area of a triangular field whose sides are respectively 
20, 30, and 40 chains. 



Area = V46 X 25 X 16 X 6 = VS^ X b^ = 3 X 52V3 X 5 

= 76Vi6 = 290.4737+. 
290.4737 sq. ch.= 29.04737 a. =29 a. 7.679p.= 29a. 7|p., nearly. 

3. Required the area of a triangular field whose base is 12.60 chains, 
and altitude 6.40 chains. 

Area = i base X altitude. 

Area = i x 12.6 x 6.4 = 40.32 sq. ch. = 4.032 a. = 4 a. 5^ p. 

4. Required the area of a triangular field which has two sides 4.50 and 
3.70 chains, respectively, and the included angle 60°. 

Area = i 6c sin -4. 

Area= i X 4.6 x 3.7 x 0.866 = 7.20945 sq. ch.= 0.7209 a. 
= 116^^ p., nearly. 

5. Required the area of a field in the fonn of a trapezium, one of 
whose diagonals is 9 chains, and the two perpendiculars upon this diag- 
onal from the opposite vertices 4.50 and 3.26 chains. 

Area = i X 9 (4.5 4- 3.26) = 34.875 sq. ch. = 3.4876 a. 
= 3a. 78p. 
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a Required the area of the field ABCDEF (Fig. 19), if AE = 9.2b 
chains, FF' = 6.40 chains, BE = 13.75 chains, DJy = 7 chains, DB= 10 
chains, CC = 4 chains, and AA' = 4.75 chains. 

2 area AFE = 6.4 X 9.25 = 69.2 
2 area BDEA = 13.76 (4.76 + 7) = 161.6625 
2 area BDC = 10 x 4 =40 

2 area ABCDEF = 260.7625 

area ABCDEF = 130.38126 

130.38126 sq. ch. = 13.038126 a. = 13 a. Q^ p. 

7. Required the area of the field ABCDEF (Fig. 20), if AF" = 4 chains, 
FF = 6 chains, EE' = 6.60 chains, AE' = 9 chains, AD= 14 chains, AC 
= 10 chains, AR = 6.60 chams, BR = 7 chains, CC = 6.76 chains. 

2 area ^FF' =4X6 =24 

2areaF'^'J3?F=5(6 + 6.5) = 02.5 
2 area EE* D = 6.5 x 5 = 32.5 

2 area ABR = 6.5 X 7 = 46.5 

2 area BCC B' = 3.5 (7 4- 6.75) = 48.126 
2 area CDC =6.75X4 = 27 



2 area ABCDEF = 239.625 

area ABCDEF = 119.8125 

119.8125 sq. ch. = 11.98125 a. = 11 a. 157 p. 



8. Required the area of the field AG BCD (Fig. 15), if the diagonal 
AC = 6, BR (the perpendicular from B to AC) = 1, DR (the perpen- 
dicular from Dto AC) = 1.60, EE' = 0.25, FF' = 0.25, GG' = 0.60, HW 
= 0.52, KK' = 0.64, AE' = 0.2, E'F' = 0.60, F' G' = 0.45, G' H' = 0.45, 
U'K' = 0.60, and X' B = 0.40. 

2 area ADCB = 5 (1 + 1.6) = 13. 

2 area AEE' = 0.26 X 0.2 = 0.06 

2 area EW F' F =0.5 (0.26 + 0.25) = 0.25 

2 area FF'Gf'G =0.46(0.25 + 0.6)= 0.3825 

2 area GG' H' H = 0.46 (0.6 + 0.62) = 0.604 

2 area HH' K'K= 0.6 (0.62 + 0.54) = 0.636 

2 area KK' B = 0.4 X 0.54 = 0.216 

2 area ADCBKHGFE = 16.0386 

axea, ADCBKHGFE = 7.51925. 
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9. Required the area of the field AGBCD (Fig. 16), if AD^ 3, AG 
= 5, AB = Q, angle 2)^0 = 45°, angle B AC = SO"", A^' = 0.76, AF' 
= 2.26, AH = 2.63, AG' = 3.15, EE' = 0.60, FF' = 0.40, and GG' =0.75. 



2 area ADCjB = 3 X 5 x 0.7071 + 5 X 6 X 0.5 
2 2LresiHGB =0.76X3.47 



= 25.6066 
= 2.6025 



2 area ADCBGH 



- 28.2090 



2 area AEFH= 0.76 X 0.6 + 1.6 (0.6 + 0.4) + 0.4 X 0.28 = 2.062 



2 area ADCBGHFE 
area ADCBGHFE 



= 26.147 
= 13.0736. 



10. Determine the area of the field ABCD from two interior stations 
P and P', if PP" = 1.50 chains. 



angle PP'C = 89° 36', 
PP'B = 185° 30', 
PR A = 309° 16', 
PRD = 349° 46', 



angle P'PB = 3° 35', 
P'PA = 113° 46', 
P'PD = 165° 40', 
RPC = 303° 16'. 



Area = A P^D + A PCD + A PBC + ^PAB, 



LPP'D^ 10° 15', 
LPDP'^ 4° 5', 
L PP'B = 174° 30', 



L PP'A = 60° 45', 
L PAR = 15° 30', 
Z P^P = 1° 55', 



ZPP'C= 89° 36', 
Z POP' =33° 40'. 



PD- 



PR sin PRD 



sin PDP' 

logPP' =0.17609 

log sin PP'D= 9.26028 

colog sin PDR = 1.14748 

logPD =0.67385 



PA = 



PR sin PR A 



sin P^P 

log PP' = 0.17609 

log smPP'^ = 9.88896 

colog sin PAR = .57310 

log PA = 0.63816 



PC = 



PR sin PRC 



BlnPCR 

log PR =0.17609 

log sin PRC = 9.99999 

colog sin PCR = 0.25621 

log PC 0.43229 



PB = 



PR sin PRB 



sin PBR 

log PR =0.17609 

log sin PP'B = 8.98157 

colog sin PBP' = 1.47e566 

log PB = 0.63332 



^APD^ 51° 66', Z ^i'C = 137° 36', Z l^PC = 60° 20', Z ^P^ = U0° 10'. 
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2 area PAD = PD x PA smAPD. 
log PD = 0.67385 

log PA = 0.63815 

log sin APD = 9.89604 
log. 2 area =1.10804 
2 area PAB = 12.825. 

2 area PAB = PA x PB sin APB. 
log PA = 0.63815 

log PB = 0.63332 

log sin ^P5 = 9.97252 
log 2 area = 1.24399 
2 area PAB = 17.538. 



2 area PCD = PD x PC sin DPC. 
log PD = 0.67385 

log PC = 0.43229 

log sin DPC = 9.82899 
log 2 area =0.83513 
2 area PCD = 6.8412. 

2 area Pi?C = PC x PB sin BPC. 
log PC = 0.43229 

log PB = 0.63332 

log sin PBC = 9.93898 
log 2 area = 1.00459 
2 area P5C =10.106. 



2 A ^-4-D = 12.82«^ 
2 A PCD = 6.841 
2 A PBC = 10.106 
2 AP^-S = 17.638 
2 ^IJCD = 47.310 
J.BCD = 23.655 sq. ch. 

23.655 sq. ch.= 2.3655 a.= 2 a. 58i p., nearly. 



11. Determine the area of the field ABCD from two exterior stations 
P and P', if PR =1.50 chains, 



angle P'PB = 41° 10', 
P'PA= 55° 45', 
RPC- 77° 20', 
RPD = 104° 45', 



le PRD = 66° 45', 
PP'C= 95° 40', 
PRB = 132° 15', 
PP'^ = 103° 0'. 



Area = (A P'CB + A P'CD) - (A P'AB + A P'^D). 



Z P'PB = 41° 10', 
IPBP'= 6° 35', 
Z P'P-4 = 55° 45', 



Z P'PD = 104° 45', 
Z PDP' = 8° 30', 
^PAP'= 21° 15', 



ZP'PC= 77° 20', 
Z.PCP'= 7° 0'. 



P'B = 



PP' sin P'P^ 



sm P^P' 

log PP' =0.17609 

log sin P'Pi? = 9.81839 

colog sin PBP" = 0.94063 

log P'B = 0.935X1 



RD = 



PP' sin P'PD 
sin PDP' 



logPP' =0.17609 

log smP'PD = 9.98545 

colog sin PDP" = 0.83030 

log P'D = 0.99184 
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P'C = 



PP^ sin P^PC 
sin PCP' 



log PP' =0.17609 

log sin P'PC = 9.98930 

colog sin PCP' = 0.91411 

log T'C = 1.07950 



P'^ = 



PP^inP^ 
sin PAP' 



log PP' =0.17609 

log sin P'PA= 9.91729 

colog sin PAP' = 0.44077 

logP'A =0.63416 



Z BRC = 36« 36', 
Z CP'D = 28«66', 



Z AP'B = 29« 16', 
Z^P'2> = 36<>16'. 



2 area P'C5 = 1^0 x P'Bsin BP'C. 

log P'C = 1.07960 

log P'B = 0.93611 
log sin BP'C= 9.77624 
log 2 area =1.78986 
2 area P'CB =61.639. 



2 area P'C!) = P'C X P'D sin CP'D. 

log P'C = 1.07960 

log P'D = 0.99184 
log sin CP'D = 9.68443 
log 2 area =1.75677 
2 area P'C!) = 66.986. 



2 areaP'AB = P'5 x P'A sin AP'B. 

log P'5 = 0.93611 

log P'A = 0.63415 
log sinAP'B = 9.68897 
log 2 area =1.16823 
2 area P'AB = 14.396. 



2 area P'A2)=P'A XP'DsinAP'D. 

log P'A = 0.63416 
log P'D =0.99184 

log sinAP'J)= 9.77181 
log 2 area = 1.29780 
2 areaP'A2) = 19.862. 



2AP'CB 


= 61.639 


2^P'AB =14.396 


2AP'C2) 


= 56.986 


2^1^ AD =19.862 




118.626 


34.248 




34.248 




2ABCD 


= 84.377 


42.1886 sq.ch.= 4.21886 A. 


ABCD 


= 42.1886. 


= 4 A. 36 p., nearly. 



288 



SURVEYING. 



Exercise II. Page 223. 



1. 









N, 


8, 


E. 


W. 


M.D. 




K,A. 


S.A. 


1 


8. 760 E. 


6.00 


. . . 


1.66 


6.79 
"O 80- 


. . . 


6.79 


6.79 





8.9745 


2 


S. 160 E. 


4.00 




8.86 


1.04 




6.83 


12.62 




48.7132 


8 


S. 75° W. 


6.93 




1.80 




6.70 
-6-60- 


0.13 


6.96 




12.6280 


4 


N.460E. 


6.00 


3.64 




3.64 




8.67 


3.80 


13.4520 




5 


N.450W. 


&.19i 


3.67 






3.67 





3.67 


13.4689 









26.9209 


70.2157 


21.647 sq. ch. « 2.1647 A. - 2 A. 26 P., nearly. 




26.9209 




43.2948 








21.6474 









K. 


8, 


E, 


w. 


M.D. 




N.A. 


8, A. 


1 


N.460E. 


10.00 


7.07 




7.07 


. . . 


7.07 


7.07 


49.9849 




2 


S. 75° E. 


11.56 


. ; . 


2.99 


11.16 


. . . 


18.23 


26.30 




76.6470 


8 


S. 15° W. 


18.21 


. . . 


17.59 




4.71 


13.62 


81.76 




658.4825 


4 


N.450W. 


19.11 


13.51 






13.62 
-13-fil- 





13.62 


182.6652 








232.6401 


634.1295 
232.6401 


200.74 eq.ch. -2 


O.074 A. » 20 A. 12 P., nearly 










401.4894 








200.7447 
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If. 


8, 


if. 


»r. 


M.D. 




K.A, 


S.A. 


1 

2 
3 

4 


N.l&OE. 

N.7&OE.- 
S. 150 W. 
N.760W. 


3.00 
6.00 
6.00 
6.20 


2.90 
1.55 

1.35 


6.80 


0.78 

6.79^ 
-d-86- 


1.65 
5.02 


0.78 
6.57 
6.02 



0.78 

7.36 

11.69 

6.02 


2.2620 
11.3925 

6.^70 


67.2220 


^JtQR mn. rh. — 9.2»aA A. = 9 a. ftd, t>. tiAnrlv. 


20.4315 


67.2220 
20.4315 






















46.7905 
23.3953 









X, 


S. 


E, 


ff. 


M.D, 


c5 


mA, 


S.A. 


1 
2 
3 

4 
5 
•6 


N.890 46' E. 

s. 7000'w. 

S. 28° 00' E. 
S. 0046'E. 
N. 84° 46' W. 
N. 2O30'W. 


4.94 
2.30 
1.62 
2.67 
6.11 
6.79 


0.00 


2.29 
-2-28- 

1.34 

2.68 
-2-6^ 


4.93 
-4-94- 

0.71 
0.02 


0.29 
-e-28- 

6.10 
-fi-09- 

0.27 
-e-26- 


4.93 
4.64 
6.35 
6.37 
0.27 



4.93 
9.67 
9.99 
10.72 
6.64 
0.27 






-0-02- 

0.46 
-0-4^ 

6.76 
-6-W. 






2.5380 
1.5552 


21.9153 
13.3866 
27.6576 




%QdA A— 9 A. ir 


Ip., n 


early. 








4.0932 


62.9596 
4.0932 














68.8663 
29.4332 
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3r. 


S. 


£, 


w. 


N 


51° 46 


W. 


2.30 


1.48 


. . . 


. . . 


1.88 


8. 


850 


W. 


6.47 


• • . 


0.50 


. . . 


6.45 


S. 


65° 10' 


W. 


1.62 




0.93 




1.33 












1.49 


. . . 


9.66 












1.48 






0.01 













JT. 


S, 


E. 


TT. 


M.D. 




JS^^. 


S.A. 


2 


8. W. 
N. S0 45'E. 
8. 660 45'E. 
N. 160 E. 
8. 820 45'E. 
8. 2oi5'E. 


6.39 
1.70 
4.98 
6.03 
9.68 


6.36 
-6-88- 

4.80 
-4-81- 

1 1 f 


0.03 

-e-oi- 

0.67 
0.77 

-e-w- 

9.69 


0.43 

A At 


9.65 
-9-66- 

t • • 


9.65 
9.22 
7.60 
6.37 
0.39 



9.66 
18.87 
16.88 
14.03 
6.76 
0.39 


120.0132 
67.3440 


0.2895 

11.3096 

5.2052 
3.7791 


1.56 

1.29 

6.98 
0.39 
-e-88- 


•IfuT" 


8.SS0 A. Bs 8 A. ftd l>.. nearlv. 


187.3672 
20.5834 


20.5884 




















166.7738 
83.3869 
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li. 


S. 


E. 


W. 


8. 81° 20' W. 
N. 76° 30' W. 


4.28 
2.67 


0.62 


0.65 


. . . 


4.23 
2.60 




0.65 
0.62 


. . . 


6.83 








0.03 











N. 


S. 


£. 


jr. 


8. 7° E. 
8. 27° E. 
8. 10^ 30' E. 
N. 76° 45' W. 


1.79 
1.94 
6.36 
1.70 


0.39 


1.78 
1.73 
6.26 


0.22 
0.88 
0.98 


1.65 




8.77 
0.39 


2.08 
1.65 


. . . 








8.38 


0.43 











N. 


3. 


E, 


fT. 


M.D, 




N.A. 


S,A, 


1 
2 
3 
4 


8. W. 
N. 6° E. 
8. 87° 30' E. 
8. E. 


8.68 
6.64 


8.65 


0.03 

0.24 
8.38 


0.79 
-0-W- 
5.55 

0.46 
-6-48- 


6.80 
-6-83- 


6.80 
6.01 
0.46 



6.80 
12.81 
6.47 
0.46 


110.8065 


0.2040 

1.5528 
3.8548 


5.2597 ▲. =6 A. 42 P.. nearlv. 


110.8065 
6.6116 


6.6116 




















105.1949 
52.597 
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N. 


5. 


E. 


W. 


3f.D. 




X,A, 


S.A. 


3 

4 
1 
2 


8. 5000'E. 
N. 88° 30' E. 
N. 6oi5'W. 
S. 81° 60' W. 


5.86 
4.12 
6.31 
4.06 


0.12 
-6-li- 

6.28 
-6-2^ 

. t . 


5.83 
5-84- 

0.57 
•e-68- 


0.53 

-0-a- 

4.14 
-4-12- 


0.67 
-6.69- 
4.00 


0.53 
4.67 
4.00 



0.53 

5.20 

8.67 
4.00 


0.6240 
54.4476 


3.0899 
2.2800 






55.0716 
6.3609 


5.3609 


i 


U86a.»2a.78 


P., ne 


u-ly. 












49.7017 
24.8508 



8. 









IT. 


S. 


E. 


W. 


M.D. 


C5 


N.A, 


S.A. 


3 
4 

1 
2 


s. 3000'E. 

E. 
N. 5030'W. 
S. 82° 30' W. 


5.33 
6.72 
6.08 
6.51 


0.03 

-e-ee- 

6.08 
-6-05- 


5.29 
-6-32- 

0.82 
-e-86- 


0.28 
6.73 


0.57 
-e-68- 
6.44 


0.28 
7.01 
6.44 



0.28 
7.29 
13.45 
6.44 


0.2187 
81.7760 


1.4812 
6.2808 


-O-TZ- 














81.9947 
6.7620 


6.7620 


I 


J.761a. = 3a. 12 


2 p., m 


jarly. 






75.2327 
37.6163 
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N, 


S. 


£!. 


W. 


M.n. 




N.A. 


8, A. 


1 
















ci 






N.20O00'E. 


4.62i 


4.35 


. r . 


1.58 


. . . 


1.58 


1.58 


6.8730 




2 


N. 73° 00' E. 


4.16i 


1.22 




3.98 




5.56 


7.14 


8.7108 




3 


S. 450 16' E. 


6.18i 




4.35 


4.39 




9.96 


15.51 




67.4685 


4 


S. 38° 30' W. 


8.00 


. . . 


6.26 




4.98 


4.97 


14.92 




93.3992 


5 


WanUng. 


. 


6.04 






4.97 





4.97 


25.0488 












40.6326 


160.8677 


6.012 A. = 6 a. 2 P., nearly. 










40.6326 


120.2351 












60.1175 



10. 









N. 


S, 


E. 


W, 


M.D. 


S 

q 


N.A. 


8. A. 


6 


N. 320 00' E. 


8.68 


7.33 
-M6- 


. . . 


4.61 
-4-66- 




4.61 


4.61 


33.7913 




7 


B. 750 50' E. 


6.38 




1.58 
-1-66- 


6.20 
-^19" 




10.81 


16.42 




24.3636 


8 


8. 140 45' W. 


0.98 




0.95 




0.26 


10.56 


21.37 




20.3015 


9 


S. 790 15' E. 


4.52 




0.86 
-e-84- 


4.44 




15.00 


26.56 




21.9816 


1 


S. 80 00'E. 


4.23 




4.23 
-4-22- 


0.22 


. . . 


15.22 


30.22 




127.8306 


2 


S. 860 45'W. 


4.78 




0.29 




4.77 


10.45 


26.67 




7.4443 


3 


8. 370 00' W. 


2.00 




1.60 




1.20 


9.25 


19.70 




31.5200 


4 


N. 81° 00' W. 


7.45 


1.14 






7.36 
-^86- 


1.90 


11.15 


12.7110 




5 


N. 61° 00' W. 


2.17 


1.04 
-1-06- 






1.90 





1.90 


1.9760 




• 










48.4783 


233.4416 


9.248 ▲.« 9 a. 40 


P., nea 


xly. 








48.4783 


184.9633 














92.48 
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Exercise. III. Page 224. 
1. 









N, 


5. 


E. 


W. 


M,D. 


c5 


N.A. 


8. A. 


AB 
BC 


N. 

B. eo^s. 


4.000 
4.000 


4.000 









3.464 



8.464 





6.928 


2.000 


3.464 


... 


CD 


8. 30° E. 


6.928 




6.000 


3.464 


. . . 


6.928 


10.382 


.... 


02.852 


DA 


N.eoow. 


8.000 


4.000 







6.928 





6.^ 


27.712 











27.712 


69.280 
27.712 


20.784 sq. ch. « 2.0784 ▲. » 2 a. 12| p., nearly. 












41.568 










20.784 



2. 









N. 


8. 


E, 


w. 


M,D, 




N.A, 


8. A. 


AB 
BC 


N. 

N. 800 20' E. 


79.86 
121.13 


79.860 
20.338 









119.410 



119.410 


2428.56 





... 


119.410 


. . . 


CD 


S. 40O00'B. 


90.00 




68.943 


57.851 




177.261 


296.671 


.... 


2045S.S9 


DE 


S. 560 52'W. 


100.65 




59.850 


.... 


81.289 


95.972 


278.233 


.... 


16216.88 


BA 


N. 73° 41' W. 


100.00 


28.095 







95.972 





95.972 


2696.33 







5124.89 


36669.77 
5124.89 


15772.44 P. = 98 A. 92 P., nearly. 






31544.88 






15772.44 
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Exercise IV. Page 231. 

2- From the square ABCDj containing 6 a. 1 r. 24 p., part off 3 a. by a 
line EF parallel to AB. 

6 A. 1 B. 24 p.= 64 sq. ch.; V64 = 8 ch. = AB, 

3 a. = 30 sq. ch. 

._, ABFE 30 o^c V 
^^=-^^ = -g^ = 3.76ch. 

2. From the rectangle ABCD, containing 8 a. 1 r. 24 p., part off 2 a. 
1 B. 32 p. by a line EF parallel to AD = 7 ch. Then, from the remainder 
of the rectangle part off 2 a. 3 b. 25 p. by a line GH parallel to EB, 

8 A. 1 B. 24 p.= 84 sq. ch.= ABCD. 
2 A. 1 B. 32 p.= 24.5 sq. ch.= AEFD, 
2 A. 3 B. 25 p.= 29.0626 sq. ch.= EBHO. 

AD 7 

._ ABCD 84 ,,, , 
AB = -^^=j=V2ch. 

EB=AB-AE= 12-3.6=8.5 ch. 

„^ EBHG 29.0625 « ^o v. 

EG = -g^ = -^j- = 3.42 ch., nearly. 

3. Fart off 6 a. 3 b. 12 p. from a rectangle ABCD, containing 15 a. by 
a line EF parallel to AB ; AD being 10 ch. 

6 A. 3 B. 12 p.= 68.25 sq. ch.= ABFE, 

15 A. = 160 sq. ch. = ABCD, 

,^_ ABCD _lbO_,, . 
AB=-^^= — = Wch, 

,^_ ABFE 68.25 . _ , 
21^=-^^=-- = 4.55 ch. 

4. From a square ABCD, whose side is 9 ch., part off a triangle which 
shall contain 2 a. 1 b. 36 p., by a line BE drawn from B to the side AD. 

2 A. 1 B. 36 p. = 24.75 sq. ch. 
^„ 2 ABE 2X 24.76 ^ ^^ ^ 
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5. From ABCD^ representing a rectangle, whose length is 12.66 ch., 
and breadth 7.58 ch., part off a trapezoid which shall contain 7 a. 3 r. 
24 p., by a line BE drawn from B to the side DC. 

7 A. 3r. 24 p.= 79sq. ch. 

ABCD = 12.05 X 7.58 = 96.887 sq. ch. 

ABCE= 95.887 - 79 = 16.887 sq. ch. 

^_ 2BCE _ 2X 16.887 _, ,,^ , , 

CE = -^^ = y^e = 4.456 ch., nearly. 

6. In the triangle ABC, AB = 12 ch., AC = 10 ch,, and BC = 8 ch. ; 
part off 1 A. 2 R. 16 p., by the line DE parallel to AB. 

1 A. 2 R. 16 p.= 16 sq. ch . 

CAB = Vl5 X 3 X 6 X 7 = 39.6863 sq. ch, 

CDE = CAB - ABED = 39.6863 - 16 = 23.6863 sq. ch. 

CAB : CDE ::CA^:CI^ 

::C£^: C^ 
39.6863 : 23.6863 : : 10^ : OD*. .-. CD = 7.726 ch. 
:: S^iCE^. .• CE =6.1S ch. 
AD=CA-CD=10- 7.726 = 2.276 ch, 
BE = CB-CE= 8-6.18 =1.82 ch. 

7. In the triangle ABC, AB = 26 ch., AC = 20 ch., and BC = 16 ch. ; 
part off 6 A. 1 R. 24 p., by the line DE parallel to AB. 

6 A. 1 R. 24 p.= 64sq. ch. 

CAB = V31 X 5 X 11 X 15 = 159.9218 sq. ch. 

CDE = CAB - ABED= 159.9218 - 64 = 95.9218 sq. ch. 

CAB : CDE :iCA^ : Clf 

::CB^ : CE\_ 
159.9218 : 95.9218 : : 20^ : C^. .-. CD = 15.49 ch. 
::162: CE^. .-. C^= 12.39 ch. 
AD=CA— CD =20— 15.49 = 4.51 ch., nearly. 
BE=CB-'CE=16- 12.39 = 3.61 ch., nearly. 

8. It is required to divide the triangular field ABC among three 
persons whose claims are as the numbers 2, 3, and 5, so that they may 
all have the use of a watering-place at C ; -45 = 10 ch.. -4C = 6.86 ch., 
and CJB = 6.10 ch. 
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Since the triangles have the same altitude, they are to each other as 
their bases. Hence it is only necessary to divide the base 10 into the 
three parts, 2 ch., 3 ch., 6 ch. 

9. Divide the five-sided field ABCHE among three persons, X, Y, 
and Z, in proportion to their claims, X paying $500, Y paying $760, 
and Z paying $1000, so that each may have the use of an interior pond, 
at P, the quality of the land being equal throughout. Given AB= 9.64 
ch., jBC=8.27 ch., CH=8.06 ch., HE = 6,S2 ch., and EA = 9.90 ch. 
The perpendicular PD upon AB = 6.60 ch., PIX upon J5C = 6.08 ch., 
PD" upon CH = 4.80 ch., PD"' upon HE = 5.44 ch., and PD"" upon 
EA = 5.40 ch. Assume PH as the divisional fence between X's and Z's 
shares ; it is required to determine the position of the fences PM and PN 
between X's and Y's shares and Y's and Z's shares, respectively. 

If P is joined to the vertices, the field is divided into triangles, whose 
bases are the sides, and the altitudes the given perpendiculars upon the 
sides from P. 

APB = 8.64 X 2.80 = 24. 1920 sq. ch. 

BPC = 8.27 X 3.04 = 26.1408 

CPH= 8.06 X 2.40 = 19.3440 

JErPjE;= 6.82X2.72= 18.6504 

EPA = 9.90 X 2.70 = 26.7300 

ABCHE = 113.9572 

The whole area, 113.9572 sq. ch., must be divided as the numbers 500, 
750, 1000, or as 2, 3, 4. 2 + 3 + 4 = 9. 



9:113.9572 



2 : 25.3238 sq. ch.= X's share. 

3 : 37.9857 sq. ch.= Y's share. 

4 : 50.6476 sq. ch.= Z's share. 



PH is assumed as the line between X's and Z's shares. Since the tri- 
angle PHE is less than X's share by 25.3238 - 18.5504 = 6.7734 sq. ch., 
this difference must be taken from the triangle PEA, The area of PEM 
is then 6.7734 sq. ch., and the altitude Piy'''= 5.40. 

^,^ 2P^if 2X6.7734 „ ^^^, ^ 

PMA = PEA - PEM= 26.7300 - 6.7734 = 19.9566 sq. ch. 

Since Y's share is greater than PMA (19.9566) and less than PMA 
+ PAB (44.1486), the point JV is on AB. 
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Y'B ahare dimmidifd by PMA cgoab Pii JT; thatk, 

Pil.V = 37.9857 - 19.9666 = 18.0291 aq, A. 
2P^3r _ 2 X 18.0291 _ 
^^'^FD~- 5.60 -^-^^ 

10. Dhide the triangular field ^BC, wUoee sides AR, AC^ and BC axe 
15, 12, and 10 ch., respectively, into three equal parts, by fences EG and 
DF parallel to BC, 



ABC = V18.5 X 3.5 X 6.5 X 8.5 = 59.81160 aq. ch. 
ADF = i of 59.81169 = 19.9372 sq. ch. 
AEG = f of 59.81169 = 39.8744 sq. ch. 
ABC : AEG : : Aff : Ze* 

: : ACf : AG\ 
59.81169 : 39.8744 : : 15* : AB^. .-. AE = 12.247 ch. 
::12^:AG\ .. AG = 9.798 ch. 
ABC^ADF::Aff:A& 

::A&:AF[_ 
59.81169 : 19.9372 : : 152 : Alf. .-. AD = 8.659 ch. 
: : 122 : "af^ .-. AF = 6.928 ch. 

11. Divide the triangular field ABC, whose sides AB, BC, and ^C are 
22, 17, and 16 ch., respectively, among three persons, A, B, and C, by 
fences parallel to the base AB, so that A may have 3 a., B 4 a., and C 
the remainder. 



CAB = V27 X 5 X 10 X 12 = 127.2792 sq. ch. 
CDO = CAB - ABGD = 127.2792 - 30 = 97.2792 sq. Ch. 
CEF = CAB - ABFE = 127.2792 - 70 = 57.2792 sq. ch. 
CAB : CDG ::'cff:CG^ 
::CA^:'C&, 
127.2792 : 97.2792 : : 172 : 'CG^. .-. CG = 14.862 ch. 
: : 152 : cn^ .-. CD = 13.113 ch. 
CAB: CEF :'.'CI?'.'CF^ 



127.2792 : 57.2792 : : I72 : CF^, .-. CF = 11.404 ch. 



162 : CF?, ...(7J7 = X0.062 ch. 
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Exercise V. Page 260. 

1. Find the difference of level of two places from the following field 
notes; back-sights, 6.2, 6.8, and 4.0; fore-sights, 8.1, 9.6, and 7.9. 

8.1 + 9.5 + 7.9 = 26.6 

6.2 + 6.8 + 4 = 16__ 

9.6 



2. Write the proper numbers in the third and fifth columns 'of the 
following table of field notes, and make a profile of the section. 



Station, 


+5. 


H.I. 


-8. 


H.S. 


Remarks. 


B 


1 
2 
3 
Up, 
4 
5 
6 


6.944 






20. 

19.5 

21.3 

23.0 

22.3 

21.431 

20.4 

21.8 

24.1 


Bench on post 22 
feet north of 0. 


26.944 


7.4 

6.6 

3.9 

4.6 

6.513 

4.9 

3.5 

1.2 










3.855 


25.286 












3. Stake of the following notes stands at the lowest point of a pond 
to be drained into a creek ; stake 10 stands at the edge of the bank, and 
10.26 at the bottom of the creek. Make a profile, draw the grade line 
through and 10.25, and fill out the columns H.G, and C, the former to 
show the height of grade line above the datum, and the latter, the depths 
of cut at the several stakes necessary to construct the drain. 
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StaUon. 



+B. 



H,T. 



B 


1 

2 

8 

4 

6 

6 

7 

8 

9 
10 
10.25 



6.000 



4.572 



-S. 



10.2 

5.8 

4.6 

4.0 

6.8 

7.000 

3.9 

2.0 

4.9 

4.8 

4.5 
11.8 



n.8. 



n,G. 



20.8 
20.4 
20.0 
19.6 
19.2 
18.8 
18.4 
18.0 
17.6 
17.2 
16.8 
16.7 



a 



0.0 
5.3 
6.4 
7.4 
5.0 
5.1 
6.2 
8.5 
6.0 
7.0 
7.2 
0.0 



Remarkt, 



Bench on rock 
30 feet west of 
stake 1. 




1010.25 
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Exercise I. Page 282. 

1. Given compass course S., wind E.S.E., leeway 1^ points, variation 
62° 0' W., deviation 2° 0' E. ; required true course. 

Since the wind is E.S.E., and the compass courae is S., the ship is on 
the port tack ; hence, leeway is allowed to the right. 
Compass course .... 

Leeway 

Compass course corrected for leeway 





Opts, 
lipts. 


R. 
R. 


of S. 


14° 
50° 


lipts. 
3' 45" 
0' 0" 


R. 
R. 
L. 


of S. 
of S. 



Variation and deviation (52° — 2°) W. = 50^ 

35° 56' 15" L. of S. 
True course, S. 35° 56' E. 

2. Given compass course W.N.W., wind N., leeway 3 points, variation 
42° 0' E., deviation 18° 30' W.; required true course. 

Since the wind is N., and the compass course is W.N. W., the ship is on 
the starboard tack ; hence, leeway is allowed to the left. 

Compass course 6 pts. L. of N. 

Leeway 3 pts. L. 

Compass course corrected for leeway . 9 pts. L. of N. 

= 7 pts. R. of S. 
= 78° 45' R. of S. 
Variation and deviation (42° — 18° 30') E. = 23° 30' R. 

102° 15' R. of S. 
77° 45' L. of N. 
True course, N. 77° 45' W. 

3. Given compass course S.S.E. ^ E., wind S. W. i S., leeway 3^ points, 
variation 2^ points E., deviation li points W.; required true course. 

Compass course 2^ pts. L. of S. 

Leeway (starboard tack) .... 3^ pts. L. 

Variation and deviation .... 1 pt. R. 

5 pts. L. of S. 
True course, S.E. by E. 
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4. Given true course S. 79° W., wind S. by W., leeway f point, varia- 
tion 10° 30' E., deviation 19° 0' W.j required compass course. 

True course 79° R. of S. 

Leeway (port tack) .... 8° 26' 16'' L. 

Variation and deviation . . . 8° 30' R. 

79° 3' 45" R. of S. 
Compass course, S. 79° 4' W. 

5. Given compass course W. i N., wind N.N.W., leeway If points, 
variation 8° 30' E., deviation 15° 35' E., required true course. 

Compass course 7f pts. L. of N. 

Leeway (starboard tack) . . . If pts. L. 

9i pts. L. of N. 

= 6i pts. R. of S. 

= 73° 7' 30" R. of S. 
Variation and deviation . . . 24° 5' R. 



97° 12' 30" R. of S. 
= 82° 47' 30" L. of N. 
True course, N. 82° 47' W. 

6. Given compass course E. i N., wind N.N.E., leeway 2^ points, vari- 
ation 13° 0' W., deviation 20° 0' E.; required true course. 

Compass course t 7f pts. R. of N. 

Leeway (port tack) 2^ pts. R. 

10 pts. R. of N. 

= 6 pts. L. of S. 

Variation and deviation .... =67° 30' L. of S. 

7° R. 



60° 30' L. of S. 
True course, S. 60° 30' E. 

7. Given true course S. 85° E., wind N. by W., leeway i point, vari- 
ation 14° 0' E., deviation 19° 0' E.; required compass course. 

True course 85° L. of S. 

Leeway (port tack) .... 5° 37' 30" L. 

Variation and deviation . . . 33° L. 

123° 37' 30" L. of S. 
= 66° 22' 30" R. of N. 
Compass course, N. 66° 22' E. 

8. Given compass course W., wind N.N. W., leeway 1^- points, variation 
18° 30' E., deviation 21° 0' W. ; required true course. 
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Compass course 8 pts. L. of N. 

Leeway (starboard tack) .... 1 j- pts. L. 

Di pts. L. of N. 
= 6f pts. R. of S. 
= 76° 66' W R, of S. 

Variation and deviation . . . 2° 30' L. 

73° 26' 16" R. of S. 
True course, S. 73° 26' W. 

9. Given compass course E. ^ S., wind N.N.E. ^ E., leeway 2| points, 
variation 21° 0' E., deviation 4° 0' W. ; required true course. 

Compass course 7^ pts. L. of S. 

Leeway (port tack) 2^ pts. R. 



6 pts. 


L. 


of S. 


= 66° 16' 


L. 


of S. 


17° 


R. 





Variation and deviation 

39° 15' L. of S. 
Trae course, S. 39° 15' E. 

10. Given true course, E. by S. i S., wind N. by W., leeway 2f points, 
variation 2 points W., deviation 3| points E.; required compass course. 

True course 6f pts. L. of S. 

Leeway (port tack) 2f pts. L. 

Variation and deviation .... H pts. L. 

11 pts. L. of S. 
= 6 pts. R. of N. 
Compass course, N.E. by E. 

11. Given true course N. by W., wind N.E., leeway 3^ points, variation 
2f points E., deviation 1^ points E. ; required compass course. 

True course ^ . . 1 pt. L. of N. 

Leeway (starboard tack) . . . . 3^ pts. R. 

Variation and deviation .... 4^ pts. L. 

2 pts. L. of N. 
Compass course, N.N.W. 

12. Given true course N.N.W., wind S.S.W., leeway 2^ points, vari- 
ation 2f points E., deviation f point E. ; required compass course. 

True course 2 pts. L. of N. 

Leeway (port tack) 2^ pts. L. 

Variation and deviation .... 3^ pts. L. 

8 pts. L. of N. 
Compass course, W. 
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13. Given true course S. 64° E., leeway 0, variation 7°(K W., devia- 
tion 15° 0' W. ; required compass course. 

True course 64° L. of S. 

Variation and deviation 22° R. 

42° L. of S. 
Compass course, S. 42° E. 

14. Given true course N. 44 W., leeway 0, variation 6° 0' E., deviation 
20° 0' W. ; required compass course. 

True course 44° L. of N. 

Variation and deviation 14° R. 

30° L. of N. 
Compass course, N. 30° W. 

15. Given compass course N. 66° W., leeway 0, variation 10° O' E., 
deviation 3° 0' E. ; required true course. 

Compass course 65° L. of N. 

Variation and deviation 13° R. 

52° L. of N. 
True course, N. 52° W. 

16. Given compass course S. 15° W., leeway 0, variation 6° 0' W., 
deviation 18° 0' E. ; required true course. 

Compass course 16° R. of S. 

Variation and deviation 12 ° R. 

27° R. of S. 
True course, S. 27° W. 

17. Given compass course S. 18° E., leeway 0, variation 25° 0' E., 
deviation 10° 0' E., required true course. 

Compass course 18° L. of S. 

Variation and deviation 3 5° R. 

17° R. of S. 
True course, S. 17° W. 

18. Given compass course N. 30° E., wind S. by W., leeway li points, 
variation 12° 0' E., deviation 10° 0' W. ; required true course. 

Compass course 30° R. of N. 

Leeway (starboard tack) ... 14° 3' 45'^ L. 

Variation and deviation . . ^ R. 

17° 56' 15'' R. of N. 
True course, N. 17° 66' E. 
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Exercise II. Page 293. 
1. Given X' 49° 67' N., C S. W. by W., D 488.0 ; required i" and p. 



D= 488.0 
C = 56° 15' 



p = D sin C. 

log Z) = 2.68842 

log sin C = 9.91986 

log p= 2.60826 

p = 405.8. 



Ld = D cos C. 

log D= 2.68842 

log cos C = 9.74474 

logXd = 2.43316 

Xrf = 271' 

= 4° 31' S. 
X'= 49°57'N. 
X"=46°26'N. 



2. Given X' 1° 45' N., C S.E. by E., D 487.8 j required X" and p. 



D= 487.8 
C=66°16' 



p = DsinC 

log X>= 2.68824 

log sin C = 9.91985 

log p= 2.60809 

p = 405.6. 



Xd = X) cos C. 

logD= 2.68824 

log cos C = 9.74474 

logXci = 2.43298 

Xd = 271' 

= 4°31'S. 
X'=P 45'N. 
X"=2°46'IS. 



3. Given X' 3° 16' S., C N.E. by E. f E., D 449.1 ; requireU X" and p. 



D= 449.1 

a = 64° 41' 16" 



p = D sin C, 

log D = 2.65234 

log sin C = 9.9661 6 

logp = 2.60850 

p = 406. 



Ld= D cos C. 

logD = 2.65234 

log cos C = 9.63099 

logXd = 2.28333 

Xd = 192' 

= 3°12'N. 
X' = 3° 15' S. 
X" = 0° 3' S. 



4. Given X' 2° 10' S., C N. by E., D 267.0 ; required X" and p. 



D= 267.0 
C=ll°15' 



p= DsinC 

log D= 2.42651 

log sin C = 9.29024 

logp = 1.71675 

p=52.1 



Xd = D cos C. 

log D= 2.42651 

log cos C = 9.99157 

logXd = 2.41808 

Xd = 262' 

= 4°22'N. 
X' = 2° 10' S. 
X" = 2°12'N. 
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5. Given L' 41° 30' N., C S.S. W., D 296.5 ; required 7/' and p. 



D= 295.5 
C = 22° 30' 



p = DsinC. 

logD= 2.47066 

log sin C = 9.6828 4 

log p= 2.05340 

p= 113.1. 



Ld — B cos C. 

log D= 2.47056 

log cos 0= 9.96562 

logid = 2.43618 

Ld = 273' 

= 4°33'S. 
X'=4 1°30'N. 
X"=36°57'N. 



6. Given X' 21° 59' S., i" 24° 49' S., D 360 ; required C and p. 



D =360 
id =170 



cosC = ^- 



D 

log id =2.23045 

log i»= 2.55630 

log cos C = 9.67415 

C = 61° 49' 

= 5ipts., nearly. 



p^=(D-Ld){D+L,) 
= 190 X 630. 

log 190 = 2.27876 

log 530 = 2.72428 

log p2 = 5.00303 

log p= 2.60161 

p = 317.3. 



7. Given i' 2° 9' S., i" 3° 11' N., i> 354 ; required C and p. 



D =364 
id =320 



cosC = 



Ld 
1) 



logid = 2.60515 

log i»= 2.54900 

log cos C= 9.96616 

C = 25° 19' 

= 2i pts. 



= 34 X 674. 

log 34=1.53148 

log 674 = 2.82866 

log 1)2 = 4.36014 

logp = 2.18007 

p= 151.4. 



8. Given i' 1° 30' N., i" 0° 26' S., C S. by W. ; required D and p. 



Ld = 116 
C =11° 16' 



P = Ld sec C. 

logid = 2.06446 

log sec C = 0.00843 

log I) =2.07289 

D= 118.3. 



p = id tan C 
logid = 2.06466 
log tan 0= 9.29866 
\ogp= 1.36312 
p = 23.1. 



9. Given i' 40° 17' N. , L" 37° O'l!^., C S. by W. i W. ; required D and p. 



id =191 

C =16° 52' 30" 



B = Ld sec C. 
logid= 2.28103 
logsec 0=0. 01911 
log i)= 2.30014 
D= 199.6. 



p = id tan C. 
logid = 2.28103 
logtan 0= 9.48194 
logp= 1.76297 
p = 57.9. 
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10. Given X' 38° 0' N., C S. W. by W., p 48.2 ; required L'' and D. 



p = 48.2 
C = 66° 16' 



D = p CSC C 

log p = 1.68305 

log esc C = 0.08015 

logD= 1.76320 
J) = 58.0, 



Ld — V cot C 

log p= 1.68305 

log cote = 9.82489 

log id =1.60794 
U^ 32' S. 

i' = 38° O'N. 

X" = 37°28'N. 



11. Given V 18° 26' N., C S. W. by W. f W., p 65.1 ; required X" 



andD. 



p = 65.1 

C = 64° 41' 16" 



D = p CSC C 

logp = 1.81358 

log CSC C = 0.04384 

logI>= 1.85742 
D= 72.02 



Ld — P cot C. 

logp =1.81358 

log cot C = 9.07483 

logici= 1.48841 
Xd= 31' S. 
i' = 18°25']Sr. 



i"=17°54'N. 



12. Given X' 50° 18' N., X" 54° 48' N., I> 299.0 ; required C and p. 



D = 299.0 I 
Xd = 270 I 



cosC 



^Ld 
D 



logXd = 2.43136 
log 7) =2.47567 



log cos C = 9.95569 

C = 25° 26' 30" 
= 2ipts., nearly. 



J = (D-Ld) (B-hLd) 
= 29 X 569. 



log 29 =1.46240 
log569 = 2.75511 

logp2 = 4.21751 
logp = 2.10875 
p= 128.5. 



13. Given X' 32° 30' N., X" 19° 59' N., D 812.0 ; required C and p. 



X) = 812.0 
Xd = 751 



cosC 



^Ld 
D 



logXd = 2.87564 
log7)= 2.90956 

log cos C= 9.96608 
C = 22° 21' 
= 2 pts., nearly. 



p2=(7)-Xd)(7)+Xd) 
= 61 X 1563. 
log61 = 1.78533 
log 1563 = 3.19396 

log p2 = 4.97929 
logp =2.48964 
p = 308.8. 
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14. Given i' 2° 8' S., C N. 11° E., I) 600; required L'' and p. 



D=500 
C = 1P 



p = D sin C 

logD= 2.69897 

log sin C = 9.28000 

logp= 1.97967 

p = 96.4. 



Xd = I) cos C. 

log 7) =2.69897 

log cos C = 9.99196 

logXd = 2.69092 

Ld = 491' 

= 8° 11' N. 
X' = 2° 8' S. 
X" = 6° 3'N. 



15. Given X' 20° 21' S., C N. 20° E., B 402.0 ; required X" and p. 



I>= 402.0 


p = D sin C, 


Ld = B cos C. 


C = 20° 


log 7) =2.00423 


logD= 2.60423 




log sin = 9.63406 


log cos C = 9.97299 




logp = 2.13828 


logXd = 2.67722 




p =137.6. 


Ld = 378' 

= 6°18'N. 
X' = 20° 21' S. 



X" = 14° 3' S. 



16. Given X' 40° 26' S., C N. 87° E., I> 240.0 ; required X" and p. 



2)= 240.0 

0=87° 



p = D sin 0. 

log 7) = 2.38021 

log sin = 9.99940 

log p = 2.37961 

p = 239.7. 



Xd = D cos 0. 

log D= 2.38021 

log cos 0= 8:71880 

logXd = 1.09901 

Xd= 13' N. 

X' = 40° 26' S. 



X" = 40° 12' S. 



17. Given X' 20° 48' N., L" 17° 13' N., p 289.2 W.; required andD. 



p = 289.2 I ^ ^_ P 

Xd = 216 I ^«^^=X^- 

logp= 2.46120 

logXd= 2.33244 

log tan 0=10.12876 

O = S. 63° 22' 18" W. 

= S. 63° 22' W. 



D = p CSC 0. 

log p = 2.46120 

log CSC = 0.09554 

log D= 2.65674 

D= 360.4. 
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18. Given V 61° 46' N., X'' 53° 11' N., p 128.0 E. ; required G and D. 



p = 128.0 
Xd = 86 



tanC: 



"id 

logp= 2.10721 

logXd= 1.9346 

log tan C= 10.17271 

C=N. 66° 6' 13" E. 
= N.E. by E. nearly. 



D = p CSC C. 

logp = 2.10721 

log CSC C = 0.08090 

log i)= 2.18811 

I> = 164.2. 



19. Given U 0° 20' S., i" 0° 18' N., p 142.7 E.; required C and D. 



p= 142.7 
Xd = 38 



tanC: 






logp= 2.16442 

logXd= 1.67978 

logtanC= 10.67464 

C=N.76°5'19"E. 
= N.76°6'E. 



D = p CSC C 

log p= 2.16442 

log CSC C = 0.01488 

log D= 2.16930 

D= 147.7. 



20. Given X' 40° 20' N., X" 41° 37' N., p 62.6 W. ; required C and B, 



log p= 1.72099 

logXd= 1.88649 

log tan C= 9.83460 

C=N.34°20'17"W, 
= N.34°20'W. 



D = p CSC C. 

logp= 1.72099 

log CSC C = 0.24867 

log X>= 1.96966 

D = 93.3. 



Exercise III. Page 296. 

1. Given X 66° 66', X' 2° 10' W., X" 12° 62' E.; required p. 

•p = 15^1^ X 33.62 = 506.4 E. 

2. Given X 62° 0', X' 0° 69' W., X" 2° 24' E. ; required p. 

p = 323 X 30.94 = 125.0 E. 

3. Given X 61° 26', X' 179° 20' W., X" 176° 62' E.; required p. 

p = 3tf X 28.71 = 109.1 W. 

4. Given X 66° 0', X' 3° 12' W., X" 4° 8' E. ; required p. 

p = 7iX 33.56 = 246.0 E. 
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5. Given L 80° (T, X' 10° 0' W., X'' 17° 41' W.; required p. 

p = 7JJ X 10.42 = 80.1 W. 

6. Given L 60° 0', p 204.0 E., X' 160° 2' E. ; required X''. 

Xd = 204.0 -f i = 408' = 6° 48' E. ; 
X" = 160° 2' + 6° 48' = 166° 60' E. 

7. Given L 61° 28', p 70.9 E., X' 32° 7' W. ; required X". 

Xd = 70.9 -r 37.38 = 1.90° = 1° 64' E.; 
X" = 32° 7' - 1° 64' = 30° 13' W. 

8. Given L 64° 16', p. 265.7 W., X' 170° 0' W.; required X". 

Xd = 265.7 -r 26.05 = 10.20 = 10° 12' W. ; 

X" = 170° 0' + 10° 12' = 180° 12' W. = 179° 48' E. 

9. Given L 46° 37', p 362.0 E., X' 163° 42' E. ; required X". 

Xd = 352.0 - 41.21 = 8.640 = 8° 33' E. ; 
V = 163° 42' + 8° 33' = 172° 16' E.' 

10. Given L 39° 67', p 398.0 W., X' 4° 8' W. ; required X". 

Xd = 398.0 -f 46.93 = 8.67° = 8° 39' W. ; 
y, = 40 3/ ^ 8° 39' = 12° 47' W. 

11. From latitude 32° 3' S., longitude 179° 46' W., a ship makes 54 
miles west (true). Required the longitude in. 

Xd = 54 -f 60.85 = 1.06° = 1° 4' W. ; 

X" = 179° 45' + 1° 4' = 180° 49' W. = 179° 11' E. 

12. From latitude 36° 30' S., longitude 27° 28' W., a ship sails east 
(true) 301 miles. Required the longitude in and the compass course; 
variation If points E., leeway i point to the left, deviation 8° 60' E. 

Xd = 301 -r 48.85 = 6. 16° = 6° 10' ; 
X" = 27° 28' - 6° 10' = 21° 18' W. 

True course 8 pts. R. of N. 

Variation and leeway 2 pts. L. 

6 pts. R. of N. 
= 67° 30' R. of N. 

Deviation 8° 60' L. 

Compass course N. 68° 40' E. 
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Exercise IV. Page 301. 
1. Given L' W 36' N., X'' 27° 28' N., X' 60° 0' W., X" 64° 66' W.; 



required G and D. 
Ld = 1° 63' 

= 113' 
i,„=26°32' 
\d = 6° 6' 

= 306' 



tan C = 



\d cos Lrn 



Ld 
log\d= 2.48430 
logco8L«= 9.96167 
colog Ld= 7.94692 
log tan (7=10.38289 
C=N,67°30'E.= E.N.E. 



!>= Ld sec C. 

logXd= 2.06308 

log sec C = 10.41716 

logi)= 2.47024 

I>= 296.3. 



0''-* 

E. 



2. Given i' 32° 30' N. 
required C and D. 
Xrf = l°40' 

= 100' 

i„ = 33° 20' 

Xd = 3° 44' 

= 224' 



i" 34° 10' N., X' 26° 24' W., X" 29° 8' W.; 



tan(7 = 



\d cos L„ 



Ld 
logXd = 2.35026 
logcosiw= 9.92194 
colog.Ld= 8.00000 



log tan = 10.27219 
.-. C = N. 61° 63' W. 

3. Given X' 39° 30' S., X"41°0'S., X' 74°20'E., X" 70° 12' E.; required 



I) = Ld sec C, 

logLd= 2.00000 

log sec C = 10.32673 

logD= 2.32673 

Z)= 212.2. 



C and D. 

Ld = 1° 30' 

= 90' 
X^ = 40°16' 

\d =4° 8' 
= 248' 



tan 



_ Xd cos Ljn 

^ Ld 

logXd = 2.39446 

logcosX,„= 9.88266 

cologXd= 8.04676 

log tan C = 10.32287 

.-. C = S. 64° 34' W. 



1)= Ld sec C 

logXd= 1.96424 

log sec C = 10.36708 

logD= 2.32132 

D= 209.6. 



4. Given X' 46° 24' S., X' 178° 28' E., C S.E. f E., D 278.0; required 
/' and X". 

C = 63°26' I 
D = 278.0 



Ld = D cos C. 
log D = 2.44404 
log cos C = 9.77507 
logXd= 2.21911 
Ld = 106' 

= 2° 46' 
X' = 46° 24' 
X" = 49° 10' S. 
X^ = 47°47'. 



Xd = Z) sin C sec X;„. 
log 7)= 2.44404 
log sin 0= 9.90480 
log sec X;n= 10.17267 
logXd= 2.62151 
Xd = 332' 
= 6° 32' 
• X' = 178° 28' 
X" = 184' 



= 176° 



O'E. 
O'W. 
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5. Given L' ^ 29^ N., V 179° 10' W., C W. by S. \ S., D 333.0 ; 



required L" and X". 
G = 73«> r 
D=333 



L4 = D COB C. 
logD = 2.52244 
log cos C = 9.46303 

log Xd= 1.98648 
Ld = 97' 

= P37' 
JJ - 20° 29' 



L"=18°52'N. 
L« = 19° 40'. 



X<f = D sin C sec Xa,. 
logD= 2.52244 
log sin C= 9.98087 
log secX»= 10.02610 

logXd= 2.52941 
Xd = 338' 

= 5° 38' 
X' = 179° 10' 



X" = 184° 48' W. 
= 175° 12' E. 



6. Given X' 0° 56' N., X' 29° 60' W., C S. 47° E., D 168.0 ; required 



X" and X". 
C = 47° 
D=168 



Xd = D cos C. 

logD = 2.22530 

log cos C= 9.83378 

logXd = 2.05908 
Xd = 115' 

= 1° 55' 
JJ - Qo 56' 



X" = 0° 69' S. 
X^ = 0° 1'. 



Xd = D sin C sec X^. 
logD = 2.22630 
log sin C= 9.86413 
log sec X,„ = 0.00000 

logXd = 2.08943 
Xd = 123' 

= 2° 3' 
X' = 29° 60' 



y/ _ 270 47/ w. 



7. Given X' 42° 26' N., X' m"" 14' W., C S.E. by E., D 26.0; required 



X" and X". 

0=66° 15' 
D=26.0 



Ld — I> cos C. 

log D= 1.39794 

log cos = 9.74474 

logXd = 1.14268 
Ld= 14' 
X' = 42° 26' 



X" = 42° 11' N. 
X« = 42° 18'. 



Xd = D sin O sec X^. 
log 2) =1.39794 
log sin 0=9.91986 
log sec X;„ = 0.13098 

logXd= 1.44877 
Xd = 28' 
X' = 66° 14' 



X" = 66° 46' W. 



8. Given X' 42° 8' N., X' 66° 48' W., O E. i S., I) 126.0; required 
X" and X". 
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D= 126.0 I logZ)= 2.10037 
log cos C= 8.90194 

logid= 1.09231 
Ld = 12' 
L'=42° 8' 



i" = 41° 56' N. 
i« = 42°2'. 



Xd = D sin C sec Lm 
logD = 2.10037 
log sin C = 9.99790 
log sec i„, = 0.12915 

logid = 2.22743 
\d = 168' 

= 2° 48' 
X'=66°48' 



V = 63° 0' W. 



9. Given X' 41° 52' N., X' 62° 47' W., C E. i S., D 161.0; required 



L" and X" 



C = 84°22 
D= 161.0 



I Ld= D cos C 

I log D= 2.20683 

log cos = 8.99194 



Ld = 


1.19877 


Ld = 


16' 


i' = 


41° 62' 



L"=41°36'N. 
Lm = 41° 44' N. 



Xd = D sin C sec Lm- 
log i>= 2.20683 
log sin C = 9.99789 
log sec i,„ = 0.12712 

logXd = 2.33184 
Xd = 215' 

= 3° 35' 
X' = 62° 47' 



X" = 69° 12' W. 



10. Given i' 41° 
required X" and D. 



8' N., L" 41° 26' N., X' 59° 16' W., C E. by S.; 



Xd=12 

Lm = 41° 32' 

0=78° 46' 



D= Ld sec C 
log Xd= 1.07918 
log sec C = 0.70976 

log 2)= 1.78894 
2)= 61.5. 



Xd = D sin C sec i^- 



log D= 1.78894 

log sin C = 9.99167 

log sec i;n = 0.12677 

logXd= 1.90629 
\d = 81' 

= 1°21' 
X' = 69° 16' 



X'' = 67° 56' W. 



11. Given i' 41° 19' N., L" 41° 11' N., X' 57° 47' W., D 167.0 ; required 
X" and C. 
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D= 167.0 



coflC=^- 

logXd = 0.90309 

log 2)= 2.22272 

log cos C = 8.68037 

C = 87° 16'. 



Xd = D sin C sec L^- 

log JD = 2.22272 

log sin C = 9.99950 

log sec Ljn = 0.12387 

logXd = 2.34609 

Xd = 222' 

= 3°42' 
X' = 57° 47' W. 
X" = 61° 29^ W. 
or 54° 5'W. 



12. Given X' 46° 28' N., X" 45° 17' N., X' 22° 18' W., X" 19° 39' W.; 



required C and D. 
Xd = 71 
L„, = 45° 52 
Xd=159 



tanC 



_ \d cos Ljn 



logXd= 2.20140 

logcosX,„= 9.84282 

cologXd= 8.14874 

log tan (7=10.19296 

C=S. 57°19'E. 



D— Ld sec C. 
logXd= 1.85126 
log sec C = 0.26761 
logD = 2.11887 
2)= 131.5. 



13. Given X' 25° 30' S., X" 28° 15' S., X' 2° 15' E., X" 11° 17' E.; 



required C and D. 
U = 165 
Lm = 26° 52' 
Xd=542 



tanC= ^T^" - 
Xd 

logXd= 2.73399 

logcosX,n= 9.95039 

cologXd= 7.78252 

log tan C = 10.46690 

C = S. 71° 9' E. 



D = Xd sec C. 
logXd = 2.21748 
log sec C = 0.49067 
log D= 2.70815 
D= 510.7. 



14. Given X' 33° 40' N., X" 30° 49' N., X' 13° 20' E., X" 17° 66' E.; 



required C and D, 
Xd = 171 
Lm = 31° 44' 
Xd = 276 



^^^XdC^sX^. 

Xd 

logXd= 2.44090 

logcosXw= 9.92968 

cologXd= 7.76700 

log tan 0=10.13758 

C = S. 53° 46' E. 



D= Ld sec C, 
logXd= 2.23300 
log sec 0= 0.22836 
logD = 2.46136 
X)= 289.3. 
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15. Given L' 19° 30' S., V 17° 24' S., V 0° 10' E., X" 1° 28' W.; 



required C and 2). 

id = 126 
Ly„, = 18° 27 
Xd = 98 



id 

log \a = 1.99123 

log cosi;„ = 9.97708 

cologXd= 7.89963 

log tan C= 9.86794 

C = N.36°25'W. 



D= Ld sec C. 
logid = 2.10037 
log sec C = 0.09435 
log D= 2.19472 
i>= 156.6. 



C = 22° 30' 
2) =184 



16. A ship sails from Boston light-house, in latitude 42° 20' N., longi- 
tude 71° 4' W., on a N.N.E. course, 184 miles. Find the latitude and 
longitude in. 

id = D cos C Xd = D sin C sec i^. 

log D = 2.26482 log D = 2.26482 

log cos C = 9.96603 log sin C = 9.68284 

log sec i;n = 0.14124 

log Xd= 1.98890 

Xd = 97' 

= 1°37' 

X" = 69° 27' W. 



logid = 2.23085 
id = 170' 

= 2°50' 
i' = 42° 20' 



i" = 45° 10' N. 
Lm = 43° 46'. 



17. A ship sails from Cape May, in latitude 38° 56' N., longitude 
74° 67' W., on a S.S.E. course, 240 miles. Find the latitude and longi- 
tude in. 



33130 
283^ 

3. 



C = 22° J 
D=240 



I Ld = I> cos C. 

I log 2) =2.38021 
log cos C = 9.96603 
logid = 2.34624 
Ld = 222' 

= 3° 42' 
i' = 38° 56' 



i" = 35° 14' N. 
i„=37° 5'. 



Xd = D sin sec i„ 

log D= 2.38021 

log sin C = 9.68284 

log sec in, = 0.09813 

logXd = 2.06118 

Xd = 115' 

= 1°55' 
X^ - 74° 67' 
X"=73° 2'W. 



18. A ship sails from Cape Cod light, in latitude 42° 2' N. , longitude 
70° 3' W., on an E. by N. compass course, 170 miles; wind S.E. by S., 
eeway i point, deviation 17f° E., variation 11^° W. Find the latitude 
Old longitude in. 
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Compass course 
Leeway 



7 pte. R. of N. 

ipt L. 
6t ptB. R. of N. 
= 76° 66' R. of N. 

6° 3(r R. 



Variation and deviation .... 

Trae course N. 82° 26^ 



C = 82° 26' 
D=170 



Ld = I> cos C 

log D= 2.23045 

log cos C = 9.11951 

logXd= 1.34996 

id = 22' 

X = 42° 2' 

X" = 42° 24' N. 

X^ = 42°13'. 



Xd = D sin C sec i„ 

log D= 2.23045 

log sin C = 9.99620 

log sec Xn, = 0.13041 

logXd = 2.36706 

\d = 228' 

= 3° 48' 
X'= 70° 3' 
X" = 66° 16' W. 



19. A ship sails from Cape Cod light on a S.S.E. compass course, 140 
miles; deviation 6^° E., variation lli° W. Find the latitude and longi- 
tude in. 

Compass course 22° 30' L. of S. 

Variation and deviation .... 5° 46' L. 

True course S. 28° 16' E. 



C = 28°15' 
D=140 



I id = D cos C. 

I log D= 2.14613 

log cos C = 9.94492 

logid = 2.09105 

id = 123' 

= 2° 3' 
X' = 42° 2" 



X" = 89° 69' N. 
im = 41°0'. 



Xd = D sin C sec Lm. 

log D= 2.14613 

log sin C= 9.67516 

log sec im = 0-12222 

log Xd= 1.94351 

Xd = 88' 

= 1°28' 
X'=70°_3;__ 
X" = 68° 36' W. 



20. A ship sails from latitude 65° 1' N., longitude 1° 26' W., on a S. W. 
compass course, 101 miles; wind W.N.W., leeway li points, deviation 
6° W., variation 24° 56' W. Find the latitude and longitude in. 

Compass course ... 4 pts. R. of S. 

Leeway I j pts. L. 

2i pts. R. of S. 
= 30° 66' R. of S. 
Variation and deviation 30° 66' L. 
True course .... S. 



La 


= D 




Xd 


= 0. 






= ior 




X" 


= X' 






= 1° 


41' 




= 1° 


25' W. 


i' 


= 56° 


1' 








L" 


= 53° 


20' N. 
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21. A ship sails from the Bermudas, in latitude 32° 18' N., longitude 
64° 6(K W., on a W.S.W. compass course, 190 miles; deviation 1 point 
W., variation 1 point W. Find the latitude and longitude in. 



Compass course 
Variation and deviation 



True course 

C = 46° I 
D=190 



I Ld = I> cos C. 

I log D= 2.27876 

log cos C = 9.84949 

logid = 2.12824 
Ld = 134' 

= 2° 14' 
U = 32° 18' 



i'' = 30° 4'N. 
X>, = 31°11'. 



. ' . 6 ptB. R. of S. 
2 ptB. L. 

4 pts. R. of S. 
I Xd = D sin sec i«. 

logi)= 2.27875 
log sin C= 9.84949 
log seci« = 0.06777 

logXd = 2.19601 
Xd = 167' 

= 2° 37' 
X' = 64° 60' 



X" = 67° 27' W. 



22. A ship sails from the Bermudas on a W.N.W. compass course, 90 
miles ; wind S. W., leeway 1 point, deviation 1 point E., variation 1 point 
W. Find the latitude and longitude in. 

Compass course 

Leeway 

Variation and deviation 



True course 

C = 66° 16' 
D=90 



I Ld = D cos C 

I log D= 1.96124 

log cos = 9.74474 

logid= 1.69898 
Ld = 60' 
L' = 32° 18' 



X'' = 33° 8'N. 
!,„ = 32° 47'. 



6 pts. 


L. 


of N. 


Ipt. 


R. 











6 pts. 


L. 


ofN. 


= 56° 16 


L. 


ofN. 



Xd = D sin C sec Lm- 
log D= 1.96124 
log sin = 9.91986 
log sec Lm = 0.07602 

logXd= 1.94911 
\d = 89' 

= 1°29' 
X' = 64° 60' 



X" = 66° 19' W. 



23. A navigator wishes to sail on a rhumb from the Bermudas to Cape 
Fear, in latitude 33° 62' N., longitude 78° W. ; variation 10° W., deviation 
7° W. Find the compass course and distance. 
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Xd=790 logXd= 2.89763 

log cos in, = 9.02318 

cologXd= 8.02687 

log tan C = 10.84768 

C = N. 81° 66' W. 
Var. and dev. = 17° W. 



Compass course N. 64° 55' W. 



I>= Ld sec C. 
log Ld = 1.97313 
log sec C = 0.85197 
logD = 2.82510 
D = 668.6. 



taiiC = 



P 



24. A ship from latitude 36° 32' N. sails between south and west until 
she has made 480 miles of departure, and 9° 22' of difference of longi- 
tude. Required the latitude in, the course steered, and the distance run. 
[Take L« = i (U + L") + 13'.] 

» = 480 I T P 

log p= 2.68124 
log Xd = 2.74974 
log cosi;„= 9.93150 
Lm = 31° 20'. 
i" = 2(i„-13')-L' 

= 25° 42' N. 
id =10° 50' 
= 650. 



Ld 

log p = 2.68124 

logid = 2.81291 

log tan C= 9.86833 

C=S. 36°27'W. 

D = p CSC C. 

log p = 2.68124 
log CSC C = 0.22613 



logi)= 2.90737 
i>= 807.9. 



Exercise V. Page 116. 

1. Given i' 38° 14' N., i" 39° 51' N., X' 2° 7' E., X" 4° 18' E. ; required 
C and D. 

39° 51' N. Mer. parts = 2596.2 4° 18" E. 

38° 14' N. = 2471.8 



Ld= 1°37' = 97' 



tan C 



_ \d 



2° 7"E. 

Mer. Ld = 124.4 Xd = 2° 11" = 131' 

D = Ld sec G. 



Mer. Ld 

logXd = 2.11727 logid =1.98677 

colog Mtr. L,j = 7.90518 log sec C = 0.16205 

log tan C = 10.02245 log D = 2.14882 
.-. C = N. 46° 29' E. .-. B = 140.9. 



teachers' edition. 319 

2. Given V 49^ 63' N., X" 48° 28' N. , X' 6° 10' W., X" 5° 3' W. ; required 
CandD. 

49° 53' N. Mer. parts = 3446.0 6° 19' W. 

48° 28' N. Mer. parte = 3316.4 6° 3' W. 

id = 1° 25' = 85' Mer. Ld = 129.6 Xrf = 1° 16' = 76' 

taDC= -, ^^ • D=^Ld^ecC, 

M.er. Lid 

logXd =1.88081 logXd =1.92941 

colog Mer. Ld = 7.88730 log sec C = 0.06416 

log tan C = 9.76829 logI> = 1.99357 

.-. C = S. 30° 23' E. .-. D = 98.5. 

3. Given i' 64° 30' N. , X" 60° 40' N. , X' 4° 20' W. , X" 0° 10' E. ; required 
C and D. 

64° 30' N. Mer. parts = 5087. 7 4° 20' W. 

* 60° 40' K Mer. parts = 4582.2 0° 10' E. 

Xd= 3° 50' = 230' Mer.Xd= 505.5 X^ = 4° 30' = 270' 

tanC= --^- - D = XdsecC. 

M.er. djd 

logXd =2.43136 logXd =2.36173 

colog Mer. Ld = 7.29628 log sec C = 0.05569 

log tan C =9.72764 logD =2.42742 

.-. C = S. 28° 24' E. .-. I) = 261.5. 

4. Given X' 54° 54' S., X" 34° 22' S., X' 60° 28' W., X" 18° 24' W.; 
required C and I). 

54° 54' S. Mer. parts = 3938.7 60° 28' W. 

34° 22' S. Mer. parte = 2185.1 18° 24' W. 

Ld = 20° 32' = 1232' Mer. Ld = 1753.6 Xd = 42° 4' = 2524' 

<^ ^ = T>^ ^x • -D = Xd sec 0. 

Mer. Ld 

logXd = 3.40209 logXd ===3.09061 

colog Mer. Xd = 6.75607 log sec C = 0.24376 

log tan C =10.15816 log I) =3.33437 

... C = X. 55° 13' E. .-. B = 2160. 

5. Given X' 17° 0' N., X" 20° 0' N., X' 180° 0' E. , X" 177° 0' E. ; required 
C and D. 

20° 0' N. Mer. parte = 1217.3 180° 0' E. 

17° 0' y. Mer. parte = 1028.6 177° 0' E. 

Xd= 3° 0'= ISC' MerXd= 188.7 Xd= 30° 0' = 180' 
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ta,nC = -r^ Z) = Xd8ecC. 



logXd = 2.25527 




logXd =2.25527 


cologMer.Ld= 7.72423 




log sec = 0.14052 


log tan C = 9.07950 




logD =2.39579 


C = N. 43° 39' W 


D = 248.8. 


6. Given X' 45° 15' N., X' 


36° 


26' W., N. 49° E., D 175; required 


i" and X". 






Xd = 2) cos C. 




Xd = D sin sec X«. 


logD =2.24301 




logD = 2.24301 


log cos = 9.81694 




log sin = 9.87778 


logXd =2.06995 




log sec X«= 10.16980 


Xcf=115' 




logXd = 2.27959 


= 1°55' 




.-. Xd = 190' 


X' = 46°15' 




= 3° 11' 


X" = 47° 10' N. 




X' = 35°26' . 


Lm = 46° 12'. 




X" = 32° 16' W. 


7. Given X' 55°1'N., XT 


'26' 


E., ON. 10° E., D246J required i" 


and X". 






Xrf = D cos C. 




55° 1' N., Mer. parts = 3950.9 


logD =2.39094 




69° 3' N., Mer. parts = 4395.3 


log cos C = 9.99313 




Mer. Ld = 444.4 


logD =2.38407 




Xd = Mer. Xd X tan 0. 


D=242' 




log Mer. Xd = 2.64777 


= 4° 2' 




log tan = 9.24632 


i' = 65° 1' 




logXd =1.89409 


X" = 59° 3' N. 




.•.Xd=78' 


X„=57°2'. 




= 1° 18' 
X' = 1° 25' 
X" = 2° 43' E. 


8. Given X' 50° 48' N., X' 9° 10' 


W., S. 41° W., D 275 ; required i" 


and X". 






Xrf = D cos C. 




50° 48' N., Mer. parts = 3632.0 


logD =2.43993 




47° 20' N., Mer. parte = 3215.2 


log cos = 9.87778 




Mer.Xd = 316.8 


logXd =2.31771 




Xd = Mer. Xd tan 0. 


.-. Xrf = 208' 




log Mer.Xd =2.50079 


= 3° 28' 




log tan = 9.93916 


X' = 50° 48' 




logXd =2.43995 


i" = 47° 20' N. 




Xd = 275' 


X« = 49°4'. 




= 4° 35' 
V= 9° 10' 
X" = 13° 45' W. 
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9. Given i' 37° (/ N., X" 51° 18' N., X' 48° 20' W., D 1027 ; required 

V and C. 

Mer. paxtfi = 3679.6 

Mer. parts = 2378.8 

Mer. Ld = 1200.8 

\d = Mer. Ld tan C. 

log Mer. Xd = 3.07947 
log tan C = 9.81804 
logXd =2.89751 

Xd=790' 

= 13° 10' 
X' = 48° 20' 
X" = 61°30' W.or35°10' W. 

10. Given U 51° 15' N., X" 37° 5' N., X' 9° 50' W., C S.W. by S.;' 
required X" and I). 





51° 18' N. 




37° O'N. 


Ld 


= 14° 18' 




= 858'. 


cosC 


^Ld 


Xd 


= 2.93349 


D 


= 3.01157 



log COS C = 9.92192 

C = N. 33° 20' W. 



5P 15' N. 
37° 5'N. 
Ld = 14° 10' 

= 850'. 
C = 33° 45'. 
D — Ld sec C. 
log Ld =2.92942 
log sec (7 = 0.08015 
logD =3.00957 - 
D=1022. 



Mer. parts = 3574.8 
Mer. parts = 2385.1 
Mer. Ld = 1189.7 

\d = Mer. Ld tan C, 
log Mer. Ld = 3.07542 
log tan C = 9.82489 
logXd =2.90031 

\d = 795' 

= 13° 15' 
X'= 9° 50' 
X" = 23' 



5' W. 

11. Required the course and distance from Toulon to Valencia, by 

Mercator's sailing: 

rL = 43° 8'N. Valencia (^ = ^^'^^'^- 

E. Valencia^^^ 0° 19' W. 

Mer. parts = 2858.3 5° 56' E. 

Mer. parts = 2565.2 0° 19' W. 

Mer..id= 293.1 



Toulon 

43° 8'N. 
39° 27' N. 



?L = 43° 8': 
I X = 5° 56' : 



Ld= 3° 41' = 221' 

D = Ld sec 0. 

logLd =2.34439 
log sec = 0.21050 
logD =2.55489 
D= 358.8. 



\d = 6° 15' = 376' 

tanC=-p^- 
Mer. Ld 

logXd = 2.57403 

log Mer. Ld = 2.46702 

log tan =10.10701 

C = S. 61° 59' W. 
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12. Required the comina coarae and distance from Cape East, New 
Zealand, to San Francisco ; Tariation 14^ 20^ E., and deviation 5° 40^ £. : 
fL= 37=40'S. ^ _^ . fL= 37°48'N. 



3540' 





*^ L X = 1T>= 3t>' 


E. ^^ 


'"*~"^"^"IX=1220 24'W. 




37= 4h' X. Mer. 


parts 


= 2439.0 178° 36' E. 




37= 44r S. Mer. 


parts 


= 2428.9 122° 24' W. 


JU = 


= 70= :i»' = 4o2S' Mer. L^ 


= 4867.9 Xrf= 69° 0^ = 3 




D=L^secC. 




t^r^r— ^ 






Mer. Ld 




loeLrf =3.»V>091 




logXd =3.54900 




log sec r = 0.(^^2-12 




log Mer. id = 3.68734 




logD =3.74M3 




log ton C = 9.86166 




D=5599. 




C=N. 36° 2' E. 
Var. and dev. = 20° 0' L. 



Compass conise = N. 16° 2' E. 



13. Required the course and distance from Cai)e Lopatka to Callao : 

^ ^ ,_ (L= 51° rx. ^„ fL= 12° 4'S. 

CapeLopatka|^^^^,^g Callaoj^^ 77° 14' W. 

51° 2' N. Mer. parts = 3554. 1 156° 50' E. 

12° 4' S. Mer. parts = 724.6 77° 14' W. 

Ld = 63° 6' = 3786' Mer. id = 4278.7 234° 4' 

360° - 234° 4' = 125° 56' = 7556 m.= Xd. 

D=XdsecC. tanC= ^,^^ - 

Mer. Ld 

logLd =3.57818 logXd = 3.87829 

log sec C = 0. 30744 colog Mer. Ld = 6.36869 

logD =3.88562 log tan C =10.24698 

D=7685. C=S. 60°29'E. 

14. A ship from latitude 20° 40' X. sails X.E. by X. until she is in 
latitude 27° 16' X. Required the distance and difference of longitude. 

27° 16' X. Mer. parts = 1691.0 

20° 40' X. Mer. parts = 1259.7 

Ld= 6° 36' =390'. Mer. Ld = 431.3 

C = 33° 45'. 

D= Ld sec C% \d = Mer. Ld tan C. 

logLd =2.59770 log Mer. Ld = 2.63478 

log sec C = 0.08015 log tan C = 9.82489 

logD =2.67786 logXd =2.45967 

p-^-^^^ Xd = 288' = 4° 48'. 
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15. A ship from Cape Clear, in latitude 51° 26' N. and longitude 9° 29' 
W., sails S.W. by S. until the distance run is 1022 miles. Find the lati- 
tude and longitude in by Mercator's and Middle Latitude Sailings. Which 
method is preferable ? 

By Mercator's Sailing, 
Mer. parts of 61° 26' = 3692.4 
Mer. parts of 37° 16' = 2398.8 
Mer. Ld = 1193.6 





Ld = D cos C. 


Xrf = Mer. Ld tan C. 


i>=1022 


log D = 3.00946 


log Mer. Ld = 3.07686 


C = 33° 46' 


log cos C = 9.91985 


log tan C = 9.82489 




logLd =2.92930 


logXd ' =2.90176 




id = 860' 


Xd = 798' 




= 14° 10' 


= 13° 18' 




X' = 61° 26' 


X'= 9° 29' 




L" = 37° 16' N. 


X" = 22° 47' W. 




i„=44°21'N. 


By Mid. Lat. Sailing, 
Xd = D sin C sec L„ 
logD =3.00945 
log sin C =9.74474 
log sec L„ = 0.14564 


Mercator's 


Sailmg is preferable, 


logXd =2.89983 


since 


C<45°. 


\d = 794' 

= 13° 14' 
X'= 9° 29' 
X" = 22° 43' W. 




Exercise VI. 
1. 


Page 312. 



a 


D. 

48 
36 
24 


N. 


S. 

44.3 
29.9 


E. 


W. 


S.S.W. 
S.W. by S. 
N.E. 


2 pts. 

3 pt8. 
4pts. 


17 


17 


18.4 
20. 


Hence, Ld = 57.2 S. 
= 0° 57' S. 




74.2 
17. 


17 


38.4 
17. 


P 


= 21.4W 


r 


57.2 


21.4 
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a 


D. 


N. 


8. 


K 


W. 


S.}E. 

S.W.JS. 

S.S.W.iW. 


}pt. 
3}pt8. 
2tpt8. 


18 
37 
56 




17.9 
28.6 
50.6 


1.8 


23.5 
23.9 


Hence, irf = 97.1 S. 
-1°37^S. 





97.1 
0. 


1.8 


47.4 
1.8 


T 


=»45.6W. 


97.1 


45.6 



3. 



a 


D. 


N. 


8. 


E. 


W. 


S.S.W. J w. 
S.S.W. } w. 
S.byW.}W. 


2ipt8. 
2iptB. 
lipts. 


43 
39 
27 




38.9 
34.4 

25.8 




18.4 

18.4 

7.8 


Hence, Xd = 99.1 S. 
- 1° 39^ S. 







99.1 
0. 





44.6 
0. 


P = 


.44.6W. 


99.1 


44.6 



a 


D. 


N. 


8. 


E. 


W. 


N. 25° W. 
N. 8°E. 
N. 19° E. 
N. 76° E. 


16.4 

7.8 

13.7 

39.6 


14.9 
7.7 

13.0 
9.6 




0.1 

1. 

4.5 

38.4 


6.9 


Hence, Zd = 45.2 N. 
-0°45^N. 
p - 37.1 E. 


45.2 
0. 





44. 
6.9 


6.9 


45.2 


37.1 
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a 


D. 


N. 


8. 


E. 


W. 


\V.N.W. \ w. 

N.N.E. f E. 
N. by E. i E. 
S.S.W. i W. 


Q\ pts. 
2ipt8. 
lipts. 
2ipt8. 


21 
9 
9 

30 


7.1 
7.7 
8.5 


27.1 


4.6 
3.0 


19.8 
12.8 


Hence. L4 - 3.8 S. 
-0°4^S. 




23.3 


27.1 
23.3 


7.6 


32.6 
7.6 


P~ 


25.0 W. 


3.8 


25.0 



6. 



a 


D. 


K 


8. 


E. 


TT. 


S. 83° W. 
S. 48° E. 
N. 48° W. 
N. 36° W. 


23 
25.2 

27.1 
2.1 


18.1 
17. 


2.8 
16.9 


18.7 


22.8 

20.1 
12.3 


Hence, L^ - 15.4 N. 
-0°15^N. 
p - 36.5 W. 


35.1 
19.7 


19.7 


18.7 


55.2 
18.7 


15.4 


36.5 



C. 


D. 


N. 


8 


E. 


W. 


S. 17° E. 


48 . 




45.9 


14.0 




S. 45° W. 


19 




13.4 




13.4 


N. 36° W. 


18 


14.6 






10.6 


N. 41° W. 


50 


37.7 






32.8 


E. (90°). 


36 


.0 


.0 


36.0 




Hence, id = 0° 7' S 




52.3 


59.3 
52.3 


50.0 


56.8 
50. 


p - 6.8 W. 












7. 


6.8 



326 



NAVIGATION. 



c. 


D. 


N. 


8. 


E. 


W. 


N.N.E. 


2 pts. 


31 


28.6 




11.9 




E.N.E. 


6pta. 


35 


13.4 




32.3 




E. by S. 


7 pts. 


3G 




7 


35.3 




S.S.E. 


2 pts. 


51 




47.1 


19.5 




S. by E. 


Ipt. 


60 




58.8 


11.7 




Hence, L4 = 70.0 




42.0 


112.9 


110.7 




-1°1F 


S. 
E. 




42.0 






1^ 


= 110.7 


70.9 



a 


D. 


N. 


^. 


E, 


W. 


S. 44° E. 
S.'85° E. 
S. 27° E. 
N. 37° W. 
N. 20° W. 


69 
68 
25 
5 
13 


4.0 
12.2 


49.6 

5.9 

22.3 


47.9 
67.7 
11.3 


3.0 
4.4 


Hence, Zd=01.6 

= 1° 2' S. 


16.2 


77.8 
16.2 


126.9 
7.4 


7.4 


;>- 119.5] 


E. 


61.6 


119.5 



Exercise VII. Page 318. 



1. First course : N.N.E. = 2 points R. of N. = N.22°30''E., 31.4 m. 

Second course : E.N.E. = 6 points R. of N. = N. 67° 30' E., 35 m. 

Third course : E. by S. = 7 points L. of S. = S. 78° 45' E., 36.1 m. 

Fourth course : S.S.E. = 2 points L. of S. = S. 22° 30' E., 50.9 m. 
Tide course : = 1 point L. of S. = S. 11° 15' E., 60 m. 
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The Traverse. 



a 


D. 


K 


S. 


• E. 


W. 


N.N.E. 


2pts. 


31.4 


29. 




12. 




E.N.E. 


6pt8. 


35. 


13.4 




32.3 




E. by S. 


7pt8. 


36.1 




7. 


35.4 




S.S.E. 


2pts. 


50.9 




47. 


19.5 




S. by E. 


Ipt. 


60. 




58.8 


11.7 




id =70.4' 


= PIO'S. 


42.4 


112.8 


110.9 


= P' 




= 46° 28' N. 




A2A 






= 45° 18' 


N. 


70.4 



P = 110.9 \d = P8GC Lm- 

Lm = 45° 53' logp = 2.04493 

log sec Xn,= 0.15731 

logXd = 2.20224 

2. First course: 

S. by W.= 1 pt. R. of S. 

Variation 

True course 

Hence, course and distance S. 1° 5' E, 

Second course (starboard tack) : 

S.W. by S.= 3 pts. R. of S. 
Leeway = 1 pt. L. 

2 pts. R. of S, 

Variation 

True course 

Hence, course and distance S. 10° 10' 
Third course: 

S.W. by W.= 5pts. R. of S. 

Variation 

True course 

Hence, course and distance S. 43° 55' 

Current course: 

W.S.W.= 6ptB. R. of S. 

Variation 

True course 

Hence, course and distance S. 55° 10' 



Xd = 159.3' 

= 2°39'E. 
X' = 22° 18' W. 
X'' = 19° 39' W. 

= 11° 15' R. of S. 
12° 20' L. of S. 
1° 5' L. of S. 
, 40 m. 



= 22° 30' R. of S. 

12° 20' L. 

10° 10' R. of S. 
W., 69.6 m. 

= 56° 15' R. of S. 

12° 20' L. 

43° 55' R. of S. 
W., 58.5 m. 

= 67° 30' R. of S. 

12° 20' L. 

55° 10' R. of S. 
W., 36 m. 
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The Traverse. 



a 


D. 


N. 


S. 


K 


W. 


S. PE. 




40. 




40. 


0.7 




S. 10° W. 




69.6 




68.6 




12.1 


S. 44° W. 




58.5 




42.1 




40.7 


S. 55° W. 




36. 




20.6 




29.5 


Ld = 171.3' 


= 2°5rs. 




171.3 


0.7 


82.3 




= 33° 40' N. 






P^ 


0.7 


= 30° 49 


'N. 


81.6 



1? = 81.6 Xd = p8eciw 




Xd = 96' 


Lm = 32° 15' logp = 1.91169 




= 1°36'W. 


log sec i„ = 0.07277 




X' = 16° 20' W. 


logXrf= 1.98446 




X"= 17°56' W. 


3. Firsst course (starboard tack) : 






N. by E.= lpt. R. of N. 






Leeway = 1 pt. L. 






= due north = 


0° 




Variation . . . . W. 


13° 


30' L. 



13° 30' L. of N. 
Hence, course and distance N. 13° 30' W., 37.7 m. 

Second course {starboard tack) : 

N.= 0°pt. 
Leeway = 1 pt. L. 

1 pt. L.= 11°15'L. of N. 
Variation . . . . W. 13° 30' L. 



24° 45' L. of N. 
Hence, course and distance N. 24° 45' W., 38.7 m. 

Third course (starboard tack) : 

N.N.W.= 2pts. L. ofN. 
Leeway = 1 pt. L. 



3 pts. L. of N.= 33° 45' L. of N. 
Variation . . . . W. 13° 30' L. 

47° 15' L. of N. 
Hence, course and distance N. 47° 15' W., 76.5 m. 
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Current course: 

W.N.W.=6 pts. L. of N.= 67° SO" L. of K. 
Variation 13° 30' L. 



81^ O'L-ofN. 
Hence, course and distance N. 81° W., 12 m. 

The Traverse. 



c. 


D. 


N. 


S. 


E. 


W. 


N. 14° W. 
N. 25° W. 
N. 47° W. 
N. 81° W. 


37.7 
' 38.7 
76.5 
12. 


36.6 
35. 
52.1 
1.9 






9.2 
16.4 
56. 
11.9 


id =125.6'= 2° 6'N. 
i' = 19° 30' S. 
i" = 17° 24' S. 


125.6 




P = 


93.5 



p = 93.5 Xd = p sec i^. 

i«=18°27' logp =1.97081 

log sec i« = 0.02296 
logXd =1.99377 



= 1° 39' W. 
X^ = Qo 10^ E. 
X" = 1° 29' W. 



4. Departure course (the opposite of W.S.W.): 

E.N.E. The ship's head S.E. by E.; the deviation is the same as for 
the first course. 

E.N.E.= 6 pts. R. of N.= 67° 30' R. of N. 

Variation and deviation . . 17° L. 

50° 30' R. of N. 
Hence, course and distance N. 60° 30' E., 18 m. 

First course : 

S.E. by E.= 5 pts. L. of S.= 56° 15' L. of S. 
Variation and deviation . . . 17° L. . 
True course .... 



73° 15' L. of S. 
Hence, course and distance S. 73° 15' E., 52 m. 
Second course (port tack) : 

S.E. = 4 pts. L. of S. 

Leeway = ^ pt. R. 

3i pts. L. of S. = 39° 22' L. of S. 
Variation and deviation . . . 19° L. 

True course 58° 22' L. of S. 

Hence, course and distance S. 58° 22' E., 43 m. 
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Third course (starboard tack): 

E. by N.= 7pta. R. of N. 
Leeway = 1 pt L. 



6 pte. R. of N. = 67° 3(K R. of N. 
Variation and deviation . . 11° l. 



True course 66® SO' R. of N. 

Hence, course and distance N. 56° 3(K E., 36 m. 

Fourth course (starboard tack): 

E.y.E. =6 pts. R. of N. 
Leeway = 1| pts. L. 

4i pts. R. of N. = 50° 37' R. of N. 
Variation and deviation . . 13° L. 



True course 37° 37' R. of N. 

Hence, course and distance N. 37° 37' E., 27 m. 

Fifth course (port tack) : 

S.S.E.= 2pte. L. of S. 
Leeway = 2 pts. R. 



pts. = due south = 0° 
Variation and deviation . . 21° L. 



True course 21° L. of S. 

Hence, course and distance S. 21° E., 24 m. 

Sixth course (port tack) : 

S.E. by S.= 3 pts. L. of S. 
Leeway = li pts. R. 

U pts. L. of S.= 19° 41' L. of { 
Variation and deviation ... 20° L. 



True course 39° 41' L. of S. 

Hence, course and distance S. 39° 41' E., 29 m. 

Current course : 

S. by E.= 1 pt.= L. of S.= 11° 15' L. of S. 
Variation 28° L. 



39° 15' L. of S. 
Hence, course and distance S, 39° 15' E., 12 m. 
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The Traverse. 



c. 


D. 


N. 


S. 


E. 


W. 


N. 61° E. 


18 


11.3 




14.0 




S. 73° E. 


62 




16.2 


49.7 




3. 58° E. 


43 




22.8 


36.5 




N. 67° E. 


36 


19.6 




30.2 




N. 38° E. 


27 


21.3 




16.6 




S. 21° E. 


24 




22.4 


8.6 




S. 40° E. 


29 




22.2 


18.6 




S. 39° E. 


12 




9.3 


7.6 




Ld = 4(y S. 
L' = 47° 31' N. 


62.2 


91.9 
62.2 


181.8 


= P' 


i" = 4(5° 61' 


N. 


39.7 



p= 181.8 
im = 47°ir 



\d — p sec Lm' 
logp =2.25959 

log seci;„ = 0.16771 

log \d = 2.42730 



Xd = 267' 

= 4°27'E. 
X' = 52° 33' W. 



X" = 48° 6' W. 



5. Departure course (the opposite of W. by S. i S.): 

E. by N. i N. = Of pte. R. of N. 
= 75° 56' R. of N. 
Variation and deviation . . 34° R. 



109° 56' R. of N. 
Hence, course and distance S. 70° E., 17 m. 

First course (port tack) : 

S.S.E.= 2 pts. L. of S. 
Leeway = 2:1^ pts. R. 

ipt. R. of S.= 2°49'R. of S. 
Variation and deviation . . . 34° R. 



36° 49^ R. of S. 
Hence, course and distance S. 37° W., 21 m. 



332 NAVIGATION. 

Second course (starboard tack): 

S.S. W. i W. = 2i pts. R. of S. 
Leeway = 2^ pts. L. 



i pt. L. of S.= 2° 49^ L. of S. 
Variation and deviation . . . 27^ R. 

24«» 11' R. of S. 
Hence, course and distance S. 24° W., 20 m. 

Third course (port tack) : 

W.S.W.= 6 pts. R. of S. 
Leeway = 2i pts. R. 

8i pts. R. of S.= 7i pts. L. of N. 
= 84° 22' L. of N. 
Variation and deviation . . . 22° R. 

True course 62° 22' L. of N. 

Hence, course and distance N. 62° W., 24 m. 

Fourth course (starboard tack): 

W. i N. = 7i pts. L. of N. = 84° 22' L. of N. 
Variation and deviation . . . 20° R. 
True course . . . . 64° 22' L. of N. 

Hence, course and distance N. 64° W. , 26 m. 

Fifth course (starboard tack): 

East = 8 pts. R. of N. 
Leeway = 2^ pts. L. 

5i pts. R. of N. = 61° 52' R. of N. 
Variation and deviation . . 41° R. 

True course 102° 52' R. of N. 

Hence, course and distance S. 77° E., 19 m. 

Sixth course (starboard tack) : 

E.S.E.= 6 pts. L. of S.= 67° 30' L. of S. 
Variation and deviation . . . 40° R. 

True course 27° 30' L. of S. 

Hence, course and distance S. 28° E. , 18 m. 

Current course: N.N.E.= 2 ptB. R. of N. 

= 22° 30' R. of N. 

Variation 31^ R. 

True course 53° 30' R. of N. 

Hence, course and distance N. 54° E., 21 m. 
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The Traverse. 



a 


D. 


N. 


S. 


E. 


W. 


S. 70° E. 
S. 37° W. 
S. 24° W. 

N. 62° W. 
N. 64° W. 
S. 77° E. 
S. 28° E. 
N. 54° E. 


17 
21 
20 
24 
26 
19 
18 
21 


11.3 
11.4 

12.3 


5.8 
16.8 
18.3 

4.3 
15.9 


16.0 

18.5 
8.5 
17. 


12.6 

8.1 

21.2 

23.4 


Ld = 26' S. 
X' = 62° 0' N. 


35.0 


61.1 
35.0 


60. 


65.3 
60. 


L" = 61° 34' 


N. 


26.1 


5.3 



p =5.3 
I,« = 61°47' 



Xd = p sec Ljn- 
logp = 0.72428 
log sec Xm = 0.32532 
logXrf= 1.04960 



Xd = IV W. 

X' = 150° (YE. 
V = 149° 49^ E. 



6. D^fHirture course (the opposite of N. f W.): 

S. i E.= i of a pt.= 8° 26' L. of S. 
Variation and deviation . . . 8° R. 

0° 26' L. of S. 
Hence, course and distance S., 19 m. 
First course (port tack) : 

S.W. i W.= 4i pts. R. of S. = 50° 37' R. of S. 
Variation and deviation . . . 8° R. 

True course 58° 37' R. of S. 

Hence,' course and distance S. 59° W., 58 m. 
Second course (starboard tack): 

N. f E. = f pt. R. of N. 

Leeway = 3^ pts. L. 

2i pts. L. of N.= 28° 7' L. of N. 
Variation and deviation . . . 17° R. 

True course 11° 7' L. of N. 

Hence, course and distance N. 11° W., 15 m. 
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Third course (starboard tack): 

S.E. iE.= Hpts. L. of S. 
Leeway = 2f pts. L. 

4i pts. L. of S.= 47° 48' L. of S. 
Variation and deviation . . . 20° R. 



True course 27° 48' L. of S. 

Hence, course and distance S. 28° E., 9 m. 

Fourth course (port tack) : 

W. by S.= 7 pts. R. of S. 
Leeway = i pt. R. 

7i pts. R. of S. = 81° 33' R. of S. 
Variation and deviation ... 0° 



True course ..... 81° 33' R. of S. 
Hence, course and distance S. 82° W., 60 m. 

Fifth course (starboard tack) : 

E.N.E.= 6 pts. R. of N. 
Leeway = 2^ pts. L. 

3i pts. R. of N.= 39° 22' R. of N. 
Variation and deviation . . . 33° R. 

True course 72° 22' R. of N. 

Hence, course and distance N. 72° E., 12 m. 

Sixth course (port tack) : 

S.S.W. i W.= 2i pts. R. of S. 
Leeway = If pts. R. 

4i pts. R. of S.= 47° 48' R. of S. 
Variation and deviation . . . 10° R. 



True course 67° 48' R. of S. 

Hence, course and distance S. 58° W., 22 m. 

Current course : 

S. W. i W.= 4i pts. R. of S.= 47° 48' R. of S. 
Variation 14° R. 



True course 61° 48' R. of S. 

Hence, course and distance S. 62° W., 42 m. 
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The Traverse. 



c. 


D. 


N. 


S. 


E. 


W. 


s. 

S. 59° W. 
N. 11° W. 
S. 28° E. 
S. 82° W. 
N. 72° E. 
S. 68° W. 
S. 62° W. 


19 
68 
15 
9 
60 
12 
22 
42 


14.7 
3.7 


19.0 
29.9 

7.9 
7.0 

11.7 
19.7 


4.2 
11.4 


49.7 
2.9 

49.6 

18.7 
37.1 


La = 7r= 1°17'S. 
U = 60° 12' S. 


18.4 


96.2 

18.4 


16.6 


167.9 
16.6 


U' = 61° 


29' S. 


76.8 


142.3 



p = 142.3 
L„, = 60° 61' 



\d = p aec Lm. 
logp =2.16320 

log seciw= 0.19973 

logXd =2.36293 



\d = 226' 

= 3° 46' W. 
X' = 179° 40' W. 



176° 35' E. 



7. First course : 

S.E.= 4 pte. L. of { 
Variation and deviation . . 1^ pts. L. 



True course .... 6^ pts. L. of S. 
Hence, course and distance S. 5^ pts. E., 27.8 m. 



Second course : 



Variation 
True course 



E.S.E. i E.= 6i pts. L. of S. 
If pts. L. 



8 pts. L. of S. = due east. 



Hence, course and distance E. 75.2 m. 

Third course : 

E. = 8 pts. R. of N. 
Variation and deviation . . 1^^ pts. L. 

True course . . . . 6f pts. R. of N. 
Hence, course and distance N. 6f pts. E., 8.7 m. 
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The Tkayerse. 



c. 


D. 


N. 


8, 


E, 


W. 


S. ^ pts. E. 

E. 

N. 6f pte. E. 


27.8 

75.2 

8.7 


2.1 


13.1 


24.6 

76.2 

8.4 




Ld = IV S. 
L' = 36° 42' N. 


2.1 


13.1 
2.1 


108.1 


= P' 


i"=36°31' 


N. 


11.0 



1) = 108.1 
L„, = 36° 37' 



Xd = p sec Ln. 
logp =2.03383 
log sec Xw = 0.09648 
logXd =2.12931 



Xd=136' 

= 2° 16' E. 
\' = 4° 26' W. 
X" = 2° 10' W. 



Exercise VIII. Page 333. 

1. Find the elements (initial courses, distance, and latitude and longi- 
tude of the vertex) of the great circle track between the Lizard, in latitude 
49° 68' N., longitude 6° 12' W., and the Bermuda Islands, in latitude 32° 
18' N., longitude 64° 60' W. 

Referring to the triangle CPC\ 

Lat. C" = 49° 68' N. 

Long. C'= 6°12'W. 

Lat. C = 32° 18' N. 

Long, a = 64° 60' W. 
c = 90° - 49° 68' = 40° 2'. 
c' = 90° - 32° 18' = 67° 42'. 




Xd = 64° 60' - 6° 12' = 69° t 



To find the initial courses : 
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log sin = 9.18628 

colog8m= 0.12310 

log cot = 10.24178 

log tan i (C - C) = 9.66116 

|(C'-C) = 19°35'. 



i(c'-c)= S'^BO', log cos = 9.99482 

Kc' + c) = 48<» 52', cologcos= 0.18190 

i\d =29^48', log cot = 10.24178 

log tan i (C 4- C) = 10.41850 

i(C'4- C) = 69° r 

i(C'- C) = 19^_36' 

.-. C = N. 88° 42' W.= course from Lizard. 
C = N. 49° 32' E. = course from Bermudas. 
To find the distance : 



i{c + c') =48° 52', 
i(C4-C') = 69° 
iXd =29° 



t^- 


co8i{C4- 


(.,) »"^ T Arf. 




52', 




log cos 


= 9.81810 


7', 




colog cos 


= 0.44798 


49', 




log sin 


= 9.69656 


iD = 


= 23° 26'. 


log cos i D 


= 9.96263 


2) = 


= 46° 62' = 


2812 m. 





To find L of V. 
sin PF = sin c' sin C. 
log sine' =9.92699 
log sin C = 9.88126 
log sin PF= 9.80826 
PF=40°1'. 
i of F = 90° - 40° 1' 
= 49° 69' N. 



To find X of F. 
cot CPF = cose' tan C 
log cose' = 9.72783 
log tan C = 10.06901 
log cot CPF= 9.79684 
CPF = 67° 66'. 
X of C = 64° 50' 
67° 56' 
X of F = 0° 54' W. 



2. Find the elements of the great circle track between Boston (Minot's 
Ledge light-house) in latitude 42° 16' N., longitude 70° 46' W., and Cape 
Clear, in latitude 61° 26' N., longitude 9° 29' W. [Take i Xd = 30° 39'.] 

Lat. C" = 61° 26' N. "P 

Long. C = 9° 29' W. 

Lat. C = 42° 16' N. c> 

Long. C = 70° 46' W. 

c = 90° — 51° 26' = 38° 34'. 
c' = 90° - 42° 16' = 47° 44'. 
\d = 70° 46' - 9° 26' = 61° 17 

tan 1(0'+ C) = ^Q«^(^-^) cot i X^. 
cos 1 (c' 4- c) 

tani((7'-C) = '^"^<'^"'^ 




sin i (e' + e) 



cotiXd. 
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^ (c' — r) = 4P 35', 



loi»coa = 0.99861 
colo^oo8= 0.13604 
lo^ cot = 10.22726 



logsizL =^ 8.90260 
cologsiii= 0.16500 

log cot =^ 10j>2726 



logtaii^(C">C^ = 10.;i6281 logtani(C' — (7)= 9.29486 
^(C -H C) =66^ ;i3' i^C' — O) = 11° y. 

^(C' — r;) = i iQ IK 

.♦. C = N. 77^ 42' W. = coinse froiiL C£^)e Clear, 
a = N. 56° 24' EL =coiirae from Boston. 
To dnd the distance : 



i-Xd = '50° :59', 



ros 4-<c' -h^) 



log COS 
COlog COS 

log sin 



=9.86306 
= 0.40017 

= 9.70739 
log cos ID =9.97062 



.-. ^ 7) = 30° 50'. 

i) = 41°40'=2500m. 



To find L of F. 
gin PF = sin c' sin C. 
log sin r!' =0.86024 
log sin a = 0.01547 
log sin Pr = 0.78471 
... pr = :i7^32'. 
Loi r = 00° — 37°32' 
= 52° 28' N. 



To And \ of y. 
cot OPT = cose' tan G. 
log cose' = 9.82775 
log tan O = 10.16124 
log cot CPT:= 9.98899 
CPr = 45° 44' 
X of C = 70° 46' 
\of r = 25° 2' W. 



3. Find the elements of the great circle track between Vancofcror 
Lsland, in latitude r>0° X., longitude 128° W., and Honoiuin^ in latitnde 
21° 18' N., longitude 157^ 52' W. 

Lat. C — 50° X. 
Long. C" = 128° W: 
LaL a =21° 18' X. 
Long. C = ISr* 52' W. 

c =00° — 50° = 40°. 
..\yr ^, =()o° — 21°18' = 68°42'. 

X^ = 157° 52' — 128° = 29° 52'. 

tani(C'+C) = ^^^^^-7^cotiX.. 




tani(C'-C) = 



_ ens i (c' — r) 



sin ^ (c' -K c) 



cot ^ Ad, 
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t(C+c)~64°2r, cologcos= 0.23446 colog sin = 0.09013 

i\i ~14<^66% log cot = 10.67397 log tan =10.67397 

log tan i (C 4- C7) = 10.79466 log tan i (C - C) = 10.06828 
i(C'+C)= 80«63' i(C"-C) = 48°50' 

i(C^-C)= 48° 6y 
C = 129<^ 43' 

= S. 50° 17' W.= course from Vancouver. 
= N. 32° 3' E. = course from Honolulu. 
To find the distance : 

cosiD = -^^^ii^l±^)-siniX^ 
^ co8i(C'4-C) *^- 

iCc' + c) =54°2r, log cos =9.76654 

i(C7'+O = 80°53^ colog cos =0.80012 

iXd =14° 66', log sin = 9.41110 

log cos iD= 9.97676 
iD=18°34'. 

D=37° 8' = 2228 m. 

To find L of F. 

sin PF = sine' sin C. 
log sine' =9.96927 
log sin C = 9.72482 



log sin PV = 9.69409 
PV = 29° 38'. 
i of F = 90° - 29° 38' 
= 60° 22' N. 



To find X of F. 
cot CPV = cos c' tan C. 
log cose' =9.66020 
log tan C = 9.79663 
log cot CPF = 9.36683 
CPV= 77° 11' 
X of O = 167° 62' 
X of F = 80° 41' W. 



4. Find the elements of the great circle track between Cape Clear, in 
latitude 61° 26' N., longitude 9° 29' W., and Sandy Hook, in latitude 
40** N., longitude 74° W. 

Lat. C = 51° 26' N. 

I.ong. C" = 9° 29' W. 

I.at. C = 40° N. 

liOng. C = 74° W. 
c = 90° — 51° 26' = 38° 34'. 
c" = 90° — 40° = 60°. 
X^ = 74° — 9° 29' = 64° 31'. 




sin ^{c — c^ 



tan i (O — C) : 



sin i (c 4- cO 



cot -J \d. 
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^((^-0)= 5^43', log cos = 9.99784 

^ (c + c') = 44° 17', cologcos= 0.14515 

i Xd =32'' 16', log cot = 10.19972 

log tan i (C + C) = 10.34271 

i(C+ C') = 65°;i4' 

i(V-C) = 12^44' 

C = N. 78° 18' W. = course from Cape Clear. 
C = N. 52° 50' E. = course from Sandy Hook, 
To find the distance : 

cos i (c 4- c') 



log sin = 8.99830 

cologsm= 0.15602 

log cot = 10.19972 

log tan i(C"-C)= 9.35404 

i(C'— C7)= 12° 44'. 



cosi2) = 

i (€-{■&) =44° 17', 
i(C4-C') = 65°34', 
^Xd =32° 16', 



cosl(C4-C') 



sin^Xd. 

log cos 
colog cos 
log sin 



= 9.85485 
= 0.38338 
= 9.72743 



iD = 22°29'. 
D = 44° 58' = 2698 m. 



log cos iD= 9.96566 



To find L of V, 
sin PF = sin c sin C. 
log sine =9.79478 
logsin'C = 9.99088 
log sinPF= 9.78566 
PF=37°37'. 
i of F= 90° 00'- 37° 37' 
= 52° 23' N. 



To find \ of F. 
cot CPF = cose' tan C. 
log cose' = 9.80807 
log tan C = 10.12026 
log cot CPF = 9.92833 
CPF =49° 42' 
Xof C= 74° 0' 
Xof F=24°18' W. 



5. Find the elements of the great circle track between Lizard Light, 
in latitude 49° 58' N., longitude 5° 12' W., and Cape Frio, in latitude 
23° S., longitude 42° W. 

Lat. C = 49° 58' N. 

Long. C'= 5°12'W. 

Lat. C = 23° S. 

Long. C = 42° W. 
c = 90° - 49° 58' = 40° 2'. 
c' =90° 4- 23° =113°. 
Xd = 42° - 5° 12' = 36° 48'. 
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Kc' — c) = 36° 29', log cos = 9.90627 log sin = 9.77421 

i (c' + c) = 76° 31', colog cos = 0.63234 colog sin = 0.01214 

^ X^ =18° 24', log cot = 10.47801 log cot = 10.47801 

log tan ^ (C 4- C) = 11.01562 log cot i (C - 0) = 10.26436 

i (C 4- C) = 84° 29' ^ (C - C) = 61° 27'. 

i(C'- C)=: 61°27' 

C = S. 34° 4' W. = course from Lizard Light. 
C = N. 23° 2' E. = course from Cape Frio. 



To find the distance : 



- ^ COS'i (& + €) . , ^ 

^^^^== cosi(C'+C) ^^^^^'^- 



^(c'+c) = 76° 31', 
^((/ + c) = 84°29', 
i Xd = 18° 24', 



log cos = 9.36766 
colog cos = 1.01712 
log sin = 9.49920 
log cos iD= 9.88398 
•. il>=40°3'. 

I>=80°6' = 4806m. 



To find L of V. 
sin PF = sin c' sin C. 
sin 180° - 113° = sin 67° = c'. 
log sine' =9.96403 
log sin C = 9.69247 
log sin PF= 9.56650 
PV= 21° 7' N. 
90° 00' N. 
21° 7'N. 
iof F=68°53'N. 



To find X of F. 
cot CPF = cose' tan C. 
log cose' = 9.69188 (w) 
log tan C = 9.62855 
log cot CPV= 9.22043 (n) 
CPF= 99° 26' 
X of = 42° 00' 
Xof F=57°26'E. 



6. Find the elements of the great circle track between Cape Frio and 
Cape Good Hope, in latitude 34° 20' S., longitude 18° 30' E. (Reckon 
from the nearest pole.) 

Lat. C = 34° 20' S. 

Long. C = 18° 30' E. 

Lat. C = 23° S. 

Long. C = 42° W. 
c =90° — 43° 20' =55° 40'. 
c' = 90° - 23° = 67°. 
Xd = 42° + 18° 30' = 60° 30'. 
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i(c'-c)= 6°4(K, 
i(c' + c) = 01° 20', 
iXd =30° 16', 



log cos = 9.99787 
cologco8= 0.31902 
log cot = 10.23420 



log sin = 8.99450 
colog8m= 0.05679 
log cot = 10.23420 
log tan (C —C)= 9.28549 

^^C- C)= 10° 55'. 



log tan i (C^' + C) = 10.65109 

i (C + C) = 74° 18' 

i(C'-C)= 10°65' 

C = S. 85° 13' W.= course from C. Good Hope, 
O = S. 63° 23' E. = course from Cape Frio. 

To find the distance : 

, ^ cos i (c' + c) . , ^ 

^"^-^^=^ cosi(C'+C) ^"^^^' 

i{c'+c) =61° 20', log cos =9.68098 

i (C + C) = 74° 18', colog cos = 0.56767 

^Xd =30° 16', log sin = 9.70224 

log cos i 2) =9.95089 
i 2) =26° 44'. 
D = 63° 28' = 3208 m. 



To find L of V. 
sin P F = sin c' sin C. 
log sine' =9.06403 
log sin C = 9.9513 6 
log sin PF= 9.91538 
PF=55°23' 
Xofr=90° 0'-56°23' 
= 34° 37' S. 



To find X of V. 
cot CPV = cos c' tan C. 
log cose' = 9.59188 
log tan C = 10.30006 
log cot CPF= 9.89193 
CPF= 62° 3' 
42° 0' 
Xof F= 10° 3' E. 



7. Find the elements of the great circle track between Grand Port, 
Mauritius, in latitude 20° 24' S., longitude 57° 47' E., and Perth, in lati- 
tude 32° 3' S., longitude 115° 46' E. 

Lat. C" = 32° 3' S. 
Long. C'= 116° 45' E. 
Lat. C = 20° 24' S. 
Long. C = 67° 47' E. 

c =90° -32° 3' =57° 57'. 
c' = 90° — 2(;° 24' = 69° 36'. 
\a = 116° 46' - 57° 47' = 57° 68'. 
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^(c''-c)= 6° 60, log COB = 9.99776 

i (c' + c) = 63° 47', cologco8= 0.35481 

iXd =28° 59^, log cot = I0.2o6o.j 

log tan ^ (C + C) = 10.60912 

i(C'+ C) = 76°ir 
i(C'- C) = 1P_34; 



log sin = 9.00704 

colog sin = 0.04714 

log cot = 10.25656 

log tan i (C - C) = 9.31073 

|(C'-0) = IP 34'. 



C = S. 87° 45' E. = course from Perth. 
a = S. 64° 37' E.= course from Mauritius. 



To find the distance : 



, ^ cos i (c' 4- c) . , ^ 

cos iD = "^ rk~. "T^ sm i\d. 

cos i (C 4- C) 



i(C+c) =63° 47', 
i(C'H-C) = 76° 11', 
iXd =28° 59', 



log cos = 9.64679 
colog cos = 0.62194 
log sin = 9.68534 



log cos iD= 9.95247 
i 2) = 26° 19'. 
D = 52° 38' = 3168 m. 



To find L of V. 
sin PF = sin c' sin C. 
log sine' =9.97187 
log sin C = 9.95591 
log sin PF= 9.92778 
PF=67°62'. 
Lot F=90° 0'-57°62' 
= 32° 8'S. 



To find X of F 
cot CPF = cose' tan a. 
log cose' = 9.54229 
log tan C = 10. 32378 
log cot CPF = 9.86607 
CPV= 53° 42' 
X of C = 67° 47' 
Xof F=111°29'E. 



8. Find the elements of the great circle track between A, in latitude 
16° 38' N., longitude 70° 55' W., 

and B, in latitude 48° 2' N., Ion- P 

gitude 4° 36' W. 



Late =48° 2'N. 
Long. C = 4° 35' W. 
Lat. C = 16° 38' N. 
Long. C = 70° 65' W. 

c =90° -48° 2' = 41° 68'. 
c' = 90° - 16° 38' = 73° 22'. 
\a = 70° 65' - 4° 36' = 66° 20'. 




>? 
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tani(C+C)=«^»Jg:^^)o„tiX.. 



tani(C' 



. C) = »"^^(^""^) 



sin i(c'H-c) 
^ (c' - c) = 16« 42', log cos = 9.98349 
i(c' + c) = 57^40', cologcos= 0.27177 
|X</ =iiS''W, log cot = 1 0.18472 

log tan i (C + C) = 10.43998 Ic 
i(C'+ C) = 70^ 3' 



cot ^ Vf. 

log sin = 9.43233 

cologsm= 0.07317 

log cot = 10.18472 

gtani(C'— C)= 9.69022 

i(C'-C) = 26° 6'. 



C" = N. 96° U'W. 

= S. 83° 61' W.= course from B. 
C = N. 43° 57' E. = course from A. 



To find the distance : 



i (c' + c) = 67° 40', 
I (C + C) = 70° 3', 
i\d =33° 10', 



, _ cos i (c' + c) . - ^ 

i-^= 71::? fsm^Vf. 

" cos i (c' — c) 

log cos 



colog cos 
log sin 



= 9.72823 
= 0.46699 
= 9.73806 



iD=30°67'. 
i)= 61° 64'= 3714 m. 



log cosiD = 9.93327 



To find L of V. 
sin PF = sine' sin C. 
log sine =9.98144 
log sin C = 0.84138 
log sin Pr= 0.82282 
PF= 41°41'. 
XofF=90° 0'-41°41' 
= 48° 19' N. 



To find Xd of F. 
cot CPV = cos c' tan C. 
log cose' =9.46674 
log tan C = 9.98408 
log cot CPF= 9.44082 
CPF= 74° 34' 
\ of C = 70° 66' 
\ofF= 3°39'E. 



9. A ship sails from A., in latitude 40° S., longitude 148° 30' E., to B, 
in latitude 12° 4' S., longitude 77° 14' W. 
Compare the great circle and the rhumb- 
line between A and B. 

Late = 40° S. 
Long. C = 148° 30' E. 
Lat. C = 12° 4'S. 
Long. C = 77° 14' W. 

c = 90° -40° =60°. 
c' = 90° - 12° 4' = 77° 66'. 
Xd = 148° 30' + 77° 14' 
= 226° 44', or 134° 16'. 
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^HC^^C) = ^^l^^coH^, 



J. 1 />^/ ^x sin 4^(c' — c) 



^(c'-c) = 13° 58', 
^(c' + c) = 63° 58', 
iXd =67° 8', 



log cos = 9.98697 
colog cos =0.35764 
log cot = 9.62504 



log sin = 9.{ 
colog sin = 0.04646 
log cot = 9.62504 



log tan i (C + C) = 9.96965 log tan i (C - C) = 9.05416 
i(C'4-C) = 43° 0' i(C'-C) = 6° 28'. 

i(C'-C)= 6° 28' 

C = S. 49° 28' E. = course from A. 
C = S. 36° 32' W. = course from B. 



To find the distance : 

, _. cos i (c' + c) . , 

cos iD= f-)"; f sin iXd. 

cos i(c' — c) ^ ^ 



iic' + c) =63° 58', 
^(0'+C) = 43° 0', 
iVf =67° 8', 



iD= 56° 26'. 
D = 112° 52' = 6772 m. 



log cos = 9.64236 
colog cos =0.13587 
log sin =9.96445 

log cos iD = 9.74268 



To find L of V. 
sin PF = sine' sin C 
log sine' =9.99021 
log sin C = 9.77473 
log sin Pr= 9.76494 

PF= 36° 36'. 
iofF=90° 0'-35°36' 
= 54°24'S. 



To find X of F. 
cot CPF = cose' tan C. 
log cose' =9.32025 
log tan C = 9.86974 
log cot CPF= 9.18999 

CPV= 81° 12' 
XofC= 77° 14' 
Xof F=158°26' W. 



To find id. 
X' = 40° S. 
i"=12° 4' 5 



Ld = 27° 56' 
= 1676 m. 



By Rhumb Line : 
To find Lm. 
U = 40° S. 
X"=12M^ 

2 )52° 4' 
L„, = 26° 2' 



To find \d. 

X' = 148° 30' E. 

X'^= 77°14'W. 

\d = 225° 44' 

= 360° — 225° 44' 
= 134° 16' = 8056 m. 
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To find the course. 

logVf = 3.90612 
logco8L,„= 9.95364 
cologLc/ = 6.77673 
log tan a = 10.63639 



To find the distance. 

D = id sec C. 

logid = 3.22427 

log sec C=: .64682 

logD =3.87109 

D = 7432 in. 



C = 76° 68'. That is, N. 76° 68' E. from A, or S. 76° 68' W. from B. 



Exercise IX. Page 345. 



1. Observed altitude 
Correction . . 

True altitude 



26° 6' 10" 
- 4' 50" . 

25° 1' 20" 



Index correction 

Dip 

Refraction . . 



+ V 16" 
-4' 2" 
-2' 3.4" 



2. Observed altitude . 15° 20' 26" 
. . - 9' 44" 



Correction 
True altitude 



15° 10' 41" 



' Index correction 

Dip 

Refraction . . 



- 2' 20" 

- 3' 66^' 

- 3' 29.4" 



3. Observed altitude . 18° 17' 30" 
Correction ... 9' 41" 



True altitude 



18° 27' 11" 



Index correction 

Dip 

Refraction . . 
Semi-diameter . 
Parallax . . . 



+ 0'18" 

- 4' 9" 

- 2' 64" 
+ 16' 18" 
+ 8" 



4. Observed altitude . 30° 12' 40" 
Correction . . . 10' 24" 



True altitude 



. 30° 23' 4" 



Semi-diameter . 
Parallax . . . 
Index correction 

Dip 

Refraction . . 



+ 16' 4" 
+ 8" 

- 0' 0" 

- 4' 16" 

- 1'39" 



5. Observed altitude . 66° 25' 20" 
Correction . . . 10' 18" 



True altitude 



. 66° 36' 28" 



Semi-diameter . 
Parallax . . . 
Index correction 

Dip 

Refraction . . 



+ 16' 3" 
4- 6" 

- 1'20" 

- 4' 2" 

- 0'38" 
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6. Observed altitude 
Correction . . 



True altitude 

7. Observed altitude 
Correction . . 



True altitude 

8. Observed altitude 
Correction . . 



True altitude 

9. Observed altitude 
Correction . . 



True altitude . . 

10. Observed altitude . 
Correction . . . 



60° 10' 10'' 



60° 19' 6" 

31° 24' 85" 
10' 38" 



31° 36' 13" 

26° 17' 20" 
19' 63" 



26° 67' 27" 

20° 36' 30" 
21' 49" 



20° 13' 41" 

86° 12' 10" 
20' 67" 



Semi-diameter . 
Parallax . . . 
Index correction 

Dip 

Refraction . . 



Semi-diameter . 
Parallax . . . 
Index correction 

Dip 

Refraction . . 



Semi-diameter . 
Parallax . . . 
Index correction 
Dip . . . . 
Refraction . . 



Semi-diameter . 
Parallax . . . 
Index correction 

Dip 

Refraction . . 



Semi-diameter . 
Parallax . . 
Index correction 

Dip 

Refraction . . 



+ 16' 48" 
+ 0' 4" 
+ 2' 16" 

- 4' 9" 

- 0'33" 



+ 16' 14" 
+ 8" 

- 0' 0" 

- 4' 9" 

- 1'36" 



- 16' 10" 
+ 8" 
+ 2' 16" 

- 4' 9" 

- 1'67" 

- 16' 46" 
+ 0' 8" 
+ 0'18" 

- 3' 66" 

- 2' 34" 

- 16' 47" 
+ 0' 8" 
4- 0'26" 

- 4' 23" 

- 1'20" 



True altitude . . 36° 61' 13" 
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Astronomical Time 




Civil Time. 








d. 


h. 


m. 


'«. 


d. 


h. 


m. 


B. 


1. 


July 


8 


7 


6 


10 = July 


8 


7 


6 


10 P.M. 


2. 


Mar. 


7 


12 


26 


30 = Mar. 


8 





26 


30 A.M. 


3. 


Jan. 


1 


18 


10 


10 = Jan. 


2 . 


6 


10 


10 A.M. 


4. 


Dec. 


31 


16 





= Jan. 


1 


3 





A.M. 


5. 


Feb. 


2 


8 


4 


30 = Feb. 


2 . 


8 


4 


30 P.M. 



(4» 
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Civil Time. 


ASTBOHOMICAL TiMB 








d. 


h. 


m. 


s. 


d. 


h. 


m. 


s. 


6. 


July 


1 


11 


8 


26 A.M. = June 


30 


23 


8 


26. 


7. 


Mar. 


2 


11 


66 


66 P.M. = Mar. 


2 


11 


66 


66. 


a 


Aug. 


3 


10 


8 


20 P.M. = Aug. 


31 


10 


8 


20. 


9. 


Sept. 


1 





12 


16 A.M. = Aug. 


31 


12 


12 


16. 


10. 


Jan. 


1 


10 


41 


66 A.M. = Dec. 


31 


22 


41 


66. 
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d. h. m. s. 

1. Ship date, May 4 6 12 16 





Longitude in time, 




f 11 


23 


20 


16)170°60' 0" 




Greenwich date, 


May 4 


17 


36 


36 


11 h. 23' 20" 






d. 


h. 


m. 


s. 




2. 


Ship date, 


July 30 


23 


12 


30 






Longitude in time, 


\ 


+ 2 


41 


20 


16)40° 20^ 0" 




Greenwich date, 


July sT 


1 


63 


60 


2 h. 41' 20" 






d. 


h. 


m. 


8. 




3. 


Ship date, 


July 31 


14 


10 


16 






Longitude in time, 




6 


22 


43 


16)80° 40' 46" 




Greenwich date. 


July sT 


19 


32 


68 


6 h. 22' 43" 






d. 


h. 


m. 


s 




4. 


Ship date, 


Mar. 2 


10 


20 









Longitude in time. 




3 


23 





16) 60° 46' 




Greenwich date. 


Mar. 2~ 


6 


67 





3h.23' 






d. 


h. 


m. 


s. 




5. 


Ship date. 


Mar. 26 


11 


8 


0] 


P.M. 




Longitude in time, 




6 


41 


42 


16) 100° 26' 30" 


- 


Greenwich date. 


Mar. 25~ 


17 


49 


42 


6 h. 41' 42" 






d. 


h. 


m. 


s. 




6. 


Greenwich date. 


Dec. 30 


19 


47 


28 






Longitude in time, 




1 


40 


28 


16)26° r 0" 






D«c. 30~ 


18 


7 





1 h. 40' 28" 




Local civil time. 


Dec. 31 


6 


7 


A.M. 


7. 


Greenwich date. 


d. 
July 4 


h. 
23 


m. 

61 


s. 








Longitude in time. 




11 


66 





16)179°0'0" 




Local civil time, 


July 4' 


11 


66 


Op.m. llh. 66' 
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d. h. m. 8. 

8. Greenwich date, July 3 23 59 
Longitude in time, * 11 56 

July 3 85 65 
Local civil time, July 4 11 56 p.m. 

d. h. m. B. 

9. Greenwich date. May 19 19 40 20 
Longitude in time, 3 15 ) 45^ (^ 

May 19 19 43 20 3' 

Local civil tune, May 20 7 43 20 a.m. 

1880. d. h. m. s. 

10. Greenwich date, Dec. 31 15 8 

Longitude in time, 8 40 15 )2° 10^ 0"^ 

Dec. 31 15 16 40 8' 40^' 

Local civil time, Jan. 1 3 16 40 a.m. 



Exercise XII. Page 354. 

Find the sun's declination and the equation of time corresponding to 
the following Greenwich dates : 

1. 1895 Jan. 7 d. 3 h. apparent time. 

in. B. 

Jan. 7 d. Oh. 0's dec. 22° 22' 26.8" S. Eq. of time + 6 29.57 

Diff. for3h. -67.7'' + 3.22 



Jan. 7 d. 3h. 0's dec. 22° 21' 28.1" S. Eq. of time + 6 32.79 



2. 1895 Aug. 1 d. 6 h. 12 m. 20 s. apparent time. 



m. B. 



Aug. 1 d. h. 0's dec. 18° 1' 69.0" N. Eq. of time + 6 7.87 

Diff. for 6 h. 12 m. 20 s. - 3' 54.3" - 0.92 

Aug. 1 d. 6 h. 12 m. 20 s. 0's dec. 17° 58' 4. 7" N. Eq: of time + 6 6.96 
3. 1895 May 5 d. 10 h. 25 m. apparent time. 

m. B. 

May 5 d. h. 0's dec. 16° 15' 42.6" N. Eq. of time - 3 26.15 

Diff. for 10 h. 25 m. + 7' 25.4" - 2.3 3 

May 5 d. 10 h. 25 m. 0's dec. 16° 23' 7.9" N. Eq. of time -3 28.48 
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4. 1895 Aug. 7 d. 15 h. 12 m. apparent time. 

m. s. 

Aug. 8 d. h. O's dec. 16° 9" 20.0" N. Eq. of time + 5 28. 13 

Diff. for 8 h. 48 m. + 6' 15.0" + 2.84 



Aug. 8 d. 16 h. 12 m. 0's dec. 16° 16' 35.0" N. Eq. of time + 6 30.97 
5. 1895 Dec. 4d. 6h. 18 m. apparent time. 

m. 8. 

Dec. 4 d. h. O's dec. 22° 15' 34.0" S. Eq. of time — 9 40.21 

Diff. for 6 h. 18 m. + 2' 6.7" + 6.38 



Dec. 4 d. 6 h. 18 m. 0's dec. 22° 17' 40.7" S. Eq. of time — 9 33.83 

6. 1895 July 23 d. 20 h. 16 m. 40 s. apparent time. 

m. 8. 

July 24 d. Oh. G's dec. 19° 53' 2.9" N. Eq. of time + 6 16.42 

DifE. for3h. 43 m. 208. + 1'67.3" - 2.12 

July23d.20h.16m.408. O'sdec. 19°55' 0.2" N. Eq. of time + 6 14.30 

7. 1896 Nov. Id. 3 h. 6m. apparent time. 

m. 8. 

Nov. 1 d. Oh. 0's dec. 14° 26' 67.9" S. Eq. of tune - 16 18.64 

DifE. for 3 h. 6 m. 4- 2' 29.0" - 0.20 



Nov. 1 d. 3 h. 6 m. O's dec. 14° 29' 26.9" S. Eq. of tune - 16 18.84 

8. 1895 Oct. 12d. 5h. 12 m. apparent time. 

m. 8. 

Oct. 12 d. Oh. 0»s dec. 7° 24' 29.3" S. Eq. of time - 13 26.96 

Diff. for 5 h. 12 m. + 4' 53.4" - 3.20 



Oct. 12 d. 5 h. 12m. 0's dec. 7°30'22.7"S. Eq. of time — 13 30. 16 

9. 1896 June 7d. 3 h. 18 m. mean time. 

m. 8. 

June 7 d. Oh. 0's dec. 22°46'60.5"N. Eq. of time + 1 26.69 

DifE. for 3 h. 18 m. + 47.9" - 1.51 

June 7 d. 3 h. 18 nj. 0'8 dec. 22° 46' 38.4" N. Eq. of time + 1 25.08 

10. 1896 Feb. 3d. 9h. 15m. mean time. 

m. B. 

Feb. 3 d. h. 0's dec. 16° 30' 23.8" S. Eq. of time - 14 2.48 

DifE. for 9 h. 16 m. - 6' 48.9" -2.40 



Feb. 3 d. 9 h. 15 m. 0's dec. 16° 23' 34.9" S. Eq. of tune - 14 4.88 
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Exercise XIIT. Page 361. 

1. Given civil date 1896 Jan. 1, longitude 102° 41' W., observed 
meridian altitude of O 60° 59' 60" S., index correction + 0' 60", eye 
15 ft. ; find the latitude. 

Long. 102°41' W .= 6h. 60 m. 44 b. 

^ 59° 69' 60" r Index cor., + 0'50" 

Semi-diam., +16' 18" 

+ 12' 60"^ Dip, - 3' 48" 

Refraction, - 0'34" 

Parallax, + 0' 4" 

60° 12' 40" ' 

90^ 

z = 29° 47' 20" N. 

2. Given civil date 1896 Feb. 1, longitude 78° 14' E., observed meridian 
altitude of 78° 4' 10" S., index correction + 0'66", eye 12 ft.; find the 
latitude. 

Long. 78° 14' = 6 h. 12 m. 56 s. 



O'sdec. 23° 0' 34" S. 


12.49 


1' 25" 


6.84 


d = 22°59' 9"S. 


85.43 


« = 29° 47' 20" N. 




i= 6°48'11"N. 





78° 4' 10" 


Index cor., + 0'56" 
Semi-diam., + 16' 16" 
Dip, - 3' 24" 
Refraction, - 0'12" 
Parallax, + 0' 2" 


O'sdec. 17° 5' 1" S. 
3' 43" 


42.76 
6.22 


+ 13'37"- 


d=17° 8'44"S. 
z=ll°42' 13" N. 
L= 6° 26' 31" S. 


223.21 


78° 17' 47" 
90° 





2 = 11° 42' 13" N. 



3. Given civil date 1896 Mar. 20, longitude 173° 18' W., observed 
meridian altitude of 89° 37' 0" N., index correction + 4' 32", eye 18 ft. ; 
find the latitude. 

Lo ng. 173° 18' = 11 h. 33 m. 12 s. 

89° 37' 0"N. r Index cor., + 4' 32" 

Semi-diam., + 16' 6" 

+ 16' 28" \ Dip, - 4' 9" 

I Refraction, — 0' 0" 

[ Parallax, + 0' 0" 

89° 63' 28" 

90^ 

«= 0° 6'32"S. 



0's dec. 0° .8' 36" S. 


59.26 


- 11' 24" 


11.56 


d = 0° 2'48"N. 


684.46 


z = 0° 6'32"S. 




X = 0° 3'44"S. 
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G'sdec. 4° 33' 23" N. 
+ 6' 38" 



67.85 
5.86 



4. Given civil date 1895 April 1, longitude 87° 42' W., observed merid- 
ian altitude of 48° 42' 30" S., index correction + 1' 42", eye 18 ft.; 
find the latitude. 

Lo ng. 87° 42' = 6 h. 50 m. 48 s. 
^ 48° 42' 30" S. f Index cor., + 1'42 
Semi-diam., + 16' 2' 
+ 12' 50" ^ Dip, — 4' 9" d= 4° 39' 1"N. 338.42 

Refraction, — 0'51" ^ = 41° 4'40"N. 

Parallax, + 0' 6" L = 45° 43' 41"N. 

48° 55' 20" S. 

90^^ 

2=41° 4'40"N. 

5. Given civil date 1895 Sept. 1, longitude 97° 42' E., observed merid- 
ian altitude of 51° 4' 50" S., index correction — 6' 0", eye 23 ft. ; find 
the latitude. 

Lo ng. 97° 42' = 6 h. 30 m. 48 s. 
51° 4'60"S. f Index cor., - 6' 0" 
Semi-diam., +15' 54" 
+ 4' 31" -{ Dip, - 4' 42" 

Refraction, — 0'47" 

Parallax, + 0' 6" 

51° 9'21"S. 

90^ 

2=38° 50' 39" N. 



0'sdec. 8° 17' 14" N. 
5' 54" 


64.43 
6.51 


d= 8° 23' 8"N. 
2 =38° 50' 39" N. 
L = 47° 13' 47" N. 


354.34 



6. Given civil date 1895 Aug. 26. longitude 92° 3' E., observed meridian 
altitude of 36° 35' 20" N., index correction + 2' 17", eye 12 ft.; find 
the latitude. 

Lo ng. 92°3' = 6 h. 8 m. 12 s. 

O 35° 35' 20" N. T Index cor., + 2' 17" 

Semi-diam., + 15' 52" 

+ 13' 31" \ Dip, - 3' 24" 

Refraction, — 1'21" 

^ Parallax, + 0' 7" 

35° 48' 61" N. 

90^ 

2=64° 11' 9"S. 

7. Given civil date 1895 May 16, longitude 46° 26' W., observed merid- 
ian altitude of Q, 86° 34' 20" N., index correction + 4' 16", eye 16 ft.; 
find the latitude. 



0'sdec. 10° 25' 18" N. 


52.22 


5' 21" 


6.14 


d =10° 30' 39" N. 


320.66 


2 =64° 11' 9"S. 




L = 43° 40' 30" S. 
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Lo ng. 45° 26' - 3 h. 1 m. 44 s. 

b6°34'20"N. r Index cor., + 4' 16" 0's dec. 19° 6'29"N. 34.63 



+ 16' 16" 



86° 50' 36" N. 

90^ 

z= 3° 9' 24" S. 



Semi-diam., + 16' 61" 
Dip, - 3' 48" 

Refraction, — 0' 4" 
Parallax, + 0' 1" 



1' 46" 



d=19° 
z= -3° 



8' 74" 
9' 24' 



3.03 



104.93 



X =16° 68' 60" N. 



8. Given civil date 1895 March 20, longitude 174° 0' W., observed 
meridian altitude of 89° 66' 10" N., index correction — 1' 16", eye 
16 ft. ; find the latitude. 



Long. 174°0'=llh. 36 m. 


- 1'16" 
+ 16' 5" 

- 3' 48" 

- 0' 0" 
+ 0' 0" 




89° 66' 10" N. 


Index cor., 
Semi-diam. 

Dip, 

Refraction, 

Parallax, 


0'sdec. 0° 8'36"S. 
11' 27" 


69.26 
11.60 


+ 10' 62" 


d = 0° 2'61"N. 
2 = 0° 7' 2"N. 
X = 0° 9'53"N. 


687.42 


90° 7' 2"N. 
90° 







z= 0° 7' 2"N. 



9. Given civil date 1896 June 1, longitude 44° 40' E., observed meridian 
alttade of 72° 14' 10" N., index correction + 3' 46", eye 22 ft.; find 
the latitude. 

Lo ng. 44° 40' = 2 h. 68 m. 40 s. 



72° 14' 10" N. 


r Index cor., + 3' 46" 


0'sdec. 22° 3'64"N. 


20.39 




Semildiam., +16' 48" 
Dip, - 4' 36" 


1' 1" 


2.98 


+ 14' 41" J 


d = 22° 2'63"N. 


60.76 




Refraction, — 0'19" 


2= 17° 31' 9"S. 






Parallax, + 0' 3" 


L= 4° 31' 44" N. 




72° 28' 61" N. 




90° 








2= 17° 31' 9"S. 









10. Given civil date 1896 Dec. 1, longitude 67° 66' E., observed meridian 
altitude of O 18° 48' 10" S., index correction - 3' 6", eye 18 ft. ; find the 
latitude. 
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Long. «7° 66' = 4 h. 31m. 44 s. 


Qi 18° 48' 10" S. 


r Index cor., — 3' 6" 




Semi-diam., + 16' 16" 


+ 6' 20" J 


Dip, - 4' 9" 




Refraction, — 2' 49" 




Parallax, + 0' 8" 


18° 64' 30" S. 




90° 





O's dec. 21° 49' 31" S. 
1' 45" 



2=71° 5'30"N. 



d = 21° 51' 16" S. 
2 = 71° 5'30"N. 
L = 49° 14' 14"N. 



23.29 
4.63 



105.04 



11. Given civil date 1895 Sept. 23, longitude 67° 45' E., observed 
meridian altitude of O 84° 10' 60" N., index correction — 1' 36", eye 
16 ft.: find the latitude. 



Long. 67° 45' = 3 h. 51m. 






84° 10' 50" N. 


r Index cor., — 1'36" 


0'sdec. 0° 4'35"S. 


68.49 




Semi-diam., +16' 69" 
Dip, - 3' 55" 


3' 45" 


3.86 


+ 10' 23" J 


d = 0° 0'50"S. 


226.19 




Refraction, — 0' 6" 


2 = 5° 38' 47" S. 




L Parallax, + 0' 1" 


X = 5° 39' 37" S. 


84° 21' 13" N. 




90° 






2= 6° 38' 47" S. 





12. Given civil date 1896 Sept. 23, longitude 119° 64' E., observed 
meridian altitude of 83° 46' 0" S., index correction —5' 30", eye 
18 ft.; find the latitude. 

Lo ng. 119° 54' = 7h. 69 m. 36 s 



Q. 83° 46' 0"S. 


'Index cor., — 6' 30" 
Semi-diam., +15' 59" 
Dip, - 4' 9" 
Refraction, — 0' 6" 
Parallax, + 0' 1" 


0'sdec. 0° 4'36"S. 
7' 48" 


68.49 
7.99 


+ 6' 16" - 


d = 0° 3'13"N. 
2; = 6° 7'46"N. 
i = 6°10'68"N. 


467.60 


83° 62' 16" S. 
90° 




2= 6° 7'46"N. 





13. Given civil date 1896 Nov. 21, longitude 70° 20' E., observed 
meridian altitude of O 80° 20' 0" N. , index correction — 2' 60", eye 20 ft. • 
find the latitude. 
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Long_J701201^4 h 41 in. 20 s. l^o 56' 16" S. 1 33.11 

r^ wv>9(y 0"N. r Index cor., - 2 w ^ » ^,. 



8(y'2(r 0"N 
4- 8' 53" 



80° 28' 63" N. 
90° 
2=1^31' 7"S. 



Semi-diam., + Itt' 14" 

Dip, -^;'^;;, 

Refraction, — ^' ^^'' | 
Parallax, + 0' 2" 



2' 36^; l_.^-^^^ 

d = ui°^3'"3V S. 1 166.29 
z= 9° 31' 7"S. 



L = 29° 24' 38" 8. 



. ., A.f. i«95 Dec 31, longitude 123° 46' W., observed 
14. Given cml date 1895 uec. 01, i^u^^ _^ ..^„ 4. a' 9" eve 13 ft.; 
meridian altitude of Q. 67° 8' 10" S., index correction + 9 , eye 1 
find the latitude. 

Lonj:J23146:^ 8h. 16m. q, ^^^^ 23° 6' 22" S. 1 11.03 

^ ^^"FTO^ f I^dex cor., tZZ] r 81" _ 8^ 

(i = 23° 4'61"S.| 91.00 
z = 22° 39' 16" N. 
L= 0°26'36"S. 



+ 12' 34" 



67° 20' 44" S. 

90^^ 

z=22°39'16"N. 



ISemi-diam., + 1^'^^'' 
Dip, - 3' 32'^ I 

Refraction, - 0' 26" 
Parallax, + 0' 4" | 



15 Given civil date 1895 Oct. 20, longitude ^^^ ^^"^^^^^'^^^ 
Jridia^altitude of S 49° 58' 60" N., index correction + 1 10 eye 
19 ft.; find the latitude. 
Long,JL5gi25l5l0h.lm.408. 
49° 68' 60" N. r Index cor. , + 1 1« ^ 
"~ Semi-diam., + lb 7 

. Dip, - 4-16" 

Refraction, - 0'49" 
^Parallax, + 0' 6" 



+ 12' 18" 



0's dec. 10° 21' 17" S. I 63.89 
9' 11' 10.03 

d = 10° 30' 18" S. 1 640.52 
z - 39° 48' 52" S. 
L = 50° 19' 10" S. 



60° 11° 8"N. 
90° 
z=39°48'52"S. 

16. Given dvil date 1895 June 1, longitude ^.^^'f^,^^^:^^Zt; 
ian altitude of S 75° 38' 15" N., index correction + 27 , eye 26 It., 

find the latitude. 
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Lon g. 96Qir = 6 h. 26 m. 88. 



Q, 76° 38' 16" N. 



+ ir 2" 



75° 49' 17" N. 

90° 

2=r4°10'43"S. 



Index cor., + 0'27'' 0's dec. 22° 3'64"N. 



Semi-diam., + 15' 48" 
Dip, - 6' 0" 

Refraction, — (T 16" 
Parallax, + (T 2" 



2' 11" 



d = 22° 1'43"N. 

z = 14° W 43" S. 
X= 7° 51' 0"N. 



20.39 
6.42 



130.90 



17. Given civil date 1895 June 26, longitude 59° 16' E., observed 
meridian altitude of ^ 60° 23' 15" N., index correction + 2' 21", eye 
30 ft.; find the latitude. 
Lo ng. 69° 16' = 3 h. 57 m. 



^ 60° 23' 16" N. 


r Index cor., + 2' 21" 


0'sdec. 23°24'19"N. 


3.93 




Semi-diam., -15'46" 
Dip, - 5' 22" 


16" 


3.96 


- 19' 16" \ 


d = 23° 24' 34" N. 


15.52 




Refraction, - 0'33" 


« = 29°56' 1"S. 






^ParaUax, + 0' 4" 


L= 6° 31' 27" S. 




60° 3'69"N. 








90° 









2=29° 66' 1"S. 



Exercise XIV. Page 362. 



1. Given civil date 1896 Jan. 29, observed meridian altitude of Aldeb- 
aran 62° 36' 0" S., index correction — 0' 23", eye 20 ft.; find the latitude. 
Obs. alt. = 62° 36' 0" S. 
- 6' 31" 



Traealt. = 62° 30' 29" S. 

9(P N^ 

Zenith dis. = 37° 29' 31" N. 
Dec. = 16° 18' 2"N. 

Lat. = 63° 37' 33" N. 



Index correction, — 23" 
Dip, - 4' 23" 

Refraction, — 45" 



- 6' 31" 



2. Given civil date 1896 Feb. 18, observed meridian altitude of Procyon 
77° 18' 10" S., index correction + 0' 19", eye 16 ft.; find the latitude. 
Obs. alt. = 77° 18' 10" S. 
- 3' 50" 



True alt. = 77° 14' 20" S. 

90^ K 

Zenith dis.= 12° 45' 40" N. 
Dec. = 6° 29' 39" N. 

Lat 



Index correction, + 19" 
Dip, —3' 66" 

Refraction, - 1' 13.6" 



3' 49.6" 



18° 15'19"N. 
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3. Given civil date 1896 March 20, observed meridian altitude of 
Arcturus 36° 10' 20" N., index correction + 2' 42", eye 20 ft.; find the 
latitude. 



Index correction, + 2' 42" 
Dip, - 4' 23" 

Refraction, — 1' 20" 



Obs. alt. 


= 36° 


10' 20"N. 




- 


-3' 


1" 


True alt. 


= 36° 


7' 


19"N. 




90° 




S. 


Zenith dis 


= 53° 62' 


41" S. 


Dec. 


= 19° 


43' 


23" N. 


Lat. 


= 34° 


9' 


18" S. 



-3' r 



4. Given civil date 1896 Aug. 17, observed meridian altitude of Altair 
66° 61' 10" N., index correction + 0' 68", eye 13 ft.; find the latitude. 



Obs. alt. = 
True alt. = 



66°6riO"N. 
-3' 0" 

66° 48' 10"N. 

90^ S^ 

Zefiith dis. = 23° 11' 60" S. 
Dec. = 8° 35' 34" N. 

Lat. = 14° 36' 16" S. 



Index correction, 4- 68" 
Dip, - 3' 32" 

Refraction, — 26.6" 



-3' 0" 



5. Given civil date 1896 Nov. 4, observed meridian altitude of Fomal- 
haut 69° 40' 0" N., index correction + 1' 12", eye 23 ft. ; find the latitude. 

Obs. alt. =59°40' 0"N. 

-4' 4" 
True alt. 



69° 36' 66" N. 

90^ S^ 

Zenith dis. = 30° 24' 4" 
Dec. = 30° 10^ 32" S. 

Lat. = 60° 34' 36" S. 



Index correction, V 12" 
Dip, - 4' 42" 

Refraction, — 34" 



■4' 4" 



6. Given civil date 1896 Sept. 6, observed meridian altitude of Arcturus 
86° 36' 60" N., index correction — 1' 10", eye 12 ft.; find the latitude. 



Obs. alt. = 86° 36' 60" 
- 4' 38" 



True alt. = 86° 31' 12" 

= 90^ S^ 

Zenith dis. = 3° 28' 48" S. 
Dec. = 19° 43' 37"N. 

Lat. = 16° 14' 49" N. 



Index correction, — 1' 10" 
Dip, - 3' 24" 

Refraction, — 4^ 

- 4' 38" 
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7. Given civil date 1896 Oct. 0, observed meridian altitude of Markab 
64° 10' 16" S. , index correction 0, eye 13 ft. ; find the latitude. 

Obfl. alt. = 64° 10' 15" S. 



_^4'14"_ 
True alt. =54° 6' 1" S. 

= 90^ N. 

Zenith di8.= 35° 63' 69" N. 
Dec. = 14°j38'J9^\ 

Lat. = 50° 32' 48" N. 



Index correction, + 0' O'' 

Dip, - 3' 32" 

Refraction, — 42'^ 

- 4' 14" 



8. Given civil date 1896 Aug. 17, observed meridian altitude of fi Cen- 
tauri 69° 47' 13" S., index correction 0, eye 26 ft.; find the latitude. 

Obs. alt. = 69° 47' 13" S. 

- 5' 28" 



True alt. = 59° 41' 45" S. 

= 90° N. 



Zenithdis.= 30°18'15"N. 
Dec. = 59° 62' 29" S. 



Index correction, + 0' 0" 

Dip, - 4' 64" 

Refraction, — 34" 

- 6' 28" 



Lat. = 29° 34' 14" S. 



9. Given civil date 1895 Dec. 4, observed meridian altitude of a Arietis 
60° 29' 60" S., index correction — 2' 10", eye 18 ft.; find the latitude. 

Obs. alt. =60° 29' 60" S. 

(5" 52" 

True alt. = 60° 22' 58" S. J^.^^^ correction, - 2' 10^ 

90° N. y: .. -^ z: 



Zenith dis.= 29° 37' 2"N. 
Dec. = 22° 68' 26" N. 

Lat. = 52° 36' 28" N. 



Refraction, -- 33" 

- 6' 62" 



10. Given civil date 1896 Feb. 8, observed meridian altitude of Sirius 
37° 60' 20" S., index correction -f 1' 4", eye 19 ft.; find the latitude. 



Index correction, 4- 1' 4" 

Dip, - 4' 16" 

Refraction, — 1' 16" 

- 4' 27" 



Obs. alt. 


= 37° 


60' 
-4' 


20" 
27" 


S. 


True alt. 


= 37° 
90° 


46' 


63" 


S. 

N. 


Zenith dis. 


= 62° 


14' 


7" 


N. 


Dec. 


= 16° 


34' 


20" 


S. 


Lat. 


= 36° 


41' 


47" 


N. 
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11. Given civil date 1895 April 9, observed meridian altitude of Sirius 
61° 3' 60" N., index correction 0, eye 16 ft.; find the latitude. 
Obs. alt. =61°'3'60"N. 
4' 27^ 



True alt. = 60° 59' 23'' N. 

90^ S. 

Zenith dis.= 29° 0' 37" S. 
Dec. 16° 34' 24" S. 

Lat. =45° 36' 1" S. 



Index correction, + 0' 0" 

Dip, -~ 3' 65" 

Refraction, — 32" 

- 4' 27" 



12. Given civil date 1896 March 30, observed meridian altitude of Spica 
62° 14' 0" N., index correction 0, eye 19 ft. ; find the latitude. 
Obs. alt. =62° 14' 0"N. 

6' r 
True alt. 



Zenith dis.= 37° 61 
Dec. = 10° 37 

Lat. 



62° 8'69"N. 
90° S. 

S. 
S. 



Index correction, + 0' 0" 
Dip, - 4' 16" 

Refraction, -r 46" 

-6' 1" 



= 48° 28' 6"S. 



13. Given civil date 1896 July 8, observed meridian altitude of Antares 
70° 10' 30" N., index correction 0, eye 21 ft.; find the latitude. 
Obs. alt. = 70° 10' 30" N. 
4' 50" 



True alt. =70° 5'40"N. 

90^ S. 

Zenithdis.= 19°64'20"S. 
Dec. = 26° 12' 12" S. 

Lat. =46° 6'32"S. 



Index correction, + 0' 0" 

Dip, - 4' 29" 

Refraction, — 21" 

- 4' 60" 



Exercise XV. Page 370. 

1. 1896, Oct. 19, A.M., at sea, in latitude 33° 27' S.; the observed alti- 
tude Q, 28° 22' 30" ; index correction + 30" ; height of eye 18 ft. ; Green- 
wich mean time by chronometer Oct. 18 d. 18 h. 28 m. 38 s. Required 
the longitude. 



Q, 28° 22' 30" 



+ 10^47" 



h= 28° 33' 17" 



Index cor., + 0'30" 
Semi-diam., + 16' 6" 
Dip, - 4' 9" 

Refraction, — 1'48" 
Parallax, + O' 8'' 



0's dec. 



9° 69' 62.4" S. 
4' 69.6" 



9° 64' 62.8" S. 
90^ S. 

: 80° /^' ' **" *^ 



64.27 
6.62 



299.67 
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h= 28^33' 17'' 
L= 33° 27' 0" 
, p = 8(P 5' 7" 
2 5= 142° 6' 24'"' 
S= 71° 2' 42" 
R= 42° 29' 25" 



log sec : 

log CSC ■ 



0.07864 
0.00664 



Oct. 



log cos = 9.61165 
log sin = 9.829(?0 
2)19.42643 
logsmi«= 9.71321 

n = 3i°6'3r 

d. h. m. ■. 

18 19 51 8 

14 64 

14 



I Equation of time. 

m. ■. 
14 66.76 
2.47 
14 64.29 



0.447 
6.52 



2.47 



t = 62° 13' 2" = 4 h. 8 m. 62 s. 



Ldcal apparent astronomical time. 
Equation of time. 
Oct. 18 19 36 14 Local mean astronomical time. 
Oct. 18 18 28 38 Greenwich mean time. 
1 7 36 Difference of time. 
16° 64' 0" E. Longitude. 



2. 1896, Oct. 20 A.M., at sea, in latitude 31° 40' S.; the observed alti- 
tude O 36° 16' 10" ; index correction + 30" ; height of eye 18 ft. ; Green- 
wich mean time by chronometer, Oct. 19 d. 19 h. 11m. 24 s. Required 
the longitude. 



O 35° 16' 10" 


r Index cor., + 0'30" 


0'sdec. 10°21'30.4"S. 


53.89 




Semi-diam., -f 16' 7" 
Dip, - 4' 9" 


4' 19.2" 


4.81 


+ 11' 14" J 


10° 17' 11" S. 


269.21 




Refraction, - 1'22" 


90° S. 






Parallax, + 0' 8" 


p= 79° 42' 49" S. 




k= 35° 27' 24" 






i= 31° 40' 0" log sec = 0.07001 


Equation of time. 




p= 79° 42' 49" log CSC = 0.00704 


m. 8. 




25= 146° 50' 13" 


16 7.17 


0.421 


S= 73° 26' 6" log cos = 9.46643 


2.03 
16 6.14 


4.81 


R= 37° 67' 42" log sin = 9.78897 
2)19.32146 


2.03 


logsmi<= 9.66072 
i« = 27°14'63". 


^=64°29'46"=3h.37i 


n. 69 s. 


d. h. m. B. 

Oct. 19 20 22 1 Local appar 

15 6 Equation of 

Oct. 19 20 6 66 Local mean 


ent astronomical time, 
time, 
astronomical time. 




Oct. 19 19 11 24 Greenwich I 


nean time. 




66 32 Difference ii 


1 time. 






13° 63' 0" E. Longitud 


e. 
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3. 1896, Oct. 20, P.M., at sea, in latitude 30° 56' S.; the observed alti- 
tude 21° 42' 30" ; index correction + 29" ; height of eye 18 ft. ; Green- 
wich mean time by chronometer Oct. 20 d. 3h. 35 m. 40 s. Required the 
longitude. 



O 21° 42' 30" 



+ 10' 11" 



L = 

P = 



21° 62' 41" 

30° 65' 0" 

79° 35' 16" 

2-8= 132° 22' 57" 

<S= 66° 11' 29" 

R= 44° 18' 48" 



Index cor., + 0'29' 
Semi-diam., -f 16' 7' 
Dip, - 4' 9' 

Refraction, — 2' 24' 
Parallax, + 0' 8' 



dec. 



10° 21' 30.4" 
3' 13.5" 



S. 



10° 24' 44" 
90° 



53.80 
3.59 



193.47 



log sec = 

log CSC = 

log cos = 
log sin =_ 



0.06656 
0.00721 

9.60604 
9.84421 



p = 79° 35' 16" S. 
Equation of time. 

m. 8. 

15 7.17 
1.61 

16 8.68 



0.421 
3.69 



1.61 



Oct. 



2 )19.52402 
log sin it = 9.76201 
i« = 35°19'3' 

d. h. m. B. 

20 4 42 32 
15 9 



t = 70° 38' 6" = 4 h. 42 m. 32 s. 



Oct. 20 
Oct. 20 



4 27 23 
3 36 40 



51 43 
12° 55' 45" 



Local apparent astronomical time. 

Equation of time. 

Local mean astronomical time. 

Greenwich mean time. 

Difference in time. 

E. Longitude. 



4. 1895, Oct. 21, A.M., at sea, in latitude 29° 35' S.; the observed alti- 
tude O 24° 26' 42" ; index correction + 29" ; height of eye 18 ft. ; Green- 
wich mean time by chronometer Oct. 20 d. 18 h. 30 fh. 39 s. Required 
the longitude. 



O 24° 26' 42" 



+ 10' 27" 



'Index cor., + 0'29' 
Semi-diam., + 16' T 
Dip, - 4' 9' 

Refraction, — 2' 8' 



h = 
L = 



24° 37' 9" 

29° 35' 0" 

p= 7 9° 21' 54" 

28=133° 34' 3" 

S= 66° 47' 1" 

B= 42° 9' 52" 



J^arallax, + 0' 



0'sdec. 10° 42' 59.3" 
4' 53.7" 



S. 



10° 38' 
90° 



6" 



53.60 
5.49 



293.71 



log sec = 

log CSC = 
log COS = 

log sin : 



0.06066 
0.00752 

9.59573 
9.82691 



p= 79° 21' 54" S. 
Equation of time. 

m. s. 

15 16.94 

2.16 

15 14.78 



2 )19.49082 
logsmi^= 9.74541 
i«=33°48'33" 



0.394 
6.49 



2.16 



<=67°37'6" = 4h,80m.288. 
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NAVIGATION. 



Oct. 



d. h. m. t. 

20 19 29 32 

16 15 

Oct. 20 19 14 17 

Oct. 20 18 30 39 

43 38 

10° 64' 30'' 



Local apparent astronomical time. 

Equation of time. 

Local mean astronomical time. 

Greenwich mean time. 

Difference in time. 

E. Longitude. 



5. 1896 Jan. 29, p.m., at ship, latitude 42° 26' N.; observed altitude O 
13° 40' ; index error — 1' 8" ; height of eye 16 ft. ; time by chronometer 
29 d. 6 h. 48 m. 40 s., which was slow 11 m. 22.3 s. for mean noon at 
Greenwich, Dec. 1, 1894, and on Jan. 1, 1895, was 8 m. 7 s. slow for 
Greenwich mean noon. Required the longitude. 

Chronometer. 



1894 Dec. 1 slow 11 22.3 

1895 Jan. 1 slow 8 7.0 



31 ) 3 16.3 






d. h. m. B. 


Jan. 


29 6 48 40 




+ 8 7 




-2 68 



^ 13° 40' 0" 



+ 7' 27" 



Index cor., — 1' 8' 
Semi-diam., -f 16'16' 
Dip, - 3' 56' 

Refraction, — 3' 66' 
Parallax, + 0' 9" 



Jan. 29 6 53 49 



0'sdec.l7°66' 7.1" 
4' 39.0" 



17° 
90° 



50' 28" 



40.43 
6.90 



278.97 



k = 


13° 47' 27" 








L = 


42° 


26' 0" 


log 


sec = 


0.13191 


P = 


107° 


50' 28" 


log 


CSC = 


0.02141 


2S = 


164° 


3' 65" 








s = 


82° 


1' 57" 


log 


COS = 


9.14180 


B = 


68° 


14' 30" 


log 


sin = 


9.96790 


' 








2) 


19.26302 






log sin 


i« = 


9.63151 










it = 


26° 20' 42 






d. 


h. m 


B. 





p= 107° 60' 28" N. 
Equation of time. 



13 20.81 

3.10 

13 23.91 



0.435 
6.90 



3.10 



Jan. 29 3 22 46 

13 24 

Jan. 29 3 36 10 

Jan. 29 6 53 49 

3 17 39 

49° 24' 46" 



t = 60° 41' 24" = 3 h. 22 m. 46 s. 



Local apparent astronomical time. 

Equation of time. 

Local mean astronomical time. 

Greenwich mean time. 

Difference in time. 

W. Longitude. 
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6. 1895, March 31, a.m., at ship, latitude 26° 9' N.; observed altitude 
29° 10' 20"; height of eye 26 ft.; time by chronometer 31 d. Oh. 4m. 
50 s., which was 58 m. 58 s. fast for mean noon at Greenwich, Nov. 20, 
1894, and on December 31, 1894, was Ih. 2 m. 56.8 s. fast for mean time 
at Greenwich. Required the longitude. 



Chronometer. 




h. m. 8. 


d. h. m. 8. 


Nov. 20 fast 58 58 


Mar. 31 4 50 


Dec. 31 fast 1 2 55.8 


-1 2 56 


41) 3 57.8 


- 8 42 



5.8 
90. 
8 42.0 



Mar. 30 22 53 12 



Q. 29° 10' 20" 



+ 9' 26" 



Index cor., + 0' 0' 
Semi-diam., + 16' 2' 
Dip, - 5' 0" 

Refraction, — 1'44' 
Parallax, + 0' 8' 



0's dec. 



4° 10' 8.8' 
V 5.6' 


'N. 


58.06 
1.13 


40 9/3// 
90° 


N. 
N. 


65.61 



h = 


29° 19' 46" 




L- 


26° 9' 0" log sec = 0.04690 


Equation of time. 


P = 


85° 50' 57" log CSC = 0.00114 


m. B. 


28 = 


141° 19' 43" 


4 15.13 


8 = 


70° 39' 51" log COS = 9.51996 


0.86 


B = 


41° 20' 5" log sin = 9.81984 


4 15.99 




2)19.38784 




logsini«= 9.69392 




i«=29°37'5". 




t = 59° 14' 10" = 3 h. 56 m. 57 s. 




d. h. m. 8. 




Mar. 30 20 3 3 Local apparent astronomical time 




4 16 Equation of time. . 




Mar. 30 20 7 19 Local mean astronomical time. 




Mar. 30 22 53 12 Greenwich mean time. 




2 45 53 Difference in time. 




41° 28' 15" W. Longituc 


le. 



0.758 
L13 



0.86 



7. 1895, May 22, a.m., at ship, latitude 43° 25' N.; observed altitude 
32° 8' ; index correction -h 1' 28" ; height of eye 15 ft. ; time by chro- 
nometer 21 d. 21 h. 6 m. 10 s., which was slow 12.6 s. for mean noon at 
Greenwich, Feb. 24, and on April 1 was 2 m. 45 s. fast for mean noon at 
Greenwich. Required the longitude. 
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NAVIGATION. 



Chi-onometer. 

m. t. 

Feb. 24 slow 12.0 

Apr. 1 fast 2 46.0 

3« )2 67.6 



4.1 
51 



32° 8' 0'' 



+ 12' 6"^ 



h = 
L = 



32° 20' 6" 
43° 26' 0" 
69° 37' 49" 



4 11.4 
Index cor., + 1'28' 
Semi-diain., -f 15' 60" 
Dip, -- 3' 48" 

Refraction, — 1'33" 
Parallax, + 0' 8" 



d. h. m. B. 

May 21 21 6 10 
-2 4$ 

-4 11 

May 21 20 59 14 



0'sdec.2O°23'39.9"N. 
1'29.1" 



29.59 
3.01 



25=145°22'64" 



log sec = 

log CSC = 



0.13884 
0.02805 






72° 41' 27' 
40° 21' 22' 



d. 



' log COS = 9.47353 

' log sin = 9.81126 

2 )19.45168 

log sin it = 9.72584 

J<=32°8'6". 

h. 



20° 22' 10. 8" N. 

90f N. 

p = 69° 37' 49" N. 

Equation of time. 

m. B. 

3 34.66 

0.65 

3 35.21 



89.07 



0.182 
3.01 



0.65 



t = 64° 16' 12" = 4 h. 17 m. 6 s. 



May 21 19 42 55 Local apparent astronomical time. 

3 35 Equation of time. 

May 21 19 39 20 Local mean astronomical time. 

May 21 20 59 14 Greenwich mean time. 

1 19 54 Difference in time. 

19° 68' 30" W. Longitude. 

8. 1895, Aug. 24, a.m., at ship, latitude at noon 37° 59' N.; observed 
altitude 37° 13' 30"; index correction + 2' 44"; height of eye 18 ft.; 
time by chronometer Aug. 23 d. 18h. 13 m. 24 s., which was 1 m. 5 s. fast 
for mean noon at Greenwich, August 1, and on August 10 was Om. 42 s. 
slow for mean time at Greenwich; course (true) since observation N.N.W. ■ 
distance 22.4 miles. - - 

Chronometer. 



Required the longitude at noon. 



Aug. 1 fast 1 5 

Aug. 10 slow 42 

9 )1 47 



11.89 
13.76 
2 43.60 



d. h. m. B. 

Aug. 23 18 13 24 
+ 42 

+ 2 44 

Aug. 23 18 16 50 



i' = 37°69' 0" 
La = 20' 41" 



N. 



L = 37° 38' 19" N. 
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© 37^ 13' 30" 



+ 13' 17"^ 



h = 


37« 


26' 


47" 


L = 


sr 


38' 


1»" 


P = 


78° 


48' 


19" 



Index cor., + 2' 44" 
Semi-diam., + 16'62" 
Dip, - 4' 9" 

Refraction, — 1'17" 
Parallax, + 0' r 



0'sdec. IP 



log sec = 

log CSC = 



0.10134 
0.00834 



2S=163°63'26' 
8= 76° 66' 42^ 
B= 39° 29' 66' 



' log cos = 9.35389 

' log sin = 9.80360 

2 )19.26707 

logsini<= 9.63363 

i< = 26°28'18" 

t = 60° 66' 



6'46.7"N. 
4' 63.9" 



11° 11' 40.6' 
90° 



2 16.42 

3.78 

2 20.20 



'=3h. 23m. 46b. 



61.38 
6.72 



293.89 



p= 78° 48' 19" N. 
Equation of time. 



0.661 
6.72 



3.78 



Mer.id=26.1 
C=22°30' 



log= 1.41664 
logtan= 9.61722 
logXd =1.03386 
Xd=10.811 

=10'49"W. 



Aug. 



d. h. m. 8. 

23 20 36 14 
2 20 



Aug. 23 20 38 34 
Aug. 23 18 16 60 



36' 



2 2144 
26' 0" 
10' 49" 



36° 16' 11" 



Local appar. ast. time. 
Equation of time. 
Local mean ast. time. 
Greenwich mean time. 
Difference in time. 
E. Long, at sights. 
W. Long, since observ. 
E. Long, at noon. 



9. 1895, Jan. 29, p.m., at ship, latitude 28°45'N.; observed altitude 
17° 46' 30"; index correction —3' 18"; height of eye 16 ft, time by 
chronometer January 28 d. 16 h. 31m. 30 s., which was 1 m. 16.6 s. fast 
for Greenwich mean noon, December 17, 1894, and on January 1, 1896, 
waslm. 3s. slow for Greenwich mean time; course (true) since noon 
N.W. by W.; distance 20 miles. Required the longitude at the time of 
observation, and also at noon. 

Chronometer. 



1894, Dec. 17 fast 1 16.5 

1895, Jan. 1 slow 1 3. 

1 6)2 19.6 
9.30 
28.02 
4 20.69 





d. 


h. m. B. 


Jan. 


28 16 31 30 






+ 1 3 






+ 4 21 


Jan. 


28 


16 36 64 



366 



NAVIGATION. 



Q, 17° 46' 30" 



+ 6' 11" 



h= 17°62'4r' 
L= 28° 45' 0'' 
p= 108° 0' 6'' 
2/8= 154° 37' 46" 
S= 77° 18' 53" 
ie= 59° 26' 12" 



'Index cor., 
Semi-diam. , 
Dip, 

Refraction, 
Parallax, 

log sec = 
log CSC = C 



- 3' 18" 
+ 16' 16" 

- 3' 55" 

- 3' 0" 
+ 0' 8" 

.05714 
.02179 



^'8 dec. 17° 55' 7.1" 
4' 68.4" 



S. 



18° 
90° 



0' 5.5" 



40.43 

7.38 



298.37 



log cos = 9.34163 

log sin = 9.93504 

2 )19.35560 

log sin it= 9. 

i«=28°26'18". t = 



p=108° 0' 6.5"N. 
Equation of time. 

m. 8. 

13 20.81 

3.21 

13 17.60 



0.435 
7.38 



3.21 



67780 

: 56° 52' 36"= 3 h. 



id=ll'7" 

Mer.id=12.6 

C=66° 15' 



log= 1.10037 

log tan= 10. 17511 

logXd= 1.27548 

Xd= 18.857 

= 18'51"E. 



d. h. m. B. 



Jan. 29 



3 47 30 
13 18 



Jan. 29 4 48 
Jan. 28 16 36 54 



11 23 54 

170° 58' 30" 

18' 51" 

171° 17' 21" 



47 m. 30 s. 

Local appar. ast. time. 
Equation of time. 
Local mean ast. time. 
Greenwich mean time. 
Difference in time. 
E. Long, at sighls. 
W. Long, since noon. 
E. Long, at noon. 



10. 1895, Aug. 31, P.M., at ship, latitude 0°; observed altitude 45° 
6' 30"; index correction — 2' 4"; height of eye 15 ft. ; time by chronom- 
eter Aug. 31 d. 9h. 11m. 28 s., which was 5 m. 20 s. fast for mean noon 
at Greenwich April 15, and on June 16 was fast 2 m. 43 s. on mean time 
at Greenwich. Required the longitude. 
Chronometer. 

d. h. m. s. 

Aug. 31 9 11 28 
-2 43 

+ 8 12 



April 15 fast 5 20 
June 16 fast 2 43 



45° 5' 30" 



+ 9' 9" 



;^ = 45°14'39" 



62)2 37 






2.53 






76 




3 12.28 




( Index cor. , 


- 2' 4' 


Semi-diam., 


-f 15' 53' 


Dip, 


- 3' 48' 


Refraction, 


- 0'58' 


Parallax, 


+ ( 


)' 6' 



Aug. 31 9 11 57 




dec. 8°38'66.1"N. 


54.11 


8' 17.8" 


9.20 


8° 30' 38.3" N. 


497.81 


90° N. 





p = 81° 29' 22" N. 
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A= 45° 14' 39" 






L= 0° O' 0" log sec = 0.00000 


Equation of time 


p= 81° 29^22'' log CSC = 0.00481 




m. B. 


2S=120°44' 1" 




16.61 


5= 63° 22' 0" log cos = 9.05165 




7.11 


R= 18° 7' 21" log sin = 9.49283 




8.40 


2)19.14919 






logsini«= 9.57469 






i< = 22°3'16". 


C=44° 


6'30" = 2h. 



0.773 
9.20 



7.11 



26 s. 



Aug. 31 2 



66 26 

8 



Aug. 
Aug. 



Local apparent astronomical time. 

Equation of time. 

Local mean astronomical time. 

Greenwich mean time. 

Difference in time. 

W. Longitude. 

11. 1895, April 15, a.m., at ship, latitude 48° 62' N.; observed altitude 
22° 18' ; index correction — 3' 54" ; height of eye 17 ft. ; time by chro- 
nometer April 14 d. 22 h. 30 m. 42 s., which was Om. 4 s. slow for mean 
noon at Greenwich January 1, and on January 12 was fast m. 2 s. 



31 2 66 34 

31 9 11 67 

6 15 23 

93° 50' 46" 



Required the longitude. 








Chronometer. 






m. s. 

Jan. 1 slow 4 




d. h. ra. 8. 

Apr. 14 22 30 42 




Jan. 12 fast 2 




-0 2 






11)0 6 




- 61 






0.646 




Apr. 14 22 29 49 






93 








60.69 






22° 18' 0" 


r Index cor., — 3' 64" 


O'sdec. 9° 46' 36.5" N. 


53.68 




Semi-diam., -f 16'68" 
Dip, - 4' 2" 


1'20.4" 


1.50 


+ 5' 49" J 


9°46'16.1"N. 


80.37 




Refraction, — 2' 21" 


90° N. 




h= 22° 23' 49" 


[Parallax, + 0' 8" 


p = 80° 14' 45" N. 




L= 48° 62' 0" 


log sec = 0.18190 


Equation of time. 




p= 80° 14' 46" 


log CSC = 0.00632 


m. 8. 




2ig=161°30'34" 




1.69 


0.619 


5= 76° 46' 17" 


log cos = 9.39107 
log sin = 9.90438 


0.93 
2.62 


1.50 


R= 63° 21' 28" 


0.93 




2)19.48367 






Ic 


>gsini«= 9.74183 








}« = 33°29' 


41". 


< = 66° ^.7 1 


n, 57 s. 
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NAVIGATION. 



d. h. m. 

April 14 19 32 



AprU 14 19 32 6 

AprU 14 22 29 49 

2 67 43 

44*^ 26' 46" 



Local apparent astronomical time. 

Equation of time. 

Local mean astronomical time. 

Greenwich mean time. 

Difference in time. 

W. Longitude. 



12. 1896, Aug. 28, p.m., at ship, latitude 5° S.; observed altitude 
Q, 38°; index correction + 6' 27"; height of eye 21 ft.; time by chronom- 
eter Aug. 27 d. 22 h. 20 m. 30 s., which was 10 m. Os. slow for mean noon 
at Greenwich Feb. 19, and on May 30 was 2 m. 20 s. slow on mean noon 
at Greenwich. Required the longitude. 
Chronometer. 



Feb. 19 slow 10 

May 30 slow 2 20 

100 )7 40 

4.6 

90 

6 64 



O 38° 0' 0" 



+ 16' 44" 



h = 
L = 

P = 

2S=143° 0'29' 
S= 71° 30' 14' 
R= 33° 14' 30' 



Index cor., + 6' 27" 
Semi-diam., + 15' 63" 
Dip, - 4' 29" 

Refraction, — 1'14" 
Parallax, -f 0' 7" 



Aug. 27 22 20 30 
+ 2 20 

-6 64 

Aug. 27 22 16 66 



O'sdec. 9° 43' 13.4" N. 
1'31.7" 



38° 15' 44" 

6° 0' 0" 

99° 44' 46" 



log sec = 
log esc = 



0.00166 
0.00632 



' log cos = 9.50139 

' log sin - 9.73891 

2 )19.24828 

logsini«= 9.62414 

i< = 24°63'20" 



9°44'45.1"N. 

90^ S. 

p = 99° 44' 45" S. 

Equation of time. 

m. B. 

1 9.63 
1.26 



1 10.89 



t = 49° 46' 40" = 3 h. 19 m. 7 s. 



Aug. 



d. 

28 



19 7 Local apparent astronomical time. 

1 11 Equation of time. 

Aug. 28 3 20 18 Local mean astronomical time. 

Aug. 27 22 16 66 Greenwich mean time. 

5 4 22 Difference of time. 

76° 6' 30" E. Longitude. 



63.02 
1.73 



91.72 



0.729 
1.73 
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13. 1896, Sept. 22, a.m., at ship, on the equator, observed altitude 
17° 20' 40''; index correction — V 9"; height of eye 20 ft.; time by 
chronometer Sept. 22 d. 4h. 69 m. 16 s., which was 16 s. slow for Green- 
wich mean noon, April 30, and on June 1 was 10.6 s. fast for mean time 
at Greenwich. Required the longitude. 



. Chronometer. 








m. 8. 


d. h. m. 8. 




April 30 slow 16 




Sept. 22 4 59 16 




June 1 fast 10.6 




- 10.6 




32)0 26.6 




- 1 30.6 




0.8 




Sept. 22 4 57 35 




113.2 






1 30.6 






17° 20^40" 


'Index cor., - 1'19" 


0'sdec. 0°18'41.2"N. 


58.48 




Semi-diam., -16' 69" 
Dip, - 4' 23" 


4' 60.1" 


4.96 


-24' 37". 


0°13'61.1"N. 


290.06 




Refraction, — 3' 4" 


90° N. 






Parallax, + 0' 8" 


p = 89°46' 9" N. 




A= 16° 66' 3" 






L= 0° 0' 0" log sec = 0.00000 


Equation of time. 




p= 89° 46' 9" log CSC = 0.00000 


m. 8. 




5 =106° 42' 12" 


7 16.68 


0.807 


8= 63° 21' 6" log cos = 9.77590 


4.32 
7 19.90 


4.96 


B= 36° 25' 3" log sin = 9.77354 


4.32 


2)19.64944 






logsmi<= 9.77472 






i<=36°31'57". 






t = 72° 3' 64" = 


4h. 48 m. 16 s. 




d. h. m. 8. 






Sept. 21 19 11 44 Local appar( 


snt astronomical time. 




7 20 Equati 


on of 
nean 


time, 
astronomical time. 




Sept. 21 19 4 24 Local i 




Sept. 22 4 67 36 Greenwich e 


nean time. 




9 63 11 Difference ii 


1 time. 




148 


° 17' 46" W. Longituc 


le. 





14. 1895, Aug. 6, A.M., at ship, latitude at noon 30° 30' N.; observed 
altitude 36° 6'; height of eye 16 ft. ; time by chronometer 5 d. 8 h. 
39m. 22 s., which was fast 29 m. 32.4 s. on Greenwich mean noon, July 8, 
and on July 20 was fast 30 m. s. on Greenwich mean noon ; course 
(true) till noon W.; distance 48 miles. Required the longitude at 
noon. 
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Chronometer. 

July 8 iast 29 32.4 

July 20 fast 30 0.0 

12 )0 27.6 

2.3 

16.4 

37.7 



Aug. 



d. h. m. 8. 

6 8 39 22 
-30 
- 38 



Aug. 5 8 8 44 



Q, 35° 6' 0'' 
+ 10^46" 



r Index cor., + 0' 0" O's dec. 16° 59^19.9" N. 



Semi-diam., + 16' 49^ 
Dip, - 3' 48" 

Refraction, — 1'23'^ 
Parallax, + O' 7" 



5' 30.9" 



16° 63' 49.0' 
90° 



40.60 
8.16 



330.89 



35° 16' 46" 
30° 30' 0" 
7:i° 6' 11" 



A = 
X = 

P = 

2 S = 138° 52' 56" 
S= 69° 26' 28" 
iJ= 34° 9' 43" 



log sec = 
log csc = 

log cos = 
log sin = 



0.06468 
0.01916 

9.54552 
9.74938 



jp = 73° 6' 11" N. 
Equation of time. 

m. B. 

6 48.79 
2.04 



5 46.76 



0.250 
8.15 



2.04 



2 J19.37874 
log8ini<= 9.68937 

i< = 29°16'46" 



t = 68° 33' 32" = 3h. 64m. 148. 



Aug. 



d. h. 

4 20 



5 46 

5 47 



Aug. 
Aug. 



4 20 11 33 

5 8 8 44 



11 57 11 

179° 17' 45" 

48 miles = 55' 43" 



Local apparent astronomical time. 

Equation of time. 

Local mean astronomical time. 

Greenwich mean time. 

Difference in time. 

W. Longitude at sight. 

W. 



180° 13' 28" 



= 179° 46' 32" E. Longitude at noon. 



15. 1896, Nov. 12, a.m., at sea, in latitude 7°10'N.; four observed 
altitudes of the Q, were taken at the times (by watch) standing opposite, 
viz.: 

Obs. alt. Q. 21° 8' 40" 2 65 48 
11' 50" 56 

14' 60" 56 13 

17' 30" 66 26.6 
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Index correction + 31"; height of eye 18 ft.; correction of watch by 
chronometer — 5 h. 12 m. 2.1 s. Required the longitude. 







h. m. s. 










^2P 8' 40'' 




2 55 48 


O's declination. 






ir 50" 




56 


17° 43' 11. r 


S. 




40.67 


14' 50" 




56 13 
56 26.5 


V 33.3" 






2.27 


17' 30" 


17° 41' 37. 8'^ 


"sT 


93.32 


52' 50" 




224 27.5 


90° 


N. 






21° 13' 12.5" 




2 66 6.9 
-5 12 2.1 


p =107° 41' 38" 


N. 










21 44 4.8 


Index correction, 




+ 


0' 31" 








Semi-diameter, 




+ 16' 12" 








Dip, 




— 


4 9" 








Refraction, 




— 


2' 29" 








Parallax, 




— 


0' 8" 


+ 10' 13" 










+ 10' 13" 


h= 21° 23' 25" 














i= 7° 10' 0" 


log sec = 0.00341 


Equation of time. 






p= 107° 41' 38" 


log CSC = 0.02104 


m. B. 








2 8= 136° 15' 3" 






15 44.88 






0.324 


5= 68° 7' 31" 


log cos = 9.57122 
log sin = 9.86224 


0.74 
15 45.62 






2.27 


B= 46° 44' 6" 


0.74 






2)19.45791 










log sin 


i«= 9.72896 














i^ = 32°23'38". 




• 










t = 64° 47' 16" = 


= 4h. I9m. 9s. 








d. 


h. m. 


B. 










Nov. 11 


19 40 51 Local appare 


nt astronomical time. 








15 46 Equation of 


time. 








Nov. 11 


19 25 


5 Local mean « 


astronomical time. 








Nov. 11 21 44 


5 Greenwich n 


lean time. 










2 19 


Difference in 


time. 










34° 45' 


0" W. Longitud 


le. 









16. 1895, Nov. 13, a.m., at sea, in latitude 9° 30' N.; five observed 
altitudes of the O were taken at the times (by watch) standing opposite, 
viz.: 



Obs. alt. 



18° 58' 40" 

19° 1'20" 

3' 30" 

7' 30" 

11' 0" 



59 



2 

13 
28 
45 
67.5 



^L^ 



— ^ y 









L. i *^ - 


.mr 


I_r 


" -i- T. 


**>^ JL Ijtr 


"jr*>^ 


y 


-€ZJL\-J^ S 






. 


■a. -- 


jT' V.' r" 




:fc 




z\'' Y y 






>5 


V y 






Z^l ±5 


^' :»y' 






14 
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Index correction + 31"; height of eye 18 ft.; correction of watch by 
chronometer — 5h. 11 m. 43.68. Required the longitude. 









h. m. a. 








^ 


23° 66' 0" 




4 12 31 


0's declination. 








24° O' 0" 




46 


19° 0'34.2"S. 




36.63 




4' 0" 
6' 10" 




13 2.6 
14 


35.9" 




0.98 




18° 59' 68.3" S. 


36.90 




lO' 0" 




28.6 


90° N. 








16' 10" 




65 2 


p = 108° 69' 58" N. 








24° 3' 14" 




4 13 0.4 














-5 11 43.6 


Index correction, 


+ 


0' 31" 








23 1 16.8 


Semi-diameter, 


+ 16' 13" 










Dip, 


— 


4' 9" 










Refraction, 


— 


2' 10" 










Parallax, 


+ 


0' 8" 




+ 10' 33" 








+ 10' 33" 


h = 


24° 13' 47" 












L = 


15° 36' 0" 


log 


3ec= 0.01627 


Equation of time. 






P = 


108° 59' 68" 


log 


C8c= 0.02433 


m. B. 






28 = 


148° 48' 46" 






14 65.18 




0.503 


8 = 


74° 24' 22" 
60° 10' 36" 


log( 
logi 


308= 9.42946 
Jin = 9.88537 


0.49 
14 66.67 




0.98 


R = 


0.49 








2)19.35543 










log sin 


it= 9.67771 














i<=28°25'56". 














t = 56° 51' 60" = 


:3h. 47m. 27s. 








d. 


h. m. 


8. 










Nov. 16 20 12 33 Local appare 


nt astronomical time 










14 


66 Equation of 


time, 
istronomical time. 








Nov. 16 19 57 


37 Local mean j 






Nov. 16 23 1 


17 Greenwich m 


Lean time. 










3 3 40 Difference in 


time. 








45° 55' 


0" W. Longitud 


e. 







18. 1895, Nov. 18, a.m., at sea, in latitude 16° 26' N.; five observed 
altitudes of the were taken at the times (by watch) standing opposite, 
viz.: 

Obs. alt. Qi 





h. 


m. B. 


18° 13' 30" 


3 


62 42 


16' 10" 




63.6 


19' 20" 




63 6.5 


22' 30" 




23 


26' 30" 




38 
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Index correction + 32"; height of eye 18 ft. ; correction of watch by 
chronometer — 6h. Tl m. 39.98. Required the longitude. 







h. m. B. 








, 


Q, 18«» 13' 30" 




3 52 42 


O's declination. 






16' 10" 




63.5 


19° 16' 3.2' 


'S. 




36.77 


lO' 20" 




63 6.6 
23 


46.9" 






1.31 


22' 30" 


19° 14' 16.3" 


"s: 


46.86 


26' 30" 




38 


90° 


N. 






97' 0" 




265 43 


p = 109° 14' 16" 


N. 






IBP W 24" 




3 53 8.6 














-6 11 39.9 


Index correction, 




+ 


0'32" 






22 41 28.7 


Semi-diameter, 




+ 16' 14" 








Dip, 




— 


4' 9" 








Refraction, 




— 


2' 64" 








Parallax, 




+ 


0' 8" 


+ 9' 51" 










+ 


9' 51" 


k= 18° 29' 16" 














L= 16<'26' 0" 


log 


8ec= 0.01808 


Equation of time. 






p = 109° 14' 16" 


log 


C8C= 0.02493 


m. 8. 








2 8=144° 8' 31" 






14 42.70 






0.637 


S= 72° 4' 16" 


log 
log 


008= 9.48832 
sin = 9.90565 


0.70 
14 43.40 






1.31 


R= 53° 36' 0" 


0.7a3 



2 J19.43698 
log8ini<= 9.71849 

i« = 31°31'57". 
t = 63°3'54"=4h. 12m. 



16 s. 





d. h. m. a. 




Nov. 


17 19 47 44 


Local apparent astronomical time. 




14 43 


Equation of time. 


Nov. 


17 19 33 1 


Local mean astronomical tune. 


Nov. 


17 22 41 29 


Greenwich mean time. 




3 8 28 


Difference in time. 




47° 7' 0" 


W. Longitude. 



19. 1896, Dec. 4, a.m., at sea, in latitude 36°10'N.; five observed 
altitudes of the were taken at the times (by watch) standing opposite, 
viz.: 

h. m. 8. 

Obs. alt. 13° 



0' 30" 


6 27 14 


3' 10" 


29.6 


5' 40" 


49 


8' 50" 


28 5 


12' 0" 


23 
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Index correction + 32"; height of eye 18 ft.; correction of watch by 
chronometer — 6 h. 10 m. 47. 1 s. Required the longitude. 



Q. 13° 0'30'' 
S'lO'' 
5' 40'' 
8' 50'' 
12' 0" 
30' 10" 
6' 2" 



13< 



+ 8' 43" 
h= 13° 14' 46" 
L= 36° 10' 0" 
p= 112°16' 3" 
2S= 161° 40' 48" 
8= 80° 60' 24" 
R= 67° 36' 39" 



27 14 
29.5 
49 

28 5 
23 

139 0.5 
27 48.1 
10 47.1 



0's declination. 
22° 15' 37.3" S. 

25.7" 
22° 16' 3.0" S. 

90° K 

p=112°16' 3" N. 



20.10 
1.28 



25.73 



Index correction, + 0' 32" 



1 17 1 



Semi-diameter, 
Dip, 

Refraction, 
Parallax, 



+ 16' 16" 

- 4' 9" 

- 4' 5" 

4- 0' 9" 

+ 8' 43" 



log sec = 

log CSC = 



0.09296 
0.03366 



Equation of time. 



9 40.05 

log cos = 9.20192 1.30 

log sin = 9. 96691 9 38.76 

2 )19.29445 
g&mit= 9.64722 
i « = 26° 20' 65". 
t = 62° 41' 50" = 3 h. 30 m. 47 s. 



d. h. m. 8. 

Dec. 3 20 29 13 
9 39 



Dec. 
Dec. 



3 20 19 34 

4 1 17 1 



4 57 27 

74° 21' 46" 



Local apparent astronomical time. 

Equation of time. 

Local mean astronomical time. 

Greenwich mean time. 
Difference in time. 
W. Longitude. 



1.013 

1.28 

1.30 



20. 1895, Dec. 4, p.m., at sea, in latitude 36° 36' N.; four observed 
altitudes of the O were taken at the times (by watch) standing opposite. 



Obs. alt. Q. 16° 





h. m. B. 


31' 10" 


1 7 26.6 


30' 0" 


35.5 


28' 30" 


46 


27' 20" 


56.5 
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Index correction + 30"; height of eye 18 ft. ; correction of watch by 
chronometer — 5 h. 10 m. 46.1 s. Required the longitude. 







h. m. s. 











16°3ri0" 


1 7 26.6 


0's declination. 








30' 0" 


36.6 


22° 16' 37.3" S. 




20.10 




28' 30" 
27' 20" 


46 
66.6 


2' 39.8" 




7.95 




22° 18' 17.1" S. 


169.79 




117' 0" 


164.6 


90° N. 








16°2»'16" 


1 7 41.1 
-6 10 46.1 


p= 112° 18' 17" N. 










7 66 66 


Index correction, 


+ 


0'30" 








Semi-diameter, 


+ 16' 16" 








Dip, 


— 


4' 9" 








Refraction, 


— 


3' 14" 








Parallax, 


+ 


0' 8" 




+ 9' 31" 






+ 


9' 31" 


A = 


16° 38' 46" 










i = 


36° 36' 0" 


log sec = 0.09638 


Equation of time. 






P = 


112° 18' 17" 


log CSC = 0.03377 


m. 8. 






2S = 


166° 33' 3" 




9 40.06 




1.013 


8 = 


82° 46' 31" 
66° 7' 46" 


log cos = 9.09966 
log sin = 9.96116 


8.06 
9 32.00 




7.96 


R = 


8.06 






2)19.18986 










log8ini<= 9.69493 












i< = 23°10'18". 












t = 46° 20' 36" = 


= 3h. 6m. 22s. 








d. 


h. m. a. 










Dec. 4 


3 6 22 Local appare 
9 32 Equation of t 


Qt astronomical time, 
ime. 








Dec. 4 


2 66 60 Local mean 8 


istronomical time. 








Dec. 4 


7 66 66 Greenwich m 
6 16 Difference in 


ean time, 
time. 








75 


° 16' 16" W. Longitud 


e. 
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